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Chapitre premier
INTRODUCTION
Bien que l’idée même de l’existence d’atomes soit apparue très tôt chez les anciens grâce à
Leucippe de Milet, Démocrite, puis Epicure et Lucrèce, il a fallu attendre 1980 pour qu’un
dispositif expérimental permette l’observation d’un atome unique et sa mise à disposition pour
des expériences1. Cette prouesse a été rendue possible par la conjonction de l’invention du piège
de Paul et de la mise au point d’une technique de refroidissement laser. Le piège de Paul2
permet de confiner des particules chargées pendant des temps très longs et le refroidissement
laser permet, entre autres, de réduire suffisamment l’étendue de la trajectoire d’un ion dans un
tel piège pour le garder résonnant avec le laser.
Le piège de Paul, conçu comme une variante d’un spectromètre de masse, utilise le mouve-
ment forcé d’une charge dans un champ électrique oscillant (plus précisément radiofréquence),
dont l’amplitude augmente à partir du centre du piège dans les trois directions de l’espace. Le
premier piège radiofréquence (rf) a fonctionné en 1954 et son fonctionnement a été décrit et rap-
porté par Wolfgang Paul en 1956 sous le terme de Ionenkäfig, ou cage à ions. Selon sa taille, un
tel piège peut confiner de un à plusieurs milliers d’ions de façon routinière.
Le refroidissement laser, qui exploite l’échange de quantité de mouvement entre un atome
et le champ électromagnétique par la pression de radiation a été proposé en 1975 par Hänsch et
Schalow3 pour des particules libres et par Wineland et Dehmelt4 pour des particules piégées. Les
premiers atomes refroidis par laser en 1978 étaient des ions piégés, des ions de Mg+ en piège
de Penninga par Wineland et al.5 suivis par des ions de Ba+ en piège de Paul par Neuhauser et
al.6. Deux ans suffirent pour parvenir à l’observation d’un ion unique par Neuhauser et al. en
19801. Ces réussites furent suivies par d’impressionnants progrès dans la technologie des pièges
et dans le contrôle des degrés internes et externes de liberté des ions piégés, faisant des pièges
radiofréquences un outil de choix pour la spectroscopie de haute résolution et qui conduit Wolf-
gang Paul et Hans Dehmelt à recevoir le prix Nobel de physique en 1989 “Pour le développement
de la technique du piègeage d’ions”. Les progrès réalisés depuis les années 1980 se concrétisent
aujourd’hui par des protocoles d’information quantique impliquant 8 qubits7,8 et des horloges
atomiques d’incertitude atteignant9 les 10−18.
Appliqué à de larges échantillons d’ions, le refroidissement laser permet aussi d’atteindre
des régimes de densité et de température pour lesquels se produisent des transitions de phase
gaz/liquide et liquide/cristal, différentes formes de cristaux de Coulomb pouvant être observés
en fonction du nombre d’ions et du profil du potentiel de confinement. Les expériences sur des
larges échantillons ne peuvent conduire au même degré de contrôle que celui atteint pour un
aces pièges ont la même géométrie que les pièges de Paul mais le champ électrique oscillant y est remplacé par
un champ magnétique statique
2ion unique ou une chaîne d’ions mais elles permettent des études concernant de façon générale
les phénomènes collectifs dans les systèmes subissant des forces internes à longue portée. Des
ions piégés froids peuvent servir de système modèle pour ces études, la versatilité du dispositif
expérimental permettant de faire varier la température et le nombre d’ions piégés sur plusieurs
ordres de grandeur. Le refroidissement laser a pour l’instant été utilisé principalement dans des
pièges quadrupolaires, sur des systèmes de taille inférieure à 105 ions. Par ailleurs, les pièges
linéaires multipolairesb sont exploités en chimie-physique pour étudier les collisions froides,
confinant jusqu’à quelques milliers d’ions refroidis par collisions avec un gaz tampon10. Le
refroidissement laser en multipoles linéaires n’a pour l’instant été réalisé que dans les expéri-
ences de K. Okada et collaborateurs11,12 sur des échantillons de taille inférieure à 104 ions. Des
études antérieures13 réalisées dans un octupole 3D ont permis, par ailleurs, d’étudier les profils
de densité à l’intérieur du piège, par une résolution spatiale de la fluorescence du nuage.
Le mémoire présenté ici reprend une partie de ma contribution aux travaux de l’équipe
Confinement d’Ions et Manipulation Laser du laboratoire PIIM, que j’ai rejoint en 2000. Cette
équipe inscrit ses recherches autour du confinement d’ions en piège de Paul et de leur interac-
tion avec des lasers. Le projet historique de l’équipe porte sur l’utilisation d’un ion unique de
calcium refroidi par laser pour la métrologie des fréquences optiques. L’aboutissement de ce pro-
jet implique de relever de nombreux défis techniques concernant la stabilisation en fréquences
des lasers et leur utilisation pour le contrôle de l’état interne et externe d’un ion. C’est plutôt
à cette deuxième facette que mon travail s’adresse, autour du contrôle de l’état quantique d’un
ion unique piégé, par des protocoles à un, deux ou trois photons, cohérents ou non. Par ailleurs,
un nouveau projet expérimental est en préparation depuis plus d’un an et concerne le confine-
ment de grands échantillons, refroidis par laser. L’originalité du projet repose sur l’utilisation
d’un piège linéaire double, comportant une partie quadrupolaire et une partie multipolaire. Cette
dualité permettra de comparer le comportement collectif d’un ensemble d’ions, comme les tran-
sitions de phase, en fonction du profil du potentiel de confinement. De plus, la mise en série
des deux pièges de symétrie différente permet aussi de tester des protocoles de transport optimal
pour transférer les ions d’un piège à l’autre, avec un minimum de chauffage.
Ce rapport est organisé comme suit. Sont présentés dans un premier temps les résultats
originaux concernant le refroidissement laser d’ions piégés et les performances attendues pour
une horloge optique basée sur un ion unique de calcium. Différentes méthodes numériques utili-
sées pour prendre en compte le mouvement des ions dans leur interaction avec un ou des lasers y
sont introduites. Le chapitre suivant est consacré à des phénomènes cohérents à deux et trois pho-
tons et à la perte de cohérence induite par le mouvement des ions. L’influence du mouvement sur
la cohérence de l’état interne construit par l’interaction avec deux lasers permet de proposer une
méthode originale pour caractériser le mouvement d’un ion unique. Un phénomène de piégeage
cohérent de population observable dans l’ion calcium est démontré et son exploitation pour un
étalon de fréquence THz est proposée. Dans le dernier chapitre sont abordées les problématiques
liées au confinement de larges échantillons (pouvant atteindre 107 ions) et leur couplage avec
des lasers. Les lois d’échelles régissant l’équilibre thermodynamique et la dynamique de grands
nuages sont analysées, en vue de la conception d’une nouvelle expérience, dédiée à l’étude des
phénomènes collectifs dans de larges échantillons refroidis. Un modèle de champ moyen, dit
bDans ce manuscrit, je nomme multipole un piège rf linéaire qui comporte au moins 6 barreaux, par opposition
au quadrupole.
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plasma non neutre est utilisé pour déduire le comportement d’un nuage à l’équilibre thermody-
namique et son profil de densité. Dans la limite d’un petit nombre d’ions piégés, les simulations
par dynamique moléculaire nous permettent d’étudier le refroidissement des ions et leur organi-
sation à basse température. Ceci nous permet de proposer l’exploitation de la structure en anneau
formée par quelques dizaines d’ions en multipole, pour un étalon de fréquence optique d’un nou-
veau type. Chaque chapitre comporte une introduction générale au sujet abordé et reprend, en
les commentant, les articles publiés concernant ce sujet, quand ceux-ci concernent des travaux
personnels. Ce mémoire s’achève en abordant des perpectives sur les travaux à mener dans les
prochaines années.

Chapitre II
INTERACTION LASER-ION PIÉGÉ ET RÔLE
DU MOUVEMENT DE L’ION
Ce chapitre concerne principalement l’interaction entre un laser et un ion en piège radiofréquence
quadripolaire et pour comprendre les spectres observés ainsi que le rôle et les limitations du
refroidissement laser, il est important de rappeler quelques propriétés essentielles du mouvement
de l’ion dans le piège. C’est le but de la première partie de ce chapitre. Une analyse plus complète
de ce mouvement peut être trouvée dans des livres14,15 et nous nous bornerons ici à rappeler les
notions nécessaires à la compréhension de l’interaction laser-ion piégé. Les particularités de
cette interaction par rapport au cas des atomes libres résident dans le caractère périodique du
mouvement. Plusieurs formalismes permettant de prendre en compte le mouvement de l’ion lors
de son interaction avec un ou des lasers sont présentés dans la deuxième partie du chapitre. Cette
partie contient aussi les études concernant l’excitation sur une transition très peu probable de
l’ion calcium, choisie comme transition d’horloge pour un potentiel étalon de fréquence optique.
La dernière partie de ce chapitre est dédiée au refroidissement laser Doppler des ions piégés et
contient une méthode originale de refroidissement Doppler a deux photons-deux couleurs.
II.1 Confiner des particules chargées avec des champs
oscillants
II.1.1 L’approximation adiabatique
La loi de Laplace régissant le potentiel électrique dans un espace vide de charge (∆V = 0),
interdit le confinement d’une particule chargée seulement par des champs statiques. Par exemple,
un jeu d’électrodes et de potentiels capables de créer un potentiel harmonique confinant dans le
plan (x, y) aura forcément un effet déconfinant dans la direction z :
Φ(x, y, z) = A(x2 + y2 − 2z2).
L’idée de W. Paul est donc d’utiliser un potentiel oscillant :
Φrf (x, y, z, t) = A(x
2 + y2 − 2z2) cos(Ωt). (II.1)
De façon générale, le potentiel appliqué est la somme d’une contribution oscillante (plus précisé-
ment radiofréquence-rf) et d’une contribution statique :
Φ(r, t) = Φrf (r, t) + Φs(r), (II.2)
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mais pour comprendre le mouvement d’un ion (massem, charge q) à l’intérieur d’un tel potentiel,
supposons tout d’abord qu’il n’y a pas de potentiel statique (Φs(r) = 0). Si le champ électrique
oscillant E0(r) cos(Ωt) est uniforme (E0(r) = E0), le mouvement de la particule se réduit à un
simple mouvement forcé à la pulsation Ω et d’amplitude a :
r(t) = − qE0
mΩ2
cos(Ωt) = −a cos(Ωt). (II.3)
Mais si E0(r) n’est pas uniforme, le mouvement peut être interprété comme la somme d’un
mouvement lent induit par l’enveloppe de l’amplitude du champ rf et appelé macro-mouvement
et du mouvement forcé par la rf, appelé micro-mouvement, dont l’amplitude a(r, t) dépend du
champ rf local .
r(t) = R0(t)︸ ︷︷ ︸
macro
+ R1(t)︸ ︷︷ ︸
−a(r,t) cos(Ωt)
(II.4)
Le champ électrique local régissant les équations du mouvement peut être écrit sous la forme
d’un développement spatial
E0(r(t)) = E0(R0)− (a.∇)E0(R0) cos(Ωt) + · · · (II.5)
Une solution simple à ce problème peut être obtenue en faisant deux approximations :
• le développement au premier ordre de E0 autour de R0.
• l’approximation adiabatique qui suppose que : le temps typique d’évolution de a et R˙0
est bien plus long qu’une période rf.
En remplaçant a(r, t) par a(R0(t)) on montre facilement que
mR¨0 = − q
2
4mΩ2
grad(E20). (II.6)
Cette équation montre qu’en ce qui concerne le macro-mouvement R0(t) tout se passe comme
si la particule était piégée dans un potentiel statique16,17, appelé pseudopotentiel :
V ∗(r) =
q2E20(r)
4mΩ2
. (II.7)
Si on réintroduit le potentiel statiqueΦs(r), selon le principe de superposition, le macro-mouvement
est régi par un potentiel effectif
V ∗eff (r) =
q2E20(r)
4mΩ2
+ qΦs(r). (II.8)
Le mouvement forcé par la rf se déduit du macro-mouvement R0 par
R1(t) = −qE0(R0)
mΩ2
cos(Ωt). (II.9)
Le potentiel V ∗(r) mène effectivement à un piégeage si E20(r) augmente avec r (mais ce n’est
pas suffisant). Ainsi, le plus loin se trouve l’ion du centre du piège, la plus large est l’amplitude
du micro-mouvement.
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II.1.2 Choisir une géométrie, le quadrupole comme générateur de
pseudopotentiel harmonique
Revenons à notre motivation principale : un potentiel confinant dans les trois directions de
l’espace pour une particule chargée. Nous savons maintenant qu’il faut faire un détour par un
champ rf et s’assurer que E20(r) se comporte comme (x
2, y2, z2) si on veut un profil harmonique
dans ces trois directions. Ceci est réalisable si
Φrf (r, t) = −(αx2 + βy2 + γz2) cos(Ωt). (II.10)
avec α + β + γ = 0. En pratique, deux géométries sont utilisées; un piège 3D de symétrie
cylindrique où α = β = −γ/2 et un piège 2D de symétrie de translation où α = −β, γ = 0 et où
un potentiel statique est nécessaire au confinement le long de l’axe de symétrie Oz (voir figure
II.1 pour les lignes d’équipotentielles de ces deux configurations).
Figure II.1 : À gauche, lignes équipotentielles dans le plan x − y dans un piège 3D idéal (axe
de symétrie: Oz). Au centre, lignes équipotentielles dans le plan x − z pour le même piège. À
droite, lignes équipotentielles dans le plan x− y pour un piège linéaire idéal.
Nous allons dans la suite plutôt envisager le cas 3D car c’est celui qui correspond aux
expériences menées au sein du groupe et qu’il est aisé d’extrapoler les propriétés suivantes au
cas 2D. En 3D, la géométrie de piège typique est constituée d’un anneau et de deux chapeaux.
Avec des différences de potentiel statique Vs et rf V0 cos(Ωt) appliquées entre l’anneau et les
chapeaux, le potentiel créé entre les électrodes peut être décrit par
Φ(r, t) = (V0 cos(Ωt) + Vs)
x2 + y2 − 2z2
2r20
. (II.11)
à condition que la distance entre les deux chapeaux 2z0 soit égale à
√
2r0 où r0 est le rayon
interne de l’anneau2 (voir figure II.2). Une telle répartition du potentiel peut être atteinte si les
surfaces des électrodes correspondent exactement aux surfaces équipotentielles qui sont ici des
hyperboloïdes de révolution (x2 − 2z2 =constante)(voir figure II.2).
Même si le piège est idéalement fabriqué, le potentiel ne sera jamais comme représenté
par l’équation (II.11), tout simplement parce qu’il est de taille finie. Depuis les années 1980,
plusieurs expériences utilisent des pièges miniatures (voir figure II.2, à droite), voire aujourd’hui
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Figure II.2 : À gauche, un piège de Paul tel qu’il est présenté dans sa leçon donnée à l’occasion
du prix Nobel par W. Paul, 2r0 est le plus petit diamètre interne de l’anneau. Pour une géométrie
idéale, la hauteur 2z0 entre les chapeaux doit être égale à
√
2r0. À droite, un exemple de piège
miniature, le piège P1 de Marseille, de diamètre intérieur de 1.4 mm.
des micro-pièges, qui n’obéissent pas à la géométrie parfaite imposée par l’équation (II.11). En
augmentant la distance au centre du piège, des termes d’ordre supérieur deviennent non négli-
geables. Ceci n’est pas anodin quand des grands échantillons d’ions doivent être confinés et que
des zones loin du centre sont visitées par les ions, alors que dans le cas d’ions uniques ou de
chaînes d’ions en piège linéaire ces termes d’ordre supérieur peuvent être oubliés sans risque.
Ainsi, dans la suite, nous supposons que l’équation (II.11) est une bonne représentation du
potentiel vu par un ion unique ou les quelques ions confinés au centre. Cette approximation est
d’autant plus pertinente que le refroidissement laser réduit énormément l’amplitude d’oscillation
des ions dans le piège. Dans l’approximation adiabatique, le potentiel effectif est donc
V ∗eff (r) =
q2V 20
4mΩ2r40
(x2 + y2 + 4z2) +
qVs
2r20
(x2 + y2 − 2z2), (II.12)
où la convention utilisée est celle d’une différence de potentiel entre anneau et chapeaux de
U0 = V0 cos(Ωt) + Vs.
À l’intérieur de ce potentiel harmonique, le mouvement d’un ion peut être décrit par deux
fréquences (une pour le plan (x, y) et une pour l’axe z). Pour exprimer la dépendance de ces
fréquences avec les paramètres de piégeage, il est utile d’introduire des paramètres qui seront
pleinement justifiés plus loin :
qx = qy = − 2qV0
mΩ2r20
; qz = +
4qV0
mΩ2r20
ax = ay = +
4qVs
mΩ2r20
; az = − 8qVs
mΩ2r20
. (II.13)
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Les fréquences du mouvement sont alors18
ωx,y =
Ω
2
√
ax,y + q2x,y/2 ; ωz =
Ω
2
√
az + q2z/2. (II.14)
Dans la suite logique de notre décomposition du mouvement en macro- et micro-mouvement,
l’équation du mouvement d’un ion sur un des axes propres du piège est alors
x(t) = X cos(ωxt+ φx)
(
1 +
qx
2
cos(Ωt)
)
, (II.15)
et de même pour les deux autres directions de l’espace.
II.1.3 Au delà de l’approximation adiabatique, caractérisation d’un
piège miniature
Dans le cas particulier de la géométrie quadripolaire, (où le pseudopotentiel est harmonique), les
équations du mouvement pour un ion unique peuvent être résolues analytiquement, sans approxi-
mation sur les temps typiques d’évolution. Dans un potentiel décrit par (II.11), les équations
différentielles contrôlant les différentes coordonnées spatiales sont linéaires et non-couplées (ce
qui ne sera plus vrai pour des géométries d’ordre supérieur). Chaque coordonnée peut donc être
étudiée indépendamment et obéit à une équation de la forme
x¨ = − qx
mr20
(V0 cosΩt+ Vs). (II.16)
L’introduction d’une variable de temps réduite ξ = Ωt/2 conduit à l’équation bien connue de
Mathieu
d2x
dξ2
+ (ax − 2qx cos(2ξ))x(ξ) = 0 (II.17)
qui appartient à la famille des équations différentielles à coefficients périodiques. Les solutions
de cette équation se trouvent dans de nombreux livres de calculs et nous ne rappelons ici que les
points pertinents pour la suite de l’exposé :
• les solutions sont de la forme
x(t) = Aeiωxt
∑
n
C2ne
inΩt +Be−iωxt
∑
n
C2ne
−inΩt (II.18)
avec ωx = βxΩ/2, βx ne dépendant que des ax et qx introduits par les équations (II.13).
• ces solutions sont stables si 0 ≤ βi ≤ 1. Cette condition définit des zones dans les plans
(ax,qx) et (az,qz) : les zones de stabilité. En pratique, les pièges rf fonctionnent dans la
zone de stabilité la plus basse, celle incluant le point (0,0) (voir figure II.3).
Les solutions de l’équation de Mathieu peuvent être développées à l’ordre le plus bas. Ce
développement est pertinent si (|ax|, q2x)≪ 1 et donc βx ≪ 1. Dans ce cas limite,
βx =≃
√
ax +
q2x
2
(II.19)
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Figure II.3 : Diagramme de stabilité (zone hachurée) de l’équation de Mathieu utilisé pour les
pièges rf, (a): piège de Paul 3D, (b): piège linéaire. Les lignes noires représentent des iso-β,
notées bx,y et bz. (Figure aimablement fournie par R. Blatt).
et
x(t) = X cos(ωxt)
(
1 +
qx
2
cosΩt
)
. (II.20)
Cette équation est exactement celle obtenue dans le cadre de l’approximation adiabatique en
(II.15) et un aperçu en est donné sur la figure II.4. Pour un piège de Paul idéal, az = −2ax,y et
qz = −2qx,y. Ceci impliquerait par exemple que ωz = 2ωx pour Vs = 0, .
Dans la pratique, il règne dans le piège des champs statiques qui n’ont pas la géométrie
quadripolaire et qui sont dus par exemple à des déphasages entre les potentiels rf des électrodes
ou à des potentiels de contact entre différents métaux, par exemple le calcium lui-même qui est
vaporisé lors de la création des ions et qui se dépose sur les électrodes. L’effet de ces champs
est de déplacer le minimum du potentiel effectif confinant l’ion19. La conséquence est la non
superposition de ce minimum de potentiel avec le point de champ rf nul, donnant lieu à un
mouvement forcé excédentaire par rapport au cas idéal. L’allure d’une telle trajectoire est donnée
dans la figure II.4 (figure de droite). La réduction de ce déplacement est nécessaire à toute
expérience de haute résolution car le mouvement forcé ne peut être réduit par refroidissement
laser et l’effet Doppler qu’il introduit peut être fatal à l’expérience envisagée.
Indépendamment de cet effet, on a déjà mentionné plus haut qu’un piège produira une dis-
tribution quadrupolaire de potentiel décrite par l’Eq. (II.11) uniquement au centre du piège.
Les écarts à la géométrie idéale entraînent une réduction de l’efficacité de piégeage et des
termes d’ordres supérieurs dans le potentiel créé. Ces termes induisent des résonances non-
linéaires entre les mouvements propres d’oscillation dans le piège20 qui peuvent se traduire
par des zones d’instabilité à l’intérieur des diagrammes de stabilité des équations de Mathieu,
voire une troncature de ces diagrammes21–23. L’identification des résonances non-linéaires et
des zones d’instabilité est très utile pour caractériser un piège avant d’aller plus avant dans les
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Figure II.4 : À gauche: tracé de l’équation X cos(ωxt)
(
1 + qx
2
cosΩt
)
pour qx = 0.2 et 0.4. À
droite: comparaison dans le cas qx = 0.2 avec une trajectoire incluant un micro-mouvement en
excès caractérisé par un déplacement relatif du centre de la trajectoire ǫx = 1. L’équation du
mouvement X cosωxt devient alors X(ǫx + cosωxt).
expériences. Les techniques expérimentales que nous avons utilisées pour caractériser le piège
de Paul représenté à droite de la figure II.2 ainsi que les méthodes d’interprétation des résultats
expérimentaux sont présentées dans l’article reproduit dans la suite. On y met en évidence deux
types de résonances non-linéaires, celles qui induisent un couplage entre les mouvements pro-
pres le long des axes de symétrie du piège et celles qui couplent la fréquence rf de confinement
à ces mouvements. Ces dernières induisent un échange d’énergie de la source rf vers l’énergie
cinétique des ions, appelé chauffage rf, qui peut mener jusqu’à l’expulsion des ions hors du
piège. Si plusieurs ions sont confinés, les perturbations induites par la répulsion Coulombienne
sur les équations du mouvement24 sont aussi une cause de chauffage rf, d’autant plus notable que
l’échantillon est dense.
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Abstract. Frequency standard applications and ultra-high resolution spectroscopy of a conﬁned single ion
require traps of drastically reduced dimensions (about or below 1 mm). These small dimensions increase the
sensitivity of the trapping behavior to imperfections in the trap geometry and to patch potentials. For the
aim of the metrological laser interrogation of a single Ca+ ion, a miniature cylindrical ring trap was built.
In order to optimize the laser cooling process and to reach strong binding conditions, the boundaries of the
stability diagram and the zones of low conﬁnement as well as the ion motion properties were characterized.
PACS. 32.80.Pj Optical cooling of atoms; trapping – 07.75.+h Mass spectrometers
1 Introduction
In recent years the existing classic hyperbolic Paul
traps [1] used for experiments in metrology [2], atomic
physics [3] and mass spectrometry [4] are often replaced
by miniature devices [5], designed and optimized for spe-
ciﬁc applications [6–9]. Actually, for small and even non-
ideal geometry, the effective potential in the trap cen-
ter is similar to the one of an ideal Paul trap as long
as the ion excursion is very small compared to the trap
dimensions [10]. For ease of machining and alignment, a
cylindrical geometry is often chosen and has been inves-
tigated in [8]. A 1 mm-trap proves to be a versatile de-
vice since the trapping of an energetic ion cloud can be
achieved, as well as the conﬁnement and immobilisation
of a single ion with access to low vibration-motion states.
In future mass spectrometry, analysis will be drastically
shortened by simultaneous trapping of ion clouds in var-
ious small devices, the size of each deﬁning a particular
mass range [9]. Storing a single ion in such an environ-
ment allows to reach the strong binding condition and the
Lamb-Dicke regime. Indeed, small traps require very high
rf frequencies to reach the necessary storage parameters
and therefore imply larger frequencies of motion [11].
Nevertheless, the miniaturization of the trap electrodes
does not only have advantageous attributes. The small size
of the ion cage makes the potential sensitive to imperfec-
tions and ﬂaws. The difference with a pure quadrupole
ﬁeld causes couplings between the axial or radial com-
ponent of the motion and the rf trapping potential or be-
tween the axial and radial motion components only, which
contributes by additional frequencies in the motion spec-
trum [12]. These anharmonicities are the source of the
a e-mail: mknoop@up.univ-mrs.fr
b UMR 6633 CNRS-UAM1
so-called “black canyons” which can exist in the stability
diagram [13]. Finally, patch potentials can build up during
ion creation which will perturb the electric ﬁeld. To min-
imise stray light, laser beams have to be tightly focussed
into the center of the trap and imaging has to be designed
very precisely. To beneﬁt from all the positive aspects of
using a miniature trap, the device must then be tested
and its properties carefully investigated.
The present study comes within the project involving
the Ca+ ion for a frequency standard in the optical do-
main [14,15]. The proposed clock-transition at 729 nm
relates the 4S1/2 ground state and the metastable 3D5/2
state with a natural linewidth of about 200 mHz [16,17].
One of the principal advantages of Ca+ is the potential ac-
cessibility of all the involved wavelengths by laser diodes.
The outline of the paper is the following. After describ-
ing the experimental setup in Section 2, we present the dif-
ferent methods we have employed to characterize the trap.
We report on the measurements of the frequencies of the
ion motion using an external excitation in Section 3. The
following section gives an improved quantiﬁcation of
the miniature trap, that is the limits of the stability dia-
gram and non-linear couplings. Finally, the possible effects
of the radiation pressure on the motional properties of the
ions will be quantiﬁed in Section 5.
2 Experimental setup
Our trap has been designed for metrologic applications
based on the laser interrogation of a single ion. Access
to the Lamb-Dicke regime, where the ﬁrst-order Doppler
broadening becomes discrete, requires strong conﬁnement
of the ions. This can only be achieved with a high conﬁne-
ment frequency Ω/2pi, involving a trap size of the order
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Fig. 1. Artist’s view of the cylindrical miniature trap showing
the different electrodes for correction of the trap potential.
of a millimeter compatible with the values of the trapping
AC voltage experimentally accessible.
For a good visualisation of the conﬁned particles and
easy access for the laser beams, a trap geometry of the
Paul-Straubel-type [7,8,18] has been chosen. This con-
sists of a cylindrical ring with an inner diameter of 2r1 =
1.4 mm and an overall height of 2z1 = 0.85 mm (Fig. 1).
Two compensation electrodes are formed by ﬂat rings with
13 mm diameter, with their inner openings of 10.5 mm
covered by a micrometric wire mesh having a transmis-
sion of 86%. These electrodes are placed at a distance of
5.5 mm from the center of the trap and screen the inner
volume of the device from electrical stray ﬁelds. Appli-
cation of a constant potential allows then compensation
of the resulting trap potential in the z-direction. Small
corrections on the conﬁnement potential in the x- and y-
direction can be applied by two positioning electrodes ta-
pering into a point in the plane of the ring. In the course
of the described experiments all the compensation elec-
trodes were held at ground. Typical working parameters
for the rf conﬁnement potential applied to the ring are
Ω/2pi = 11.6 MHz and VAC = 700Vrms, which leads to
a potential well depth of about 9.2 eV. To reduce resid-
ual magnetic effects all the electrodes (bulk and mesh)
are made from molybdenum with the exception of the two
copper positioning electrodes. The complete trap and elec-
trodes assembly is placed in a stainless steel vacuum vessel
with an inner diameter of 10 cm. A 100 l/s ion pump can
maintain a vacuum pressure below 1× 10−10 mbar.
Ions are loaded from an atomic calcium beam evapo-
rated from a small oven and ionized inside the trap by elec-
tron bombardment. Doppler laser-cooling is carried out on
the Ca+ resonance line 4S1/2−4P1/2 at 397 nm starting
at the ion creation. In absence of collisions, synchronous
repumping of the low-probability 3D3/2−4P1/2 transition
at 866 nm is necessary to maintain an efficient cooling cy-
cle. In the following work, creation parameters have been
kept constant to maintain a ﬁxed ion number. A typical
cloud contains a few hundreds ions at a temperature of
about 300 K. This value is due to the large size of the
cloud, and represents an equilibrium between rf heating
and laser-cooling.
The laser-cooling of the trapped ions at 397 nm is car-
ried out with a commercial intracavity frequency-doubled
titanium-sapphire laser (Coherent 899-21). A single-mode
laser diode at 866 nm (SDL 5402-H1) mounted in a tra-
ditional external cavity and stabilized onto a low-ﬁnesse
(F = 200) reference cavity repumps the ions in the 4P1/2
level. The two counter-propagating laser beams are re-
shaped to prepare clean and symmetric waists without
astigmatism in the trap center. The diode laser output
passes through a singlemode optical ﬁber. Both beams
are tightly focussed into the trap giving waist diameters
of less than 60 µm, which cross the trap under an angle
of 53 degrees with the z-axis (the observation axis). The
laser powers employed in the course of the present experi-
ment are typically about 200 µW for the cooling laser and
500 µW for the repumper.
For the detection of the ions, the ﬂuorescence light
at 397 nm is collected by an aspheric lens mounted close
to the trap. The optics set-up outside the vessel permits
observation of the conﬁned ions using an intensiﬁed CCD
camera (Photonic Science ISIS 4) and a photomultiplier in
the photon-counting mode (Hamamatsu H-4730). Typical
clouds of a couple of hundred ions have a diameter of about
100 µm, which is larger than the waist of the cooling laser.
Furthermore, using a sensitive camera makes it possible to
see the part of the cloud which corresponds to the fraction
of the cooling beam beyond the 1/e2 limit which deﬁnes
the waist.
The experiments devoted to characterizing the quality
of ion storage, described below, were performed using two
different methods. The ﬁrst consists in applying an ad-
ditional AC voltage of small amplitude (“tickle”) [19] to
one of the endcaps, the other being grounded. If the exci-
tation frequency comes into resonance with one of the ion
motion frequencies, the cloud will be heated leading to a
decrease of the observed ﬂuorescence signal. Scanning the
tickle frequency between 0 to Ω/4pi enables us to visual-
ize very precisely all the frequencies of motion, including
those resulting from the Mathieu solution as well as the
ones induced by possible couplings due to additional non-
quadrupolar terms of the real potential. During the second
type of investigation, a continuous voltage UDC applied to
the connected endcaps was varied adiabatically. This ev-
idences the boundaries of the Mathieu stability diagram
and the inhomogeneities due to anharmonicities, as ob-
served previously for standard-sized traps [13,20,21]. This
last technique does not imply any external perturbation
and measures the storage capability in the absence of any
excitation.
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Fig. 2. Fluorescence at 397 nm as function of the applied
tickle frequency. The graph shows part of the frequency spec-
trum of a small Ca+-ion cloud for different values of VAC and
UDC = 0. Once the ions are in resonance with the excitation
frequency, the energy absorption leads to a sudden decrease of
the ﬂuorescence.
3 Frequencies of motion
The frequency spectrum gives an useful estimate of the dy-
namic properties of the ion motion and also the efficiency
of the conﬁnement in such a device. This has been in-
vestigated for different alternative potentials VAC applied
to the ring in the case of a constant voltage UDC. The
amplitude of the tickle has been chosen to be sufficiently
large to reveal the main existing couplings without usually
loosing any ions. Figure 2 shows a spectra formed by neg-
ative peaks in the variation of the collected ﬂuorescence.
The signal loss can reach up to 80% of the overall signal.
Indeed, at the occurrence of a mechanical resonance, the
energy deposition on the ions in resonance leads to an in-
crease of the Doppler broadening and fewer ions are in
resonance with the laser excitation. Moreover, larger tra-
jectories of hotter ions inﬂate the cloud size and produce
a drop in the ion density. Both effects reduce instanta-
neously the intensity of the ﬂuorescence. While sweeping
the tickle frequency, the ﬂuorescence signal after resonance
immediately comes back to its initial value, indicating a
persistent cooling of the cloud. We can then deduce that
the ions do not leave the laser beam during resonance.
Occasionally, the breakdown of ﬂuorescence can also be
attributed to the effective loss of ions from the trap.
If the conﬁning potential were purely quadrupolar the
coefficients of the Mathieu equations could be written as
az = −2ax and qz = −2qx (1)
with
az =
8eUDC
mr21Ω
2
and qz = −
4eVAC
mr21Ω
2
· (2)
The fundamental frequencies ωx,y,z/2pi are directly con-
nected to the values of the trapping frequency Ω/2pi,
Fig. 3. The various observed frequencies of motion of the ion
cloud obtained from frequency spectra as shown in Figure 2.
Multiples, submultiples and couplings of the fundamental fre-
quencies are obtained with a precision higher than 99%.
through the parameters βx,y,z [22] by
ωu =
1
2
βuΩ with u = x, y, z. (3)
Ideally, ωx = ωy due to the rotational symmetry of the
trap. For qz ≤ 0.4, βu can be calculated with the so-called
adiabatic approximation [23]:
βu =
√
au +
qu2
2
· (4)
If UDC = 0, as it is the case here, βz = 2βx and then ωz
and 2ωx should be identical. However, this degeneracy is
not observed in the real trap.
The excitation is applied in a unipolar mode along
the z-axis (the rotational axis), and can be considered as
the sum of a dipole and a quadrupole potential. We can
expect the strongest resonance to be at ωz/2pi. Due to the
geometry of excitation, resonances of the radial motion
ωx,y are also excited through the radial-component of the
excitation potential.
Figure 2 shows the linear resonances ωz and ωx as
well as their multiples and sub-multiples (parametric res-
onances [24]). The observation of these additional frequen-
cies besides the fundamental ones is the signature of the
micro/macromotion coupling due to the non-ideal shape
of the trap. All the observed frequencies are reported in
Figure 3. The frequency combination ωz/2 + ωx, which
gives evidence of the coupling between the radial and ax-
ial motion component, as in [21], is also found. Indeed,
for a trap of cylindrical shape, the ﬁelds and equations of
ion motion depend on x, y and z [25], contrary to the case
of an ideal Paul trap where the axial and radial motion
are uncoupled. Moreover, the cooling laser-beam which
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crosses the trap diagonally couples the different degrees
of freedom.
The potential of the described device is similar to that
of an ideal Paul trap only in the center area of the ring.
Hence, in order to produce the same potential well depth
as in the ideal Paul trap, the voltages applied to the cylin-
drical miniature trap have to be higher. In order to keep
the deﬁnition of the parameters of stability, a and q, of
the Paul-Straubel trap compatible with the “traditional”
case, a correction factor L must be introduced in the re-
lations (2) [8]:
az =
8eUDC
mr21Ω
2L
and qz = −
4eVAC
mr21Ω
2L
· (5)
Experimental and theoretical studies have shown that for
the “standard” Paul ion trap the maximum cloud size can
be found at working parameters around qz = 0.55 and az
= −0.03 [26–28]. Taking into account these values in the
measurements of the amplitude of ﬂuorescence as a func-
tion of the applied VAC allows us to make a ﬁrst estimation
of the correction factor of our trap to be L = 6.8± 0.5. A
more precise technique for calculating this correction fac-
tor for a given working point, consists in measuring the
fundamental frequencies of the ion motion. With equa-
tion (5) it is actually possible to estimate L using the
adiabatic approximation along the qz-axis of the stability
diagram where UDC = 0.
The correction factor L was evaluated from the mea-
sured values of ωx and ωz. In order to explain the obser-
vations mentioned above, it appears necessary to deﬁne a
correction factor for each direction. Equations (1) have to
be replaced by [8]
azLz = −2axLx and qzLz = −2qxLx. (6)
These correction factors take into account the different
causes of deviations from the ideal case. The main con-
tribution for L is the loss of trapping efficiency of the
cylindrical trap compared to an ideal Paul trap due to
the discrepancy between the presented geometry and the
quadrupolar one. In fact, the geometric defects are not
identical in the radial and axial direction, the trapping ef-
ﬁciency is therefore modiﬁed in a different way for x and
z. In our experiment, patch potential effects may build
up over time mainly on the ring electrode. This would
lead to a distortion in the symmetry of revolution of the
conﬁnement potential. The effect on the loss factor would
then concern a possible difference between the x and y-
directions. An effect of the patch potential should show
a (slight) evolution in the course of time. The presented
measurements have been carried out over a period of a
couple of weeks without showing any modiﬁcation caused
by the build-up of a contact potential.
The larger the cloud is, the further away from its center
are the ions and therefore the values of Lz and Lx are
subject to variation. It has been observed experimentally,
that for rf potentials increasing from 580 to 790Vrms, Lz
decreases from 8.0 to 7.6, whereas Lx increases very slowly
from 7.0 to 7.1. For a very high rf potential, the well depth
increases and the two correction factors should become
even closer since the ion cloud is concentrated in the center
of the trap, where the potential shape is less sensitive to
deviations from the quadrupole case.
4 Characterization of the stability diagram
Theoretical and experimental studies have shown that the
stability diagram and the frequencies of motion of an ion
cloud in a trap of cylindrical geometry can be calculated
in a similar way to its hyperbolic counterpart with iden-
tical dimensions r0 and z0 [25,29]. In fact, while changing
from the hyperboloidal geometry to a cylindrical one, the
limits of the Mathieu stability diagram tend to smaller
a, q-values while the inﬂuence of space charge shifts the
diagram to higher values. In order to deﬁne the effective
boundaries of the stability diagram the following experi-
mental procedure was run. In the ﬁrst step, an ion cloud
(∼ 500 ions) is created at an rf voltage VAC with a zero
potential UDC applied to the endcaps. Then, a positive (or
negative) potential UDC is applied to the endcaps (which
is equivalent to the application of −UDC on the ring) and
is slowly increased from 0 to ±150 V. During this scan,
the overall ﬂuorescence of the ion cloud is recorded. The
boundaries of the stability diagram are clearly illustrated
by the disappearance of any ﬂuorescence signal due to the
complete loss of the ions. A new cloud must be created for
each scan and this is always done at UDC = 0. These mea-
surements have been carried out for VAC varying between
500 and 1000Vrms.
For a clear visualisation, we need to draw the effec-
tive iso-β lines and thus to calculate βx and βz. Using the
correction factor Lx,z, equations (5) transform the mea-
sured boundaries from (UDC, VAC) coordinates into (az ,
qz) coordinates (see Fig. 4). We have used the mean val-
ues of Section 3, Lz = 7.8 ± 0.2 and Lx = 7.05 ± 0.05.
This is more accurate than to use an average value shared
by the two directions; a common value plainly could not
reﬂect the real behaviour of the potential. In our ex-
periment, UDC = 150 V corresponds to az = 0.14 and
VAC = 1000Vrms leads to qz = 0.66.
The resulting measured limits of the stability diagram
reproduce the form of the theoretical stability region, ex-
cept for its right-hand side boundary, theoretically deﬁned
by βz = 1 (see Fig. 4). We observed that no ion cloud
could survive the crossing of this right-hand-side border.
Furthermore, all attempts to create and to trap ions on
the other side of this border (1000Vrms < VAC < 1400Vrms
and UDC = 0) failed. We thus considered this right-hand
side boundary to be the real limit of the stability dia-
gram of the trap. A similar reduction of the surface of the
stability diagram compared to the ideal Paul-trap shape
has been predicted by Benilan et al. [25]. In a theoretical
study, they have found that the limits of the stability dia-
gram of a cylindrical trap are shifted to smaller values of
qz when the dimensions z1 and r1 approach each other. In
this case, the βz = 1 limit crosses the qz-axis at qz = 0.65
for r1 = z1 (instead of qz = 0.908 for an ideal Paul trap).
Yet, a more precise analysis of the experimental stability
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Fig. 4. Limits of the stability diagram as observed from the
ﬂuorescence of a small Ca+-ion cloud as compared to the sta-
bility diagram of an ideal Paul trap (solid lines). The observed
right-hand-side limit corresponds to a βz = 1/2 canyon, no ion
could be conﬁned beyond this boundary.
diagram taking into account the ωz measurements shows
that the observed right-hand side border actually corre-
sponds to a βz = 1/2 canyon. The non-linear resonances
occurring along this line are so strong that no ions can stay
in the trap. Moreover, on the high-qz side of the βz = 1/2
canyon, a multitude of very close lying canyons can ex-
ist [12,30].
Another characterization of the ion cloud consists in
locating its motional resonances in a (VAC, UDC) diagram
visualized by the absences in the ﬂuorescence signal for
given combinations of (VAC, UDC)-values. A good knowl-
edge of the position of these canyons is very important in
order to select the best trapping parameters. We record
the ﬂuorescence emitted by the cloud at ﬁxed values of
the rf potential VAC, while slowly scanning the potential
UDC from 0 to ±150 V. For neighbouring VAC values, a
given non-linear resonance can be tracked in the stability
diagram as shown in Figure 5. We may thus visualize a
canyon in the stability diagram, characterized by a con-
stant rational βx or βz value or a combination of them.
The assignment of the “effective” βx or βz-values (using
Lx and Lz) gives a projection of the inner shape of the
stability diagram. In Figure 6 the identiﬁed canyons with
their assignments are plotted. We could isolate four ratio-
nal iso-βx and three rational iso-βz canyons. Most of these
canyons can be assigned with a precision better than 4%.
The assignment of the canyons βx = 2/9 and βx = 1/6 can
only be made to the 7%-level. In Figure 6 these canyons
can also be seen to have a slightly deviated direction. Fi-
nally, the βz = 1/3 canyon is found with a 10%-precision,
in fact these resonances have been observed to be large.
The assignment has also been conﬁrmed by consideration
of the inter-canyon distance. All these canyons prove the
existence of couplings between the macromotion along the
Fig. 5. Cross-section of the stability diagram for different val-
ues of VAC. The canyon α − which corresponds to βz = 1/3 –
can be tracked for various working points.
Fig. 6. “Black canyons” in a part of the stability diagram.
Points of low conﬁnement coincide with lines of constant ra-
tional βx or βz indicating a coupling of the macro- and the
micromotion. The lines are a guide to the eye, and indicate
points of identical β-value. (!) and (•) stand for iso-βz and
βx-canyons respectively. The measured limits of the stability
diagram are visualized by (+), for clarity the error bars on
these values have been omitted in this graph. A few strong
resonances (indicated by ×) could not be assigned with a com-
mon β-value at the 5%-level.
Chapitre II. Interaction laser-ion piégé et rôle du mouvement de l’ion 17
110 The European Physical Journal D
axial and the radial directions with the rf pulsation [12].
One of the resonances we observe (βz = 2/5) presents a
doubling of its structure. This kind of doubling could be
explained by a defect of the axial symmetry of the trap.
The canyons observed and assigned inside the stability re-
gion are consistent with the previous assignation of the
βz = 1/2 canyon. The present experimental stability dia-
gram shows that, for the characterization of such a device
as the miniature trap, the stability diagram boundaries
alone, do not provide enough reliable information.
5 Evaluation of the effects of the radiation
pressure
The possibility of measuring a shift of the motion frequen-
cies with high precision can show evidence even for very
small effects as, for example, the inﬂuence of a friction
force −ρv (with ρ the damping factor, and v the veloc-
ity of the ions) on the shape of the stability diagram, as
calculated by Winter and Ortjohann [31] for macroscopic
particles in an air ﬂow. These authors have shown that
the stability diagram can be modiﬁed a lot by a friction
force as soon as the ratio 2ρ/mΩ (m the mass of the ion)
reaches values close to one. Furthermore, numerical simu-
lations concerning ions have suggested that 2ρ/mΩ must
become of the order of 1 to produce a non-negligible dis-
tortion of the stability diagramm [33].
The radiation pressure force has been studied in many
articles for cooling of free neutral atoms as well as trapped
ions. As the natural frequency width Γ/2pi of the transi-
tion involved in the cooling (23 MHz) is larger than the
frequencies of micro- and macromotion Ω/2pi, ωz/2pi and
ωx/2pi (11.6 MHz, 1.5 MHz and 0.75 MHz, resp.), the
absorption and emission of photons by the trapped ions
are the same as for free atoms [11]. We can then use the
general expression of the radiation pressure force in a trav-
elling wave along the direction of the laser propagation,
as in [32]:
F = F0 − ρv (7)
with the constant force
F0 = !k
Γ
2
s0
s0 + 1 +
(
2∆
Γ
)2 (8)
where k is the wave-vector of the 397 nm cooling laser, ∆
the detuning between the laser frequency and the atomic
transition frequency, s0 is the saturation parameter in res-
onance, and the damping factor ρ is deﬁned by:
ρ = −!k2
4s0(∆/Γ )[
s0 + 1 +
(
2∆
Γ
)2]2 (9)
and is positive for red detuned light, as in our experiment.
The friction force −ρv may distort the ion dynamics
and the stability diagram by introducing a damping term
in the motion of the ion. The perturbations induced are
largest when the damping coefficient ρ reaches its maxi-
mum value ρmax = !k
2/4 for ∆ = −Γ/2 and s0 = 2 [32].
The maximal damping can not be increased as it depends
only on the transition wavelength. In our case the max-
imum value ρmax that can be reached is 6 × 10
−21 kg/s
and then 2ρ/mΩ can never be greater than 2.6 × 10−3
which is much smaller than one. In our experiment, the
detuning ∆ was of the order of 5Γ and s0 varied roughly
between 0.01 and 5 (corresponding to variation of the
laser-cooling power between 8 µW and 900 µW). For even
larger values of the detuning and of the saturation pa-
rameter, the damping coefficient tends toward zero and
no friction force occurs. We checked the radiation pres-
sure inﬂuence on the observed mechanical resonances by
looking at the frequency spectra. Once the cooling transi-
tion 4S1/2−4P1/2 is no longer saturated (for laser power
values below 200 µW) we can observe that the width of
the resonances increases while the cloud becomes hotter.
There is no detectable shift in the ω-values. Therefore we
cannot expect any signiﬁcant modiﬁcation of the stability
diagram, whatever the laser cooling power. An inﬂuence of
the friction force would be detectable in other experiments
using lighter ions and lower trapping frequencies.
Furthermore, the radiation pressure force could have
another effect on the dynamics of the cloud. Besides a
damping component, this force also has a constant term
F0 (see Eq. (7)) which has the same effect as a constant
and uniform electric ﬁeld: it shifts the mean position of
an ion in the rf trap along the laser beam propagation
direction [34]. As the laser beam has non-zero projections
on the z-axis and on the radial plane (along a direction
we call XL), the mean position of an ion is shifted in these
two directions by the amounts
∆Z =
F0z
mω2z
and ∆XL =
F0xL
mω2x
(10)
where m is the mass of a calcium ion. The upper limit
of the force F0 is given by !kΓ/2. This maximum value
causes a translational shift of the ions of about 10 nm in
both directions and will not modify here the dynamics of
the cloud in the trap.
6 Conclusion
In this paper we have reported on the construction and
the implementation of a miniature cylindrical ion cage. In
order to work under metrologic conditions, it is imperative
to characterize the trap boundaries in a precise way to be
able to make a sound choice of the working parameters.
The trapping characteristics were explored by conﬁning
a laser-cooled Ca+-ion cloud and observing its properties.
We infer that the measurement of the limits of the stability
diagram alone do not provide sufficient information. The
measurements of the motional resonances of the cloud and
the pursuit of their evolution throughout the stability di-
agram have been corroborated by a method detecting the
non-linear resonances in the trap. In particular, the actual
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βz-boundary value of 1/2 instead of 1 is a signature of the
considerable inhomogeneity of the ﬁrst zone of the stabil-
ity diagram in the capability to conﬁne. The correction
factors, Lz and Lx, are found to be different, due to the
asymmetric distortion of the miniature trap geometry. In
the ﬁnal step, we have evaluated the order of magnitude
for the inﬂuence of the radiation pressure force on the ion
dynamics and on their positions in the trap. For the Ca+
ions, these values lie below the spectral as well as the spa-
tial limit of the detection. The present characterization of
the miniature trap contributes to the catalogue of small
geometries for new mass spectrometry and will enable us
in the close future to choose the optimal working condi-
tions to capture one single Ca+ ion and to put it in the
quasi zero-ﬁeld area of the trap.
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II.2 Interaction entre un ion en piège quadripolaire et un
faisceau laser
Quand un grand nombre d’ions froids est piégé, la répulsion coulombienne perturbe les équa-
tions du mouvement et celui-ci ne peut plus être décrit comme la superposition d’oscillations
harmoniques. L’interaction ion piégé-laser diffère alors peu de celle vécue par des atomes li-
bres et dans le cas de raies larges (plus larges que les fréquences du mouvement), on peut ou-
blier les particularités du mouvement25–27. La description de l’interaction ion piégé-laser prend
beaucoup d’intérêt pour un ion unique (ou une chaîne d’ions uniques en piège linéaire) dont le
mouvement est très bien décrit par un oscillateur harmonique. Il est alors possible de coupler
de façon cohérente les degrés internes et externes de liberté de l’ion28. En effet, l’hamiltonien
du système est, dans ce cas limite, équivalent à l’hamiltonien de Jaynes-Cummings décrivant le
couplage de photons avec les modes propres d’une cavité29,30. D’ailleurs cette analogie a inspiré
plusieurs expériences avec des ions piégés31 (création d’états non-classiques de vibration, d’états
cohérents...). Dans cette partie, nous reprenons un formalisme développé au fil des années27,28 et
qui considère des ions uniques en quadrupole où les oscillations sont caractérisées par ωx, ωy, ωz
et la plupart du temps, on traite l’atome comme un système à deux niveaux.
II.2.1 Traitement classique du mouvement
On note les deux niveaux atomiques pertinents |g〉, |e〉 et l’énergie interne du système Ee−Eg =
h¯ω0. L’hamiltonien de l’atome non couplé, de quantité de mouvement p est alors
Hˆ0 =
h¯ω0
2
(|e〉〈e| − |g〉〈g|) +
p2
2m
. (II.21)
Dans un premier temps, le mouvement est traité classiquement et l’hamiltonien d’interaction
laser-atome dans une onde progressive en cos(ωLt− kLx− ψ) peut être écrit comme
Vˆ =
h¯ΩL
2
(|e〉〈g|+ |g〉〈e|)
(
ei(ωLt−kLx−ψ) +H.c.
)
(II.22)
où ΩL/2π est la fréquence de Rabi du couplage (qui n’est pas toujours dipolaire) et ωL la pulsa-
tion du laser. L’évolution propre du système peut être éliminée en passant en image d’interaction
où Vˆ I = Uˆ†0(t)Vˆ Uˆ0(t) (Uˆ0 est l’opérateur d’évolution associé à Hˆ0). Lors de cette transforma-
tion, le terme |e〉〈g| introduit exp(−iω0t) alors que |g〉〈e| introduit exp(iω0t). Par conséquent,
l’hamiltonien de couplage Vˆ I comporte des termes comme exp(±i(ω0 + ωL)t) qui tournent très
vite à l’échelle de l’évolution du système et des termes quasi-resonants exp(±i(ω0 − ωL)t).
Comme très souvent dans les interactions atome-laser, on ne prend en compte que ces ter-
mes quasi-resonants ce qui constitue l’approximation de l’onde tournante (ou Rotating Wave
Approximation-RWA). Dans le cadre de cette approximation,
Vˆ I =
h¯ΩL
2
(
|e〉〈g|e−i∆tei(kLx+ψ) + |g〉〈e|ei∆te−i(kLx+ψ)
)
. (II.23)
où ∆ = ωL − ω0 est le désaccord du laser avec la transition atomique. Ceci est une expression
générale pour l’interaction atome-laser mais qu’y-a-t’il de plus pour un ion oscillant dans l’onde
laser?
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Rappelons que dans notre cas, le mouvement est bien décrit par
x(t) = X cos(ωt)
(
1 +
q
2
cosΩt
)
le long de chaque axe propre du piège. Supposons tout d’abord que
1. le faisceau laser se propage le long de l’axe Ox.
2. q ≪ 1 ce qui entraîne que x(t) ≃ X cos(ωt).
Alors la modulation de phase induite par le mouvement de l’ion, dans le couplage atome-laser, est
périodique, donnant lieu à un effet analogue à la diffraction par un réseau, mais dans le domaine
temporel :
eikLx = eikLX cosωt = J0(kLX) + iJ1(kLX)e
±iωt − J2(kLX)e
±i2ωt . . . (II.24)
où les Jn sont les fonctions de Bessel. Tout se passe comme si l’atome était excité par plusieurs
lasers de fréquence ωL, ωL±ω, ωL±2ω . . . avec un couplageΩLJ0(kLX),ΩLJ1(kLX),ΩLJ2(kLX) . . .
L’indice de modulation kLX contrôle la force relative de chaque excitation et le nombre de ban-
des à prendre en compte pour décrire l’excitation laser (grossièrement, il suffit de se souvenir
que Jq(u) devient non négligeable quand u est au moins aussi grand que q). Dans le cas où les
transitions ne sont pas saturées, cette excitation par une source fictive multi-fréquence peut être
résolue en sommant indépendamment la réponse à l’excitation par chaque bande. Pour un atome
à deux niveaux, cela donne pour la probabilité Pe d’être dans l’état excité:
Pe(∆) =
q=+∞∑
q=−∞
1
2
Ω2LJ
2
q(kLX)
Ω2LJ
2
q(kLX) + 2(∆− qω)
2 + Γ2/2
. (II.25)
Le spectre résultant de ces multiples contributions est illustré sur la figure II.5 et a des propriétés
différentes selon les conditions suivantes :
Figure II.5 : Spectre calculé pour un atome à deux niveaux dans le cas d’un mouvement classique
caractérisé par kLX = 1, ω/2π = 1 MHz. L’excitation laser est caractérisée par une fréquence
de Rabi égale à la largeur naturelle : ΩL = Γ et Γ/2π = 105 Hz (gauche), Γ/2π = 5.105 Hz
(centre), Γ/2π = 2.106 Hz (droit).
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• si l’excitation se fait sur une transition large (Γ > qmaxω)a, la nature oscillante du mouve-
ment n’est pas importante pour décrire le spectre. En effet, on peut montrer25,26 que pour
Γ ≫ ω, les ions peuvent être considérés comme libres en ce qui concerne l’interaction
laser. Ce régime est souvent nommé régime de confinement faible.
• pour une transition telle que Γ < ω (le régime de confinement fort), l’ion a le temps de faire
beaucoup d’oscillations entre chaque absorption/émission et la nature oscillante du mou-
vement se manifeste dans le spectre Doppler par des bandes résolues dont les positions et
amplitudes sont des outils très efficaces pour caractériser expérimentalement le mouvement
de l’ion et mesurer précisément les fréquences propres d’oscillation dans le piège. De plus,
si le nombre de bandes latérales excitées est réduit il est possible de pointer la fréquence
centrale et ainsi de s’affranchir de l’effet Doppler du premier ordre. Pour atteindre cette
configuration sur une transition optique, il faut que l’ion soit refroidi par refroidissement
laser Doppler.
Dans une expérience, le laser ne se propage pas forcément le long d’un des axes propres du
piège et le micro-mouvement (intrinsèque et excédentaire) peut ne pas être négligeable. Alors,
kL.r = kx(X cosωxt+ ǫx)
(
1 +
qx
2
cosΩt
)
+ kz(Z cosωzt+ ǫz)
(
1 +
qz
2
cosΩt
)
(II.26)
et la même décomposition spectrale en fonctions de Bessel peut être menée, tant que les dif-
férentes fréquences ne sont par dans un rapport rationnel et que chaque excitation est dans le
régime linéaire.
Dans la plupart des conditions expérimentales d’excitation d’un ion calcium, il y a au moins
deux champs lasers qui couplent trois niveaux simultanément. Ceci est dû à la nécessité d’avoir
un laser repompeur pour observer de la fluorescence, comme expliqué en II.2.3 et montré sur la
figure II.6 (dans ce cas, l’ion calcium est couplé aux lasers à 397 nm et 866 nm simultanément).
Quand il faut prendre en compte les sous-niveaux Zeeman de chacun des niveaux im-
pliqués, ce n’est plus trois mais huit niveaux qu’il faut coupler et il n’existe pas de solution
analytique pour l’évolution de ces systèmes. Les simulations numériques offrent alors un outil
adaptable à toutes les situations. Dans la plupart de mes travaux, j’utilise la théorie de la matrice
densité pour évaluer analytiquement, comme c’est le cas dans l’article présenté en II.3.2, ou plus
souvent numériquement, la probabilité d’occupation des niveaux atomiques et/ou la cohérence
entre ces niveaux sous l’effet du couplage laser. L’évolution temporelle de la matrice densité ρˆ
est régie par les équations de Bloch optiques (EBO) qui permettent de prendre en compte ces
couplages lasers, à travers l’hamiltonien Vˆ et les diverses sources de décohérence32 telles que
l’émission spontanée (Γsp) ou la largeur spectrale des lasers (ΓL), par un opérateur de Liouville
L(ρˆ) :
ih¯
dρˆ
dt
= [Hˆat + Vˆ , ρˆ] + L(ρˆ). (II.27)
Pour un système à deux niveaux (notés 1 et 2) et dans l’approximation de l’onde tournante
(RWA), ces équations s’écrivent (avec ρ11 + ρ22 = 1 et ρ12 = ρ∗21)
dρ11
dt
=
iΩL
2
(ρ12 − ρ21) + Γspρ22;
aqmax est l’indice le plus haut des bandes excitées
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Figure II.6 : Premiers niveaux d’énergie de l’ion calcium et les longueurs d’onde des transitions
utilisées dans ce texte. Le système en V dont il est fait référence dans le texte est constitué des
niveaux P1/2, S1/2, D5/2 et des couplages à 397 et 729 nm. Le système en Λ dont il est question
en III.1.1 est constitué des niveaux S1/2, P1/2, D3/2 et des couplages à 397 et 866 nm.
dρ12
dt
= −
(
i∆+
Γsp
2
+
ΓL
2
)
ρ12 +
iΩL
2
(ρ11 − ρ22), (II.28)
où, comme avant,ΩL est la fréquence de Rabi du couplage laser (h¯ΩL = −d.E en mode dipolaire
électrique) et ∆ le désaccord du laser par rapport à la résonance atomique. Pour une forme
générale de l’opérateur de Liouville, applicable à des systèmes à plus de 2 niveaux, on pourra
consulter la thèse de C. Raab33 (Université d’Innsbruck).
La prise en compte du mouvement du ou des ions est possible au prix de quelques approxi-
mations. Dans le régime classique, le mouvement de l’ion dans l’onde laser a un effet de modula-
tion de phase déjà vu plus haut. La solution analytique de l’Eq. (II.25) basée sur les fonctions de
Bessel n’est pertinente que dans le régime linéaire d’excitation où chaque bande peut être traitée
en ignorant sa voisine et n’est utilisable que pour un système pour lequel il existe une solution
analytique des EBO (ce qui limite pratiquement à un système à deux niveaux). Dans les EBO,
il y a deux façons de prendre en compte le mouvement de l’ion dans l’onde laser, soit par une
modulation de phase de l’excitation ΩL ❀ ΩL exp(ikL.x(t)) soit une modulation de fréquence
∆ ❀ ∆ − kL.v(t). Les deux méthodes sont équivalentes si v(t) = x˙(t) mais la deuxième peut
être plus facile à programmer. Dans le cas d’un mouvement dépendant du temps comme le mou-
vement harmonique d’un ion dans le pseudo-potentiel d’un quadrupole, v(t) = V cos(ωt)ux, une
prise en compte rigoureuse implique une intégration temporelle suffisamment longue pour cou-
vrir la durée caractéristique la plus grande, avec un pas de temps suffisamment petit pour suivre la
dynamique imposée par le phénomène de durée caractéristique la plus courte. Dans le cas de ban-
des latérales résolues, où ω > Γ, il faut donc intégrer sur plusieurs périodes du mouvement pour
atteindre le régime stationnaire de l’interaction atome-laser. Dans le cas d’une raie de largeur ef-
fectiveb très faible de plusieurs ordres de grandeur devant la fréquence d’oscillation dans le piège,
comme c’est le cas sur la transition quadrupolaire, l’intégration numérique nécessite de couvrir
plus de 1000 périodes d’oscillation. La longueur du temps de calcul rend alors cette méthode
bc’est-à-dire la largeur expérimentale, qui peut être élargie par saturation, par exemple
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inadaptée et nous verrons une méthode plus appropriée en III.2.2. Par contre, cette méthode
est tout à fait pertinente pour des raies larges comme celles impliquées dans le refroidissement
laser. Elle a l’avantage d’être générale et de ne pas supposer une équation particulière du mou-
vement. Des exemples de profil Doppler sont donnés sur la figure II.7 dans différents régimes
d’interaction atome-laser mais pour les mêmes caractéristiques du mouvement, définies par un
indice de modulation kL.X de 2.5, une température équivalentec de 62 mK et un nombre moyen
d’occupation des niveaux vibrationnels 〈n〉 = 270. Dans ce régime, cette méthode est bien plus
pertinente que celle basée sur les fonctions de Bessel et celle qui sera introduite dans la suite, en
II.2.2.
Figure II.7 : Spectre d’absorption calculé pour un atome à deux niveaux, oscillant dans l’onde
laser de longueur d’onde 397 nm avec une vitesse V cos(ωt) définie par V = 5 m/s et ω/2π =
5 MHz. Ceci correspond à un indice de modulation kLX de 2.5. L’interaction laser-atome se
produit dans les trois cas avecΩL = Γ/2 et la largeur naturelle Γ de la transition vaut 2π×1MHz
(courbe de gauche), 2π × 5 MHz (courbe centrale) et 2π × 20 MHz (courbe de droite). Les
courbes en trait plein montrent les résultats obtenus par un suivi dans le temps de l’oscillation
de l’ion alors que les pointillés montrent les résultats obtenus pour une distribution de vitesse
sinusoïdale. Sur la figure de droite, la courbe pointillée rouge montre le résultat d’une intégration
pour V = 0.5 m/s.
Les courbes de la figure II.7 permettent de comparer les résultats obtenus avec un suivi
dans le temps du mouvement de l’atome dans l’onde laser, intégré sur plusieurs périodes, à ceux
obtenus pour des vitesses constantes dans le temps, mais dont la distribution de densité a une
répartition sinusoïdale : vk = V cos(ωtk). Tant que Γ ≤ ω, les résultats sont très différents et
seule la première méthode permet de rendre compte des bandes latérales du mouvement dans
le spectre. Pour Γ = 4 × ω (courbe de droite), les bandes latérales ne sont plus identifiables
dans le spectre et les deux méthodes donnent des résultats quasi-identiques. Pour un rapport
encore plus grand entre Γ et ω, il n’y a plus de différences entre les résultats obtenus par les deux
méthodes, vérifiant ainsi la propriété admise depuis les premiers articles de Itano et Wineland
sur le sujet25,26 qui dit que quand la raie étudiée est bien plus large que la fréquence d’oscillation,
on peut oublier le caractère oscillant du mouvement. La figure II.8 montre d’autres exemples
de spectres calculés pour un indice de modulation plus petit (kLX = 0.5). Les profils Doppler
obtenus sont très différents en fonction de la largeur naturelle de la raie et la méthode utilisée
permet d’exploiter les spectres observés dans tous les cas. Il faut noter ici qu’un mouvement
ccette température est définie par kBT = mV2/2
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Figure II.8 : Spectre d’absorption d’un atome à deux niveaux, oscillant dans l’onde laser de
longueur d’onde 397 nm avec une vitesse V cos(ωt) définie par un indice de modulation kLX de
0.5 et une interaction laser-atome caractérisée par ΩL = Γ/2. En noir, trait plein : V = 5 m/s,
ω/2π = 25MHz et Γ/2π = 20MHz. En rouge, trait pointille : V = 10 m/s, ω/2π = 50MHz et
Γ/2π = 20MHz. En bleu, trait mixte : V = 10 m/s, ω/2π = 50MHz et Γ/2π = 10MHz.
classique d’oscillateur harmonique n’est pas la représentation rigoureuse du mouvement d’un
ion refroidi par laser. En effet, le refroidissement laser Doppler résulte en une distribution de
vitesses thermiques34 qui se traduit par une distribution de l’amplitude d’oscillation V. Les
courbes des figures II.7 et II.8 doivent donc être convoluées avec une distribution d’amplitude
pour refléter un spectre expérimental. Le résultat de cette convolution est présentée en II.9 dans
un des cas particuliers déjà montré en II.7. Les résultats montrent que le profil obtenu pour une
distribution de vitesse vk est exactement un profil gaussien alors que l’enveloppe des bandes
latérales obtenues quand on conserve l’effet de modulation de phase en diffère légèrement.
Comme la raie utilisée pour le refroidissement Doppler de l’ion calcium fait 23 MHz de
large et que les fréquences typiques d’oscillation sont de l’ordre du MHz, on pourrait croire qu’il
est inutile de prendre en compte la modulation de phase induite par le mouvement dans l’onde et
qu’une distribution de vitesses peut tout aussi bien expliquer les spectres observés. Ce n’est pas
si évident quand on s’intéresse au spectre du système complet, à trois niveaux. Dans ce système
couplé par deux lasers, se produit un phénomène de piégeage cohérent de population pour une
valeur particulière des désaccords. Ce phénomène est expliqué et étudié plus loin en III.1.1 mais
ce qui nous intéresse ici est que la résonance noire alors visible dans le spectre est beaucoup
fine que la largeur naturelle du niveau excité impliqué. Il est alors pertinent de conserver le
caractère oscillant du mouvement dans les simulations pour comprendre son effet sur le profil de
cette résonance noire. Par contre, dans l’article présenté en II.3.2, l’enjeu est de démontrer un
refroidissement Doppler alternatif, qui permet de descendre la température limite sous la limite
Doppler usuelle sans résoudre les bandes latérales dans le spectre. Le caractère oscillant du
mouvement y est donc négligé et le formalisme développé pour les atomes neutres non piégés y
est exploité.
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Figure II.9 : Spectre d’absorption d’un atome à deux niveaux, équivalent au système de la courbe
de gauche de la figure II.7, avec une distribution d’amplitude de vitesse gaussienne, d’écart type
égal à V. Les courbes pointillés rouge représentent une simple distribution gaussienne d’écart
type kLV.
II.2.2 Description quantique du mouvement et régime de Lamb-
Dicke
Dans le cas d’un mouvement oscillant, lorsque l’ion atteint des températures de l’ordre de h¯ω/kB,
une description classique du mouvement ne suffit pas pour expliquer le spectre observé. Il devient
alors nécessaire d’utiliser une représentation quantique du mouvement dans l’interaction laser-
atome. Le passage en image d’interaction résulte maintenant en un couplage de la forme
Vˆ I =
h¯ΩL
2
(
|e〉〈g|e−i(∆t−ψ) exp
(
iηaˆ†eiωt + iηaˆe−iωt
)
+H.c
)
(II.29)
avec η = kLx0, le paramètre de Lamb-Dicke (x0 est la taille de la fonction d’onde dans le niveau
vibrationnel fondamental
√
h¯/(2mω)) et aˆ† et aˆ, les opérateurs de création et annihilation de
phonons du potentiel harmonique. Par la présence de aˆ† et aˆ, l’hamiltonien Vˆ I met en évidence
le couplage des degrés internes et externes de liberté par une impulsion laser. Les états propres
de l’hamiltonien non couplé sont maintenant |g〉|n〉, |e〉|m〉. Pour chaque transition associée à
une modification de l’état vibrationnel, une fréquence de Rabi effective peut être définie par
Ωn,n+p = ΩL|〈n+ p|e
iη(aˆ+aˆ†)|n〉|. (II.30)
Cette expression est développée dans le cas général dans un article de R. Glauber de 196935 mais
il est plus instructif ici d’en faire un développement de Taylor en fonction du petit paramètre η.
Au second ordre en η :
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n→ n Ωn,n = ΩL(1− η2n)
n→ n+ 1 Ωn,n+1 = ΩLη
√
n+ 1
n→ n− 1 Ωn,n−1 = ΩLη
√
n
n→ n+ 2 Ωn,n+2 = ΩLη2/2
√
(n+ 1)(n+ 2)
n→ n− 2 Ωn,n−2 = ΩLη2/2
√
n(n− 1)
Ce développement laisse voir que la force de couplage sur la bande d’ordre p se comporte
comme (η
√
n)p. Pour η
√
n ≪ 1, les termes du second ordre sont négligeables et seules les
bandes latérales d’ordre 1 sont excitées. Cette limite correspond au régime de Lamb-Dicke pour
un ion oscillant, qui peut se définir formellement par le régime de validité de l’approximation
exp (ikx) ∼ 1 + ikx. Les expériences de métrologie optique menées dans l’équipe ainsi que
toutes les expériences basées sur l’exploitation d’une raie très fine dans le spectre des ions né-
cessitent d’atteindre ce régime. En pratique, cela impose que la largeur du spectre Doppler soit
suffisamment réduite pour que la bande centrale (non déplacée par effet Doppler du premier or-
dre) soit prépondérante sur les bandes latérales d’ordre 1 et que celles d’ordre 2 soient hors du
spectre. C’est le refroidissement laser Doppler qui doit permettre d’atteindre ce régime.
L’amplitude d’une bande résulte de la contribution de toutes les transitions impliquant
des niveaux vibrationnels différents. La probabilité d’occupation P (n) du niveau n dépend du
processus utilisé pour préparer l’état de l’ion. Par exemple, le refroidissement laser Doppler
conduit à une distribution thermique de n. Pour avoir un ordre de grandeur, dans un piège
miniature typique, le refroidissement Doppler conduit à une distribution caractérisée par n ≃
5 − 15. Un aperçu des spectres que l’on peut observer pour différentes températures est donné
par la figure II.10. Dans le premier piège à ion unique de calcium de Marseille on a n ≃ 10 à la
limite Doppler. Dans ces conditions, il est nécessaire d’avoir η ≪ 1 pour atteindre η√n < 1 à la
fin du processus de refroidissement Doppler. Il est primordial que cette contrainte soit intégrée
lors de la conception du piège puisque la dépendance de η décrite par
η =
2π
λ
√
h¯
2mω
(II.31)
montre que pour une transition et un ion donnés, la fréquence d’oscillation dans le piège contrôle
le régime de Lamb-Dicke. Typiquement, pour la transition d’horloge du calcium, une fréquence
d’oscillation de 1 MHz conduit à une valeur de η proche de 0.1.
Supposons maintenant que le piège a été conçu pour que le refroidissement Doppler per-
mette d’atteindre le régime de Lamb-Dicke, l’hamiltonien d’interaction est alors réduit à
Vˆ I =
h¯ΩL
2
|e〉〈g|
(
1ˆe−i(∆t−ψ) + iηaˆ†e−i((∆−ω)t−ψ) + iηaˆe−i((∆+ω)t−ψ) +H.c.
)
. (II.32)
L’interaction laser se réduit alors à trois composantes :
n→ n Ωn,n = ΩL
n→ n+ 1 Ωn,n+1 = ΩLη
√
n+ 1
n→ n− 1 Ωn,n−1 = ΩLη
√
n
Comme Ωn,n±1 dépend du niveau vibrationel n, l’excitation doit être calculée pour chaque n
et pondérée par sa probabilité d’occupation P (n). Dans le cas du refroidissement laser, cette
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Figure II.10 : Contribution de chaque bande dans les spectres calculés dans le cas quantique pour
un ion de calcium 40Ca+ et une distribution thermique d’occupation des niveaux vibrationnels.
Fréquence de Rabi ΩL/2π = 1 kHz, largeur spectrale du laser ΓL/2π = 10 kHz, λL = 730 nm,
ω/2π = 1 MHz : η0 = 0.094. À gauche : T = 2.5 mK et n = 51.6, au centre : T = TD = 0.5
mK, n = 10, à droite : T = 0.1 mK n = 1.6. Si on choisit une fréquence de Rabi plus faible,
les bandes latérales du second ordre sont déjà très faibles pour T = TD. La dissymétrie entre
l’amplitude des bandes ±q est la signature du régime quantique du mouvement.
probabilité est très bien représentée par l’équilibre thermodynamique
P (n) =
1
1 + n
(
n
1 + n
)n
. (II.33)
La probabilité d’excitation à résonance sur la première bande latérale bleue (BLB) ∆n =
+1 (soit ∆ = +ω) est
SBLB =
∞∑
n=0
P (n)
1
2
Ω2Lη
2(n+ 1)
Ω2Lη
2(n+ 1) + Γ2/2
, (II.34)
celle pour la première bande latérale rouge (BLR) ∆n = −1 (soit ∆ = −ω) est légèrement
différente
SBLR =
∞∑
n=1
P (n)
1
2
Ω2Lη
2n
Ω2Lη
2n+ Γ2/2
(II.35)
Par la relation P (n+ 1) = n/(1 + n)P (n), on peut montrer une relation générale qui permet de
mesurer expérimentalement le nombre moyen d’occupation n :
SBLR
SBLB
=
n
1 + n
. (II.36)
Cette dissymétrie entre les bandes bleues et rouges, illustrée dans les spectres calculés de la fi-
gure II.10 est une signature du régime quantique du mouvement. En effet, le modèle classique
développé en II.2.1 ne permet pas d’expliquer cette différence, observée expérimentalement sur
des ions suffisamment froids. Elle est importante si la population de l’état fondamental vibra-
tionnel est non négligeable car alors n→ 0 et l’amplitude de la bande rouge tend vers 0 d.
Quand le nombre moyen d’occupation des états vibrationnels est élevé, la méthode précé-
dente devient fastidieuse à mettre en place et n’est pas la plus adaptée pour rendre compte du
dil n’y a pas de niveau n = −1 pour permettre un transition "rouge" au départ de n = 0
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mouvement de l’ion dans le spectre. Dans la limite semi-classique où le mouvement est tou-
jours décrit par un oscillateur harmonique quantique mais où n est suffisamment grand pour que
n± 1 ≃ n, on peut utiliser la méthode du développement en série de Floquete, qui est pertinente
si seulement les premières bandes latérales du mouvement sont excitées (voire marginalement
les deuxièmes). Cette condition, équivalente au régime de Lamb-Dicke, impose η
√
n < 1. Il
faut que η soit suffisamment petitf pour permettre η
√
n < 1 avec n ≥ 10.
L’idée est de développer l’hamiltonien de couplage atome-laser Vˆ I(t) au premier ordre en
η (comme en II.2.2), ce qui permet de définir des hamiltoniens indépendants du temps à partir de
la fréquence d’oscillation ω :
Vˆ I(t) = Vˆ I(0) + e
iωtVˆ I+ + e
−iωtVˆ I−, (II.37)
avec Vˆ I(0) l’hamiltonien pour un ion immobile et Vˆ
I
± l’hamiltonien qui couple les états vibra-
tionnels n et n± 1 :
Vˆ I(0) =
h¯ΩL
2
|2〉〈1|+H.c
Vˆ I± = iη
h¯ΩL
2
|2〉〈1|+H.c.
L’évolution de la matrice densité sous cet hamitonien est calculable facilement si on décompose
la matrice densité en série de Floquet associée aux niveaux vibrationnels n :
ρ =
∞∑
n=−∞
ρ(n)einωt. (II.38)
On obtient alors un jeu d’équations couplées entre les matrices densité représentant les états sur
les niveaux n et n± 1:
∂
∂t
ρ(n) = −inωρ(n) − i
h¯
[Hˆ0 + Vˆ
I
(0), ρ
(n)] (II.39)
− i
h¯
[Vˆ I+, ρ
(n−1)]− i
h¯
[Vˆ I−, ρ
(n+1)] + Lρ(n).
Dans la pratique, là où il y a une matrice pour générer la solution des EBO pour un ion immobile,
il y en a 9 pour un ion oscillant dans la limite semi-classique. Les 8 matrices supplémentaires se
déduisent facilement de la matrice d’origine, qu’il faut aussi décaler en énergie propre de ±h¯ω.
Par l’hypothèse n± 1 ≃ n, et le traitement numérique qui ne dépend pas explicitement de n, on
voit bien que cette méthode ne permet pas de prévoir le profil dissymétrique des bandes latérales
dans la limite ultra-froide n→ 0 qu’on a vu en II.2.2.
Cette méthode s’adapte à n’importe quelle structure interne et un exemple d’utilisation de
cette méthode dans un système à quatre niveaux couplés par trois lasers est donné dans l’article
reproduit en III.2.2. De plus, elle s’extrapole facilement au cas où plusieurs fréquence du mou-
vement sont présentes dans le spectre, dans la mesure où elles ne sont pas dans un rapport ra-
tionnel. C’est cette méthode que j’ai utilisée pour comprendre les spectres de bandes latérales
eUn grand merci à Giovanna Morigi qui m’a appris cette méthode
f le paramètre de Lamb-Dicke η est défini en II.2.2
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obtenus dans notre expérience, sur la transition S1/2 → D5/2 en champ magnétique non nul. Ces
spectres, dont un exemple est sur la figure II.11, incluent quatre transitions entre sous-niveaux
Zeeman (∆mJ = ±1 depuis mJ = ±1/2) et les bandes latérales du premier et deuxième ordre
induites par les oscillations le long de l’axe de symétrie du piège (ωz) et dans le plan radial (ωx).
La prise en compte des bandes de deuxième ordre nécessite une petite pirouette, comparée aux
Eq. (II.39), mais ne change pas la structure de la méthode. Les spectres observés et calculés sont
loin d’être identiques mais le calcul aide à comprendre l’origine de l’allure des spectres.
Figure II.11 : Spectre expérimental (à gauche) et calculé par la méthode de Floquet (à droite)
de la transition S1/2 → D5/2 d’un ion de calcium 40Ca+. Il inclut les 4 transitions ∆mJ = ±1
depuismJ = ±1/2 dans un champ magnétique de 3 gauss.
Comment réalise-t-on dans la pratique le spectre Doppler d’une transition qui émet en
moyenne un photon par seconde? La réponse est dans le paragraphe suivant.
II.2.3 Détection de l’état interne d’un ion unique de calcium
Observer un spectre Doppler où les bandes latérales sont résolues nécessite que Γ≪ ω. Dans la
pratique, on réalise de tels spectres sur la transition d’horloge du calcium dont le taux d’émission
spontanée est de l’ordre de 1 par seconde. Il n’est donc pas réaliste d’envisager la collection
des photons émis sur cette transition, sachant que l’efficacité de collection dépasse rarement
0.1%. La méthode qui permet de surmonter ce problème a été inventé par H. Dehmelt (prix
Nobel de physique 1989) et a été baptisée electron shelving36 ou mettre l’électron sur l’étagère.
Le principe de cette méthode repose sur la structure interne des ions qui permet de créer (en
première approximation), un système en V. La méthode fait ici référence à la structure de l’ion
calcium mais elle est transposable à toute une famille d’ions.
La figure II.6 montre les premiers niveaux d’énergie de l’ion calcium. La transition dipo-
laire électrique 4sS1/2 → 4pP1/2 à 397 nm est utilisée pour le refroidissement Doppler et pour la
détection d’un ou plusieurs ions par les photons diffusés à cette longueur d’onde. La transition
4sS1/2 → 3dD5/2 à 729 nm est une transition quadrupolaire électrique, dite transition d’horloge
quand on veut développer une horloge à fréquence optique. Voici donc le schéma en V nécessaire
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à l’electron shelving. En pratique, pour que cela fonctionne il faut un troisième laser accordé sur
la transition dipolaire 3dD3/2 →4pP1/2 à 866 nm pour empêcher le pompage de l’ion dans l’état
D3/2, d’une durée de vie aussi de l’ordre de la seconde. La présence de ce laser repompeur ne
change en rien le principe de la méthode : Sur la transition dipolaire, le taux de fluorescence
collectée est de l’ordre de 10 000-50 000 c/s alors que sur la transition quadripolaire, le temps
typique d’évolution de l’état interne est de l’ordre de 100 ms, ce qui est comparable voire plus
grand que le temps d’acquisition du signal dans ce type d’expérience. Par conséquent, quand
les lasers excitent ces deux transitions, le signal récolté peut prendre deux valeurs (voir figure
II.12). Soit l’atome est dans le sous-espace {S1/2;P1/2} et le signal est élevé, soit il est dans l’état
métastable, y reste une seconde en moyenne, et le signal est bas. L’électron responsable de l’état
électronique est ainsi "sur l’étagère" et le signal récolté est bas (c’est le bruit de fond). Ces sauts
abruptes dans le signal, appelés sauts quantiques, sont la signature de l’excitation de l’atome
dans l’état métastable D5/2. Le fait que le signal n’ait que deux valeurs démontre la présence
d’un émetteur unique. Les premières observations expérimentales d’electron shelving eurent lieu
en 1986 dans trois laboratoires, le groupe de H.Dehmelt à Washington37, le groupe de P. Toschek
à Hamburg38 et le groupe du NIST39 (D. Wineland, W. Itano, J. Bergquist et collaborateurs).
Figure II.12 : Sauts quantiques mesurés dans le signal de fluorescence émis par un ion de calcium
unique. En vignette, les transitions excitées par laser lors de l’observation de ce signal.
La mesure de la durée moyenne des séquences de signal bas permet de mesurer la durée de
vie de l’état métastable. Nous avons réalisé une telle mesure sur un ion unique et un nuage d’ions,
dans le même dispositif expérimental. La comparaison des deux expériences est très instructive
car les biais statistiques sont de nature différente pour un émetteur unique et un nuage même petit
(de 50 à 100 ions), le nombre d’événements rares étant non négligeable. Par ailleurs, l’évaluation
des biais expérimentaux que sont les collisions, la perte d’ions et l’effet Stark alternatif induit
par les différents lasers fournit une très bonne étude préparatoire à la réalisation d’une horloge.
La réduction de ces biais est nécessaire avant toute poursuite de l’expérience. La mesure de la
durée de vie nécessite une excitation séquentielle sur la transition d’horloge, le laser d’horloge
étant bloqué quand l’ion est dans l’état excité, pour éviter sa désexcitation stimulée.
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Abstract. The lifetime of the 3d2D5/2-level in singly-ionized calcium has been measured by the electron-
shelving technique on different samples of rf trapped ions. The metastable state has been directly popu-
lated by exciting the dipole-forbidden 4S1/2 − 3D5/2 transition. In ion clouds, the natural lifetime of this
metastable level has been measured to be (1095± 27) ms. For the single-ion case, we determined a lifetime
of (1152±20) ms. The 1σ-error bars at the 2%-level have different origins for the two kinds of experiments:
data ﬁtting methods for lifetime measurements in an ion cloud and control of experimental parameters
for a single ion. De-shelving effects are extensively discussed. The inﬂuence of differing approaches for the
processing of the single-ion quantum jump data on the lifetime values is shown. Comparison with recent
measurements shows excellent agreement when evaluated from a given method.
PACS. 32.70.Cs Oscillator strengths, lifetimes, transition moments – 32.80.Pj Optical cooling of atoms,
trapping
1 Introduction
High-precision atomic lifetime measurements are a chal-
lenge for experimental and theoretical atomic physics. In-
creasing volume and precision of astrophysical observa-
tions have generated a growing need for precise atomic
lifetime data [1]. Among all the interesting atomic sys-
tems, atoms with a closed inner shell and a single addi-
tional valence electron offer the possibility to accurately
compare the results of atomic data modeling and experi-
mental values.
There have been various theoretical approaches to the
low-lying metastable doublet levels of 40Ca+ which have
generated somewhat dispersed metastable lifetime pre-
dictions [2–10]. In the past decade the lifetimes of the
metastable D-levels of the singly-ionized calcium have also
been measured several times [11–21]. Most of these mea-
surements have been carried out in rf traps, showing a
clear evolution towards longer lifetimes throughout the
years, as error sources have been identiﬁed. In particular,
before 1999, the coupling of the metastable D-levels to
the P-state due to off-resonant excitation by the repumper
laser [18], had not been taken into account at all. As will
be shown in this paper, ion-ion collisions in a relative hot
and dense ion cloud (kBT ! 1 eV, n ! 10
8 cm−3) may also
contribute a few percent to the lifetime reduction. These
two effects explain the gap between the earlier ion-cloud
measurements and recent single-ion measurements. The
a e-mail: mknoop@up.univ-mrs.fr
experiments which have been carried out on single laser-
cooled ions show a typical error bar of the order of 2%,
with the exception of one experiment [20], where the an-
nounced uncertainty is inferior to 0.6% and which gives
the highest value ever measured for the 3D5/2-lifetime.
In this article, we present our new measurements of the
lifetime of the 3D5/2-state which have been carried out
in a different way. In fact, we achieve population of
the metastable level by direct pumping of the electric
quadrupole transition which connects the ground state
to the 3D5/2-state. We have also been able to establish
a connection between the different published values, the
discrepancy being mainly due to differing data analysis.
Single trapped ions are now extensively used for
metrology and quantum information [22]. Storage times
can exceed days, and the control of the trapping envi-
ronment along with the degree of laser stabilization have
been improved to access linewidths of optical transitions
down to the Hz-level [23]. Our experimental project aims
to propose a frequency standard in the optical domain,
based on the interrogation of the 4S1/2 − 3D5/2 electric
quadrupole transition of a single laser-cooled Ca+-ion.
The measurement of the metastable 3D5/2-level lifetime
is an important step in this direction, allowing to identify
and to control effects which may reduce this lifetime, and
which could thus contribute to the broadening of the clock
transition.
In this paper, we brieﬂy present our experimental de-
vice, and introduce the technique we have used to measure
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Fig. 1. Experimental set-up of the miniature ion trap. The
insets show the Ca+ lowest lying levels and the geometry
of the miniature trap surrounded by the four compensation
electrodes.
metastable lifetimes in ion clouds and single ions. We then
present the different data processing methods. The fourth
part of this article is devoted to the discussion of the un-
certainties of our measurements. We ﬁnally present and
discuss our results in the context of previous experiments.
2 Experimental set-up
We use a miniature ion trap to conﬁne single ions and
ion clouds up to approximately 500 particles. The trap is
a modiﬁed Paul trap, a so-called Paul-Straubel trap [24]
consisting of a cylindrical molybdenum ring with an in-
ner diameter of 2r0 = 1.4 mm and a total ring height of
2z1 = 0.85 mm (Fig. 1). Two circular mesh electrodes at
5.5 mm on each side from the trap center, allow the def-
inition of well controlled electrical boundary conditions.
Two copper tip electrodes in the plane of the trapping
ring are used as positioning electrodes to correct for im-
perfections and asymmetries in the trapping potential and
thus to reduce the micromotion of the conﬁned ions. The
applied trapping frequency Ω/2pi = 11.6 MHz with an
rf voltage amplitude of 300 V, gives rise to a total pseudo-
potential well depth of 1.9 eV and motional frequencies
around ωi/2pi = 1.5 MHz. The trap has been fully char-
acterized and is described in detail in [25]. The trapping
setup is mounted into an ultra-high vacuum vessel and
baked out at 150 ◦C during a couple of days. Vacuum
conditions can be controlled by the ion pump current, a
Bayard-Alpert gauge and a mass spectrometer operating
up to 64 a.m.u. Ions in the trap are created from a calcium
oven heated by a direct current of 3 A. The effusive atom
beam is crossed with a low-energy electron beam in the
center of the trap producing singly-ionized calcium ions.
Laser-cooling is carried out on the 4S1/2 − 4P1/2 elec-
tric dipole transition at 397 nm using an intracavity
frequency-doubled TiSa-laser [Coherent 899 ]. The output
intensity of this laser is stabilized by a single-pass acousto-
optical modulator (AOM), the error signal is fed back from
a beam pick-up photodiode after crossing the trap. The
optical power used for laser-cooling is about 50 µW in the
case of an ion cloud, and an order of magnitude lower for a
single ion, focussed in a 20 µm-diameter waist (measured
at 1/e2 power level). The linewidth of this laser has been
found to be below 10 MHz in the course of our experi-
ments. Due to a branching ratio to the 3D3/2-level larger
than 5%, repumping from this level is required, and is as-
sured by a single-mode diode laser at 866 nm mounted
in a Littrow-conﬁguration external cavity (ECDL). This
diode laser is stabilized to a low ﬁnesse (F = 200) ref-
erence cavity reducing its linewidth to about 1 MHz and
improving its frequency stability. Stable operation dur-
ing a whole day is achieved by locking the length of the
reference cavity to a hyperﬁne transition of neutral cae-
sium making use of an additional ECDL at 852 nm and
a standard saturated-absorption setup. Typical power for
the 866 nm-diode is about 200 µW focussed into a 70 µm-
diameter waist. A broad-area laser diode is used to probe
the electric quadrupole transition 4S1/2−3D5/2 at 729 nm.
The nominal output power of this laser diode is 100 mW
and its free-running linewidth is as large as 2 nm. This
diode has been set up in an external cavity in Littrow con-
ﬁguration and pre-stabilized by electronic feedback onto a
low-ﬁnesse reference cavity (F = 200). We thus obtain a
laser linewidth in the MHz-range and a laser intensity of
approximately 350 µW per 60 µm-diameter waist size in
the trap [26].
Two mechanical shutters in the 729 nm-beam line al-
low to cut the light from this laser completely. Their clos-
ing time is in the ms-range, inferior to the smallest mea-
surement interval used throughout the experiment. All the
laser beams used in this experiment are brought to the ion
trap by single-mode optical ﬁbers. This ensures the spatial
ﬁltering of the laser beams and gives rise to well controlled
waist sizes at the position of the ion. However, the main
advantage of these ﬁbers is to increase the pointing sta-
bility of the laser beams, which improves the day-to-day
reproducibility of the measurements essential for trapping
single ions.
Detection of the ﬂuorescence of the ions at 397 nm is
made outside the vacuum vessel (Fig. 1). The ﬂuorescence
signal is spatially ﬁltered by a small diaphragm (diame-
ter below 500 µm) and then projected onto an intensiﬁed
CCD camera (ICCD) and a photomultiplier (PM) in pho-
ton counting mode. A variable beamsplitter between these
two devices allows to choose the fraction of signal sent to
the photomultiplier between 10 and 100%. The maximum
ﬂuorescence count is about 10 000 counts/s for a single
ion. Data is collected and stored by a personal computer,
that also controls the ion creation process and actuates
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the laser shutters. Excellent temporal synchronization is
assured by buffer-controlled read-out on the data acquisi-
tion board. The typical duration of a measurement bin is
50 ms for the ion cloud measurements and 30 ms for the
single-ion measurements.
3 Electron shelving
All our lifetime measurements have been performed in the
same trap, in a very similar way for a small ion cloud or
a single ion. In both cases, ions have been laser-cooled on
the strong 4S1/2− 4P1/2 electric dipole transition and de-
tected by the scattered 397 nm-photons. We have used the
technique of electron-shelving proposed by Dehmelt [27]
for the whole set of measurements. This method allows to
observe transitions on the forbidden electric quadrupole
line via the switching of the strong laser-cooling transi-
tion at 397 nm. In our experiment the 3D5/2-state has
been populated by direct optical pumping of the dipole-
forbidden 4S1/2 − 3D5/2 transition, technique which has
not yet been applied in the lifetime measurements with
single trapped Ca+-ions. The direct excitation of this elec-
tric quadrupole transition allows an unambiguous deﬁni-
tion of initial conditions.
3.1 Measurements in an ion cloud
A typical ion cloud contains 50 to 100 Ca+-ions which are
laser-cooled to a temperature of about 50 K, temperature
which is deﬁned as a measure of the kinetic energy of
the trapped particles. This temperature value stands for
an equilibrium between the heating of the ions by the
trapping ﬁeld and the laser-cooling.
To measure the 3D5/2-level lifetime in an ion cloud we
use approximately 350 µW of 729 nm-power. Once the res-
onant laser beam is admitted onto the ions, a fraction of
the ions is pumped into the 3D5/2-state and the observed
ﬂuorescence signal at 397 nm decreases. The experimen-
tal signal is shown in Figure 2. When the population of
the 3D5/2-state has reached an equilibrium state which is
represented by a constant ﬂuorescence level, we shut off
the 729 nm diode laser. The ion population then decays
to the ground state with a time constant governed by the
3D5/2-state natural lifetime. This decay can be observed
on the 397 nm ﬂuorescence signal as the decaying ions
return into the laser-cooling cycle and scatter blue pho-
tons. The revival function of the 397 nm ﬂuorescence is
ﬁtted with a least-squares method (LSF) by the function
F (t) = S0 +S(1− exp(−t/τm)) where τm is the measured
lifetime for a given set of experimental parameters, S the
net ion signal and S0 the low-level signal being composed
by the ﬂuorescence signal of the ions remaining in the
laser-cooling cycle and the background signal due to stray
light. Actually, the measured lifetime τm is the natural
lifetime of the 3D5/2-level affected by different de-shelving
effects as will be discussed in Section 4. The result for the
measured lifetime in an ion cloud is τnat = 1095 ms with
an 1σ-statistical uncertainty of 7.5 ms.
Fig. 2. Electron-shelving data in an ion cloud. The applied
729-nm laser power has been recorded simultaneously and
is shown in the lower trace. The lines show simulation data
by the density matrix formalism with various power levels
for the probing laser at 729 nm (0.25I0 (dashed), I0 (solid),
4I0 (dotted)).
We have made simulations in an ion cloud of the pop-
ulation of all the atomic levels involved (S1/2, P1/2, D3/2,
D5/2) with the use of the density matrix formalism taking
into account the ion motion in the trap. The oscillatory
movement of the ion cloud is described by a distribution of
the velocity amplitudes at a single frequency [28]. In this
coupled four-level system, the fraction of ions which are
pumped into the metastable D5/2-state depends on the rel-
ative detuning of the three lasers used for cooling, repump-
ing and probing of the clock transition, a phenomenon
comparable to the occurrence of dark resonances. The sim-
ulation shows, that it is possible to pump almost the en-
tire ion population into the metastable state if the ions are
nearly at rest [29]. The second parameter which is critical
for the reproduction of the shelving curves is of course the
laser power. The lines in Figure 2 visualize the simulated
ﬂuorescence curves for a cloud of 50 ions with a temper-
ature of 100 K, assuming that the ﬂuorescence is directly
proportional to the P1/2-population. In the plotted simu-
lations the relative laser detuning has been ﬁxed while the
power levels of the probing laser at 729 nm are varied. The
right choice of relative laser detunings and absolute laser
power levels enables us to reproduce accurately both the
speed of the decrease of the ﬂuorescence as ions leave the
laser cooling cycle (t = 4−9 s) and the fraction of the ions
being pumped into the D5/2-level. As a matter of course,
the revival of the ﬂuorescence depends only on the life-
time of the 3D5/2-state for the given set of experimental
parameters.
3.2 Measurements with a single ion
Experiments with single ions have been carried out dur-
ing twelve 6 h-runs with single ions laser-cooled to tem-
peratures below 1 K. As the temperature of the ion is
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Fig. 3. Left : quantum jumps of a sin-
gle Ca+ ion in the temporal evolution
of the fluorescence signal, the lower
trace shows the switching of the ex-
citing diode laser at 729 nm; right :
histogram of the fluorescence signal vi-
sualizing the distinction between the
upper and the lower trace.
estimated from the asymmetric Doppler proﬁle which is
largely depending on the optical power used for laser-
cooling, this value is an upper limit to the estimate of
the kinetic energy.
When the electron-shelving technique is applied to a
single ion, the observed ﬂuorescence signal becomes bi-
nary. Actually, while the ion is in the laser-cooling cycle,
a large number of blue photons is scattered giving rise to
a high photon count rate (“bright” level), see Figure 3.
When the 729 nm laser diode is admitted onto the ion,
it will be pumped into the 3D5/2-level. The ﬂuorescence
rate at 397 nm will then abruptly fall to the low level,
which corresponds to the background light (“dark” level).
As soon as we detect a “dark” level signal, the 729-nm
laser is shut off to avoid any coupling between the levels,
as discussed in detail in Section 4. The sudden changes in
ﬂuorescence due to transitions between atomic levels are
called quantum jumps. Figure 3 shows the good distinc-
tion between the bright and the dark level. This allows to
deﬁne an unambiguous threshold value for the determi-
nation of the duration of the quantum jumps. Typically,
we have set the threshold value at the half of the net sig-
nal value, which is the difference between the mean upper
trace and the mean lower trace. The timebase of the data
acquisition has been chosen to give a maximum separation
of bright and dark level together with best temporal res-
olution. Thus, variation of the threshold value separating
dark and bright level between one third and two third of
the net signal did not result in variations of the quantum
jump length distribution.
The duration of the dark intervals have been processed
by two different methods. First, they have been binned in
a histogram and ﬁtted by a least-squares method (LSF)
using an exponential decay curve (F (t) = A exp(−t/τm))
with two free parameters (A and τm) at a 95% conﬁdence
level (Fig. 4). Taking into account the de-shelving by the
866 nm-diode as discussed in Section 4, the obtained life-
time value is τnat = 1088 ms with a ﬁtting uncertainty
of 15 ms. This ﬁtting procedure assumes that the mea-
Fig. 4. Histogram of the duration of the measured dark inter-
vals observed with a single ion. The left y-axis scale represents
the absolute event counts, while the right scale indicates the
probability of the event.
sured number of events for each bin spreads around the
ﬁtted equation with a Gaussian probability distribution.
Actually, the probability of very long events is in most
cases very low (see Fig. 4), suggesting that deviations
from the mean are not governed by a Gaussian distri-
bution. It is then appropriate to apply the most general
evaluation method, assuming a multinomial distribution,
and calculating the lifetime by a maximum likelihood esti-
mate (MLE). Recent measurements [20,21] have evaluated
the metastable lifetime by using the method of the MLE
obtaining values larger than 1150 ms. We have used the
following formula [21] to calculate the lifetime by
τm =
∆t
ln(1 + ∆t
t
)
, with t =
1
N
N∑
i=1
niti (1)
where ∆t is the bin size of the histogram, t is the
mean value of the ni measured dark intervals of dura-
tion ti, and N is the total number of measured events.
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Fig. 5. Comparison of simulated lifetime data
using MLE (!) and LSF (©) as a function
of the number of quantum jumps. The graph
shows the difference between the evaluated
lifetimes and the lifetime injected into the simu-
lation process (τin). Both methods tend to pro-
duce identical results on a 2%-level only start-
ing around 40 000 events.
The statistical uncertainty for each data set can be ex-
actly computed by
σ =
√√√√τ2
N
[
1 +
1
12
(
∆t
τ
)2
+O
(
∆t
τ
)]
. (2)
Depending on the number of quantum jumps per run, the
statistical uncertainty has been found to be below 3%. Ex-
trapolation to zero 866 nm-intensity gives a value for the
natural lifetime of τnat = 1152 ms, with a ﬁtting uncer-
tainty of 19 ms, which is discussed in Section 4.2.
To determine the appropriate method for the evalua-
tion of the quantum jump data, we have simulated quan-
tum jump events using the Monte-Carlo method, governed
by a ﬁxed input lifetime τin and with the same time base
as in our experiment. These quantum jump lengths have
been allotted randomly in ﬁles of different size starting at
about 500 quantum jumps up to about 100 000. Each ﬁle
has been processed by a least-squares ﬁt to an exponen-
tial decay curve of the histogram of durations and by the
maximum-likelihood estimate for the whole data set. The
two data processing methods have been carried out in a
totally identical way to the treatment of the experimen-
tal data. The obtained values are plotted in Figure 5 as
a function of the number of quantum jump events con-
tained in the processed ﬁle. As can be seen, LSF data
are more widely scattered around the input lifetime of the
simulation. At about 10 000 events the scattering of the
MLE data is roughly a factor of three smaller than for
LSF, values for both methods converge on a 2%-level only
for runs with more than 40000 valid quantum jumps. Ac-
tually, the MLE method is well-known in mathematics as
a precise unbiased estimator, it reaches asymptotically the
Crame´r-Rao bound which describes the best attainable er-
ror [30]. In general, as the average time needed to record
one quantum jump is of the order of two or three seconds
including the preparation time, a few-hour run of data
acquisition yields several thousands quantum jumps. In
this range the difference between both methods may eas-
ily reach 10% of the absolute values, the 5.5%-discrepancy
of our experimental results largely ﬁts into this window.
In summary, the number of quantum jump events we ac-
quire in the course of a one-day run, imposes the use of
MLE to reach minimum statistical uncertainties.
4 Evaluation of uncertainties
Among the uncertainties on the measured lifetimes of the
metastable 3D5/2-level of Ca
+ we distinguish between the
ones which are due to physical effects which may affect
the apparent lifetime of the state and those due to data
analysis.
4.1 De-shelving effects
The lifetimes we measure in the course of our experiments
are function of the experimental parameters as various
physical effects tend to shorten the observed lifetimes. The
major de-shelving effects are collisions with the residual
gas, heating or loss of the ions, and coupling of the atomic
levels by laser light. The measured lifetime τm can there-
fore be expressed as
1
τm
=
1
τnat
+nB(Γquench+Γmix)+γheat+γloss+γcoupling.
(3)
with nB the residual particle density in the trapping de-
vice. We will discuss the inﬂuence of these de-shelving ef-
fects in detail in the following, their quantitative inﬂuence
on the measured lifetimes is summarized in Table 1.
We have looked for an eventual effect of the trapping
potential and of the detuning of the 397 nm laser. Both pa-
rameters could inﬂuence the temperature of the trapped
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Table 1. Error budget for the measurements of the 3D5/2 metastable lifetime. Data has been processed using least-squares fit
(LSF) and multinomial maximum-likelihood estimate (MLE). The fitting uncertainty in the extrapolation of the quantum jump
data includes the uncertainty on the power measurement.
ion cloud measurement quantum jump measurements
evaluation method LSF LSF MLE
τ = 1095 ms τ = 1088 ms τ = 1152 ms
fitting uncertainty 7.5 ms 15 ms 19 ms
data analysis 17.5 ms - -
collisions (2.1 ± 1.9) ms and (16.8 ± 12) ms 3.5 ms 3.5 ms
heating 1.1 ms - -
ion loss 8.4 ms - -
total error bar (1σ) 27 ms 16 ms 20 ms
ions and eventually give rise to an increased amount of
collisions. Nevertheless, we could not evidence any varia-
tion of the measured lifetime in the limit of the announced
error bars.
4.1.1 Collisional effects
The apparent lifetime of the metastable state can be re-
duced by inelastic collisions with (neutral) particles from
the residual gas background. The base pressure of the
ultra-high vacuum vessel is below 5× 10−10 mbar as mea-
sured by the ion pump current and the two gauges. From
our previous measures of quenching and j-mixing reac-
tion rates in hot ion clouds [15,31] and from the measured
composition of the residual gas background by the mass
spectrometer, we can deduce that the only non-negligible
component giving rise to inelastic collisions is hydrogen.
In fact, the partial hydrogen pressure for ion cloud experi-
ments is inferior to 2×10−9 mbar, and below the resolution
of the mass spectrometer (1 × 10−9 mbar) for single ion
experiments. The difference in the pressure values for both
types of experiments is due to the duration and frequency
of the ion creation process.
For the ion cloud experiments the residual hydrogen
pressure results in a value of nBΓquench ≤ (1.8 ± 0.7) ×
10−3 s−1 due to quenching while the contribution of the
ﬁne-structure mixing collisions is nBΓmix ≤ (14 ± 10) ×
10−3 s−1.
The observation of quantum jumps in a single ion al-
lows the direct measurement of the collision rate in the ab-
sence of the 729-nm laser. Every once in a while, the ion
undergoes a quantum jump due to an inelastic collision
with a particle from the residual gas. We have recorded
these quantum jumps which are the result of collisional
transfer between the ﬁne-structure levels and from the
ground-state. At a base pressure of 2×10−10 mbar we have
measured an average of 1 quantum jump every 5 minutes
resulting in a collision rate of nBΓcoll ≤ 3× 10
−3 s−1.
4.1.2 Ion heating
Temperature changes in the ion cloud could play a role
in the determination of lifetimes due to changing colli-
sion rates and to varying frequency overlap (and therefore
varying excitation efficiency) between the ions and the ap-
plied lasers. In the ion cloud experiments we have adjusted
the 729-nm laser power to make sure that not more than
one half of the ion cloud is pumped into the metastable
state. As the laser-cooling is permanently applied to the
rest of the ion cloud, sympathetic cooling of the dark ions
prevents these from heating [32]. We can yet estimate the
inﬂuence of ion heating from the signal variations at ﬁxed
laser frequencies, the upper limit is γheat ≤ 1× 10
−3 s−1.
As for the single ions, heating becomes visible if the
laser-cooling parameters (mainly the frequency and the
power of the 397-nm laser) are largely detuned. After a
dark interval the ion will then slowly return to the “bright”
ﬂuorescence level over several measurement bins. In our
lifetime measurements, we have made sure that the laser-
cooling parameters are optimized and that the ion signal
returns to the upper ﬂuorescence trace in a time shorter
than one measurement bin (30 ms), even for dark times
which are superior to 10 seconds. Moreover, to ensure effi-
cient cooling of the ion, we maintain it in the laser-cooling
cycle for at least 600 ms before the 729 nm laser is again
admitted to the trap.
4.1.3 Ion loss
The revival function of the ﬂuorescence in the ion cloud
could be biased by competing decay processes, in partic-
ular ion loss. Ion loss is not visible on a single revival
function but it will be detectable on the over-all ﬂuores-
cence signal after a one-hour run. The upper limit for the
inﬂuence of ion loss on the lifetime measurements in an
ion cloud is given by γloss < 7× 10
−3 s−1.
If the ion is lost, while we are observing quantum
jumps, we have to reload a new ion. To make sure, that
the vacuum conditions are identical throughout the whole
set of experiments, we wait for about half an hour before
we restart data acquisition.
4.1.4 Level coupling by laser light
All the laser beams used in this experiment may couple
the different atomic levels due to the Stark effect induced
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by their electromagnetic ﬁeld. However, atomic level cou-
pling by the 397 nm laser is negligible in our experiment,
laser power at this wavelength being around 50 µW for
an ion cloud and below 10 µW for the experiments with
a single ion.
729 nm
One important factor for the reduction of the metastable
lifetime is coupling by the 729-nm laser. In fact, even
at low laser powers, this radiation may induce transi-
tions to the ground state by stimulated emission on the
4S1/2 − 3D5/2 line. We have taken precautions to avoid
any coupling by this laser.
In any case we have to shut off the laser by a mechan-
ical shutter in front of the trap for the observation of the
revival function in the ion cloud measurements. The ap-
plied power at 729 nm is measured by a beam pick-up
photodiode at the entrance of the trap. The instant when
the power falls to zero is used to ﬁx the starting point for
the ﬁt of the revival function.
In the single ion experiments complete extinction of
the laser at 729 nm is essential to avoid reduction of the
length of the dark intervals. We use a system of two syn-
chronized mechanical shutters, one at the entrance of the
optical ﬁber and one at its output, to guarantee maxi-
mum isolation from this radiation. When both shutters
are closed, the 729-nm light level is inferior to the de-
tection limit. For the excitation of quantum jumps, the
729-nm laser is applied to the laser-cooled ion, when the
ﬂuorescence level falls below threshold, the shutters are
immediately closed. During the ﬁrst measurement bins the
729-nm radiation is thus still present in the trap and we
have to remove these earliest points to make sure that the
decay conditions are well deﬁned. In our evaluation of the
distribution of the quantum jumps, we use data starting
only at the ﬁfth bin, which means that we do not take
into account the ﬁrst 120 ms of a quantum jump, and
that quantum jumps whose duration is equal or inferior
to that value are completely omitted. As a consequence,
low-signal bins due to noise, which are typically of the
length of one bin are also eliminated.
866 nm
The main effect which reduces the lifetime of the
metastable state is the coupling by the repumper laser at
866 nm [18], which is necessary for laser-cooling. We insist
on this point, as this “helper” laser is often applied with
optical power levels largely beyond saturation to compen-
sate for spatial and spectral instabilities.
The determination of the laser intensities seen by the
ions is difficult to realize with high precision. On the one
hand, absolute calibration of a power meter is in general
not constant in time. More delicate still is the measure
of the waist size in the ultrahigh-vacuum vessel. We have
measured the waist sizes on different days by a commer-
cial instrument (Melles Griot BeamAlyzer) just in front of
the entrance of the trap by deviation with a high-quality
mirror. This measurement is just an estimate of the waist
Fig. 6. De-shelving effect due to the intensity of the 866 nm
radiation. The y-error bar represents the 1σ-statistical uncer-
tainty for the MLE of each point, while the x-error bar stems
from the uncertainty in the evaluation of the laser intensity
seen by the ion. For the extrapolation of the data to zero, x-
and y-error bars are taken into account.
dimension, as the position and shape of the focal point
after the vacuum windows are certainly distorted. Addi-
tionally, the trajectory of the ion may be smaller than the
waist of the laser. As a consequence, the error bar on the
laser intensity seen by a single ion is difficult to estimate
and may easily reach 10%, and up to 30% for very low
power levels (below 1 µW).
We have checked our lifetime measurements versus the
intensity of the repumper laser (see Fig. 6), observing a
reduction of the apparent lifetime of the 3D5/2-level due to
the AC Stark effect which couples the 3D5/2- and 4P3/2-
states. Data points are somewhat scattered, due to the ﬁ-
nite number of quantum jumps per run (cf. Sect. 4.2) and
the above discussed uncertainty in the power measure-
ment. The extrapolation to zero is made by a weighted
least-squares ﬁt to all the measured data points taking
into account errors in both coordinates [33]. On a 2σ-scale,
all points but one fall into the conﬁdence level limits of
the ﬁt. As a matter of fact, the points at lower power
levels have a larger intensity error bar, and do thus con-
tribute less than may be expected from the linear rep-
resentation. The measured lifetime of the ions varies as
τ−1m = τ
−1
nat+(3.0±0.6)×10
−3I where I is the intensity of
the laser at 866 nm in mW/mm2, and τm and τnat are the
measured and natural lifetimes, respectively. The quanti-
tative dependence of the lifetime on the 866 nm-intensity
we have found is of the same order of magnitude as in
previous measurements [18,20].
4.2 Data analysis effects
To determine the 3D5/2-level lifetime from the ion-cloud
experiments we ﬁtted more than 1700 revival graphs us-
ing a least-squares ﬁtting method. Because we could not
evidence any dependence of the lifetime on any exper-
imental parameter, the complete set of decay constants
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has been taken into account to establish the ﬁnal value. It
has been found for these values that different methods of
data analysis gave slightly different results. Actually, the
mean value of the ﬁtted time constants is not identical
to the ﬁt of the sum of the revival curves. Furthermore,
harmonic and geometric mean are not identical. We have
simulated shelving data of the ion cloud at a given decay
rate having the same Gaussian noise pattern as our exper-
imental data. These generated data are free from experi-
mental bias such as ion loss or laser instabilities. Fitting
these data demonstrated the variations from the different
evaluation approaches, which could be as large as 1.6%
and forms the major contribution to the total error bar.
For a single ion, the total number of quantum jumps
taken into account is superior to 40 000. As has been
discussed in Section 3.2 the number of quantum jumps
which can be acquired in a one-day run is limited to
roughly 10 000. For measurement times longer than this,
temperature drifts start to play a role in our actual ex-
perimental set-up, and ion loss may also occur. For the
experimental points in Figure 6 the mean quantum jump
number per set of experimental parameters is of the order
of 4000, giving a statistical uncertainty of about 2−3% per
data set. These individual uncertainties together with the
uncertainties on the power measurements are then used
to weight the data points in the extrapolation of the life-
time values to zero repumper power, resulting in an overall
statistical uncertainty of 1.8%.
Table 1 summarizes the quantitative inﬂuence of the
different effects which deﬁne the precision of our mea-
surements. Data analysis effects play a major role in the
evaluation of the electron-shelving curves in a small ion
cloud, whereas the main error contributions in single-ion
measurements come from the limited number of quantum
jumps and the estimation of the applied laser intensity in-
dependent of the data processing method. The total error
bars represent an uncertainty on the measurement of the
lifetimes of 2.5% in the case of the ion cloud and 1.5%
and 1.8% for the single-ion experiments.
5 Discussion and conclusions
From the described measurements, the natural lifetime of
the 3d2D5/2-level lifetime has been found to be τIC =
(1095± 27) ms in an ion cloud and τQJ = (1152± 20) ms
in a single ion. These two values are very close, though
their 1σ error bars do not overlap. This discrepancy could
be an evidence that ion-ion-collisions in the trap even-
tually contribute to the reduction of the lifetime. In the
laser-cooled ion cloud the particle density of the Ca+-ions
is roughly 108 cm−3. If we suppose an eventual life-
time reduction on the 1%-level, we can estimate the up-
per limit of the contribution of ion-ion collisions to be
Γiic ≤ 1.2× 10
−10 cm3 s−1.
As has been discussed in Section 3.2, we consider that
the estimation of the lifetime in single ion measurements
is optimal when made by the method of maximum like-
lihood. Nevertheless, we have also evaluated our data
Fig. 7. (a) Comparison of theoretical (!) and experimen-
tal (") lifetimes for the 3D5/2-level of singly-ionized calcium,
measurements have been made on ion clouds (IC), single
ions (QJ), or in a storage ring (SR). (b) Zoom of the six most
recently measured lifetimes, represented with 2σ error bars.
The inset distinguishes the different evaluation approaches
for the experimental data: least-squares ﬁtting (LSF) method
to an exponential decay curve (◦) and estimate using the
maximum-likelihood method (MLE) (•).
by using the least-squares minimization of the exponen-
tial ﬁtting curve and have found (1088 ± 16) ms. This
value is in very good agreement with experimental values
which have been determined in the past by least-squares
methods [18,19] with comparable number of events and
probability distributions. One of the causes generating the
discrepancy between these earlier values and recent mea-
surements [20,21] as well as our value τQJ = (1152±20) ms
could thus possibly be the choice of the data processing
method, which may account for differences of a couple of
percent depending on the number of considered quantum
jumps per run.
Figure 7 shows all the measurements and calculations
that have been carried out on the Ca+-ion over the last
years. A wide variety of theoretical models has been used
to calculate the lifetime of the metastable state. If we con-
sider only the more recent publications, the values still
span over more than 20% of the average lifetime value.
Since 1999, experimental measurements are converging to-
wards a value around 1100 ms. Usually, lifetimes are given
with a 1σ error bar, which corresponds to a poor con-
ﬁdence level. We have plotted the most recent measure-
ments with a 2σ error bar standing for a 95% conﬁdence
level (see inset in Fig. 7). Values obtained in the stor-
age ring [19] suffer from a strong collisional background
and thus exhibit the largest error bars. The other values
have been obtained on laser-cooled single ions in linear
and spherical traps. In the ﬁgure, a graphical distinction
has been made between values obtained by a least-squares
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fit of the exponential decay curve or maximum likelihood
estimates.
In general, the overlap of the recent experimental re-
sults is very good, and in particular, the agreement of our
value with the one from the A˚arhus group [21] is excellent.
The all-over precision of the experimental determination
of the metastable lifetime measurement is very high, mak-
ing the Ca+-ion an ideal candidate for the comparison
with theoretical models.
In conclusion, we have measured the lifetime of the
metastable state to a 2.0%-level and shown the influence
of the data processing method on the obtained value. Mea-
surement of the 3d2D3/2-level lifetime would be interest-
ing to allow direct comparison of the fine-structure levels.
The actual experimental protocol does not allow such a
measurement due to the coupling by the repumper laser.
A comparable metastable-level lifetime has been measured
in the Ba+-ion [34]. We plan to apply this latter technique
for the measurement of the 3D3/2 lifetime in Ca
+.
The high degree of control of our experimental param-
eters, that we need for the preparation of the metrological
project, has now been achieved. The next step will be
the localization of the ion in the trap to better than a
fraction of the emitted wavelength, giving access to the
Lamb-Dicke regime, where the first-order Doppler broad-
ening can be eliminated [35]. Stabilization of the clock
laser to an ULE cavity will be required to make the laser
linewidth compatible with the observed ion features.
This work has beneﬁted from fruitful discussions with Peter
Staanum, David Lucas and Bruno Torre´sani. Our project
has been ﬁnancially supported by the Bureau National de
Me´trologie.
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II.2.4 Contraintes pour la métrologie optique avec un ion unique
Pour réaliser un spectre de bandes latérales résolues, la méthode décrite plus haut pour l’obser-
vation des sauts quantiques n’est pas adaptée à cause de l’effet Stark alternatif, ou light-shift,
qui provoque un élargissement de la transition quadripolaire par le couplage de l’état fondamen-
tal sur la transition dipolaire. La solution technique choisie le plus souvent est de procéder à
une excitation séquentielle des transitions. Après excitation sur la transition d’horloge, l’ion
a une probabilité pm d’être dans l’état métastable. Quand on rallume le (ou les) lasers de re-
froidissement, l’état interne de l’atome est projeté soit dans l’état fondamental (et les cycles de
fluorescence reprennent, signal haut), soit dans l’état métastable (le signal est bas). Cette pro-
jection induit une incertitude sur la mesure appelé bruit de projection quantique40 ou Quantum
Projection Noise (QPN). Après une excitation cohérente, la variance associée à cette mesure est
pm(1− pm) et le bruit minimal sur la mesure est
√
pm(1− pm). Par conséquent, il est nécessaire
de réaliser plusieurs mesures à la même fréquence (typiquement 100) pour atteindre un rapport
signal sur bruit suffisant. Sachant qu’une mesure occupe approximativement 100 ms, il faut en-
viron 10 s par point du spectre et donc plus d’une heure pour un spectre de bandes latérales. Il
est clair que ces mesures ne sont faisables que si le laser sur la transition d’horloge a un spectre
plus fin que la résolution visée et si sa dérive en fréquence est inférieure à un pas sur une heure
(typiquement 1 kHz). Ces contraintes expliquent le soin apporté à l’asservissement de ce laser et
la nécessité d’une référence de fréquence optique stable à mieux que le Hz par seconde pour con-
trôler le laser pendant le temps nécessaire à la construction d’un signal atomique. Cette référence
est maintenant disponible dans l’équipe grâce aux efforts de mes collègues. Les contraintes sur
l’environnement de l’ion et sur le laser d’horloge sont détaillées dans la suite.
Dans l’article41 qui suit, les performances d’une horloge basée sur un ion unique de cal-
cium sont estimées, dans l’hypothèse où l’isotope 43 du calcium sert d’étalon de fréquence. Cet
isotope, peu abondant, a longtemps été considéré comme le meilleur candidat calcium à cause
de son spin nucléaire qui confère au spectre une structure hyperfine permettant des transitions
mF = 0 → mF ′ = 0 indépendantes du champ magnétique, au premier ordre d’approximation.
Le corollaire de cette structure hyperfine est la multiplication des sources laser nécessaires à la
détection et au refroidissement de l’ion. Par ailleurs, depuis la rédaction de cet article, deux
méthodes42,43 ont démontré expérimentalement la réduction d’un des effets systématiques les
plus importants dans les horloges à ions uniques de la famille du calcium, le déplacement
quadrupolaire (voir article suivant). Une de ces méthodes exploite les sous-niveaux Zeeman
de la structure fine des isotopes les plus abondants, qui n’ont pas de spin nucléaire. Ainsi la com-
plexité technique induite par l’utilisation d’un isotope impair n’est plus justifiée aujourd’hui, à
condition d’assurer la stabilité du champ magnétique. Les mises à jour induites par ce change-
ment de stratégie sont proposées à la suite de l’article de 2004.
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Abstract
The frequency stability of an optical frequency standard at 729 nm, based on a single calcium ion, is numerically studied. It is
investigated through the Allan deviation, whose minimum is estimated to reach σy(τ)≈ 2.5×10−15/
√
τ with τ the integration
time. The systematic frequency shifts have been calculated and lead to an achievable relative uncertainty of ±4 × 10−16,
supposing the use of the odd isotope 43Ca+ and a vessel cooled to 77 K.
 2004 Elsevier B.V. All rights reserved.
PACS: 32.60.+i; 32.70.Jz; 32.80.Pj; 32.80.Qk
Keywords: Optical frequency standard; Allan deviation; Systematic effects; Trapped ion
1. Introduction
Thanks to the recent progress made in atom and
ion cooling and trapping, laser stabilization and high-
resolution optical spectroscopy, narrow optical tran-
sitions are considered as a basis for frequency stan-
* Corresponding author.
E-mail address: caroline.champenois@up.univ-mrs.fr
(C. Champenois).
dards. At this time, two kinds of experiments are under
study in various groups: one uses an ensemble of laser-
cooled neutral atoms in a fountain, an optical lattice
or a BEC, the other one uses a single trapped laser-
cooled ion (for a recent review see [1]). The present
work is motivated by strong progress in storing, cool-
ing and coherently manipulating single ions in Paul
traps. Together with the ultra-precise optical frequency
measurements achieved by frequency chains and fre-
quency combs, this progress leads to the realization
0375-9601/$ – see front matter  2004 Elsevier B.V. All rights reserved.
doi:10.1016/j.physleta.2004.09.008
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of single-ion frequency standards, as for Hg+ [2], Sr+
[3,4], Yb+ [4] and In+ [5], and proposed for Ca+ [6].
Our experimental project aims to build an optical fre-
quency standard using the electric quadrupole transi-
tion 4S1/2→ 3D5/2 of a single calcium ion at 729 nm.
Among the frequency standard candidates, Ca+ pos-
sesses the major advantage that the required radiations
for cooling and exciting the clock transition can be
produced directly by solid state or diode lasers. In ad-
dition, the existence of an isotope having semi-integer
nuclear spin (I = 7/2) allows to eliminate the ﬁrst-
order Zeeman shift, canceling a major source of line
shift and broadening.
The performances of a frequency standard are de-
ﬁned by the stability of its local oscillator (a laser in
the optical case) and the precision achieved in the ob-
servation of an atomic transition. Frequency instability
is due to deviations from a mean frequency through-
out varying probe time intervals, while frequency un-
certainty is caused by the atomic frequency ﬂuctua-
tions induced by environmental conditions and by the
experimental conditions for observation. The quality
factor of optical atomic transitions can reach 1015,
which is 5 orders of magnitude higher than for mi-
crowave frequency standards and thus provides hope
for better ultimate performances than the existing stan-
dards.
The interrogation scheme used to probe the atomic
transition inﬂuences the frequency stability of the pro-
posed standard via the variation of the duration of the
probe cycle. In the ﬁrst part of this Letter we discuss
the choice of this scheme, by using numerical simula-
tions to compare single-pulse spectroscopy with time-
domain Ramsey interferometry. Systematic effects ex-
pected for a standard based on 43Ca+ may reduce its
accuracy and precision, they are discussed in the sec-
ond part. For this evaluation, we employ the speciﬁc
parameters of the Ca+-ion trap experiment in Mar-
seille [6] as an example, but the discussion is kept
as general as possible to remain applicable to other
atomic species.
2. Frequency stability
Frequency stability is one of the major characteris-
tics of a frequency standard. It can be quantiﬁed by
the Allan deviation σy(τ ) measured for an average
Fig. 1. Transitions involved in the cooling and probing of an ion for
a frequency standard. In practice, the cooling scheme may involve
several lasers because of a possible hyperﬁne structure and/or a pos-
sible decay towards other metastable states. In most cases, Γcool is
of the order of 20 MHz whereas Γm is of the order of 1 Hz.
time τ :
(1)σy(τ )=
1
QS/N
√
Tc
τ
,
where Q = f0/$f is the quality factor deﬁned by
the ratio of the clock frequency over its observed
linewidth, S/N the signal-to-noise ratio and Tc the
cycle time required for the interrogation of the ion.
The schemes to probe an optical transition of a sin-
gle ion consist of a preparation stage, an excitation of
the clock transition, and a ﬁnal detection stage. The
cycle time Tc is the sum of the corresponding time
durations Tprep, Texc, and Tdet. During the preparation
stage, the ion is laser cooled and optically pumped into
the internal state chosen to be the ground state (see
Fig. 1). The light scattered by the cooling transition
is also used for detection of the ion. The probing of
the clock transition by the local oscillator (a laser) is
done by direct laser excitation. During this stage, all
the preparation lasers are shut off. After excitation of
the clock transition, the cooling lasers are switched on
again. The quantum jump method [7] allows then to
know if the atom is excited or not: the absence of ﬂuo-
rescence during the detection stage proves that the ion
is “shelved” in the metastable upper state whereas the
presence of ﬂuorescence signal means that the ion is
still in the cooling cycle. Repetition of this measure-
ment as a function of the clock laser frequency al-
lows to measure the transition probability distribution.
In the following, we discuss the laser characteristics
and the maximum duration required for these various
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stages. The choice of the suited interrogation scheme
is essential to minimize the Allan deviation.
2.1. Preparation and detection
We suppose the ion cooled to the Doppler limit
in an RF-trap and located at the center of the trap,
where the RF-trapping ﬁeld is minimum and has lit-
tle inﬂuence on the ion motion. Since the trap creates
a quasi-harmonic potential, the motion of the ion is
a superposition of oscillations at different frequencies
due to the spatial anisotropy of the trapping device.
If we suppose, for simplicity’s sake, that there is only
one frequency of motion ωtr/2pi in the trap, the re-
sulting atomic absorption spectrum is composed of a
central frequency corresponding to the atomic transi-
tion ω0/2pi and sidebands separated by multiples of
the motional frequency (ω0 ± pωtr)/2pi (p integer).
The sidebands are resolved if the width of each band
is smaller than their mutual separation (the strong con-
ﬁnement condition [8]). This can be achieved in minia-
ture traps with high motional frequencies (≈ 1 MHz)
for all the narrow transitions considered as potential
basis for frequency standards (Γm " ωtr, see Fig. 1).
The intensity of each band p in the spectrum depends
on the oscillation amplitude X of the ion in the trap
like J 2p(kX) [8] where k is the laser wavevector of
the probed transition and Jp the Bessel function of or-
der p. As the functions J 2p(kX) have negligible values
when p ! kX, the smaller is kX, the less sidebands
are visible. Laser-cooling the ion reduces its oscilla-
tion amplitude X and thus the number of observable
sidebands. A major step in the preparation of the ion is
to access the Lamb–Dicke regime which is character-
ized by the reduction of the spectrum to few sidebands
with a preponderant weight on the central frequency,
this regime is reached if kX " 1.
The motion of the ion can be described by the occu-
pation rate of the vibrational quantum levels, charac-
terised by the mean vibrational quantum number 〈n〉.
This vibrational state can also be characterized from
the classical point of view by an oscillation amplitude
X = λtr
√
2〈n〉 + 1, where the length λtr =
√
h¯/2mωtr
measures the size of the fundamental harmonic oscil-
lator eigenstate |n = 0〉. This length depends on the
atomic mass by 1/
√
m and, as an example, is equal to
11 nm for a calcium ion with ωtr = 2pi × 1 MHz. The
Lamb–Dicke condition kX " 1 can also be expressed
by kλtr
√
2〈n〉 + 1 " 1. The Lamb–Dicke parameter
η= kλtr quantiﬁes the ability for a system {ion+ trap}
to reach the Lamb–Dicke regime for a given transition.
It is of the order of 0.1 for optical transitions (e.g.,
0.095 for calcium’s clock transition in the trap taken
as example).
In most cases, the frequency of motion in the trap is
of the order of 1 MHz, whereas the atomic dipole tran-
sition used for laser cooling has a width Γcool close to
2pi × 20 MHz. On such broad transition (Γcool/2'
ωtr) the Doppler limit for laser cooling can be ap-
proximated by the one of a free atom [8]. This leads
to a thermal population of the harmonic trap vibra-
tional levels characterized by 〈n〉 ( Γcool/2ωtr ( 10.
The Lamb–Dicke condition η
√
2〈n〉 + 1 " 1 is then
fulﬁlled by the vibrational state reached by Doppler
cooling (〈n〉 ( 10). This fulﬁllment sets the transition
free of ﬁrst-order Doppler effect, while the second-
order Doppler effect is very small (see Section 3.4).
Furthermore, the residual distribution of occupied vi-
brational levels still allows to drive coherent dynamics
on the clock transition, as required for the interroga-
tion schemes and conﬁrmed numerically in the fol-
lowing. Since the time needed to reach the Doppler
cooling limit is of the order of milliseconds while the
optical pumping is faster than the millisecond, we can
estimate Tprep to 5 ms.
The duration required for the detection stage de-
pends on the ﬂuorescence signal collected on the
strong dipole transition. For such transitions with a
width of≈ 20 MHz, one can expect at least 104 counts
per second (cps) over a stray light level of less than
100 cps. In these conditions, 10-ms periods are suf-
ﬁcient to acquire enough signal to decide if the atom
has been excited into the metastable state. As a conse-
quence, 15 ms is a realistic estimation for the sum of
the preparation and detection contributions to the cy-
cle duration. To this minimum cycle duration must be
added the excitation duration time Texc. In the follow-
ing subsection, we theoretically study the minimiza-
tion of this probe time for different excitation schemes,
assuming that the total cycle time Tc = Texc+ 15 ms.
2.2. Choice of the excitation scheme
2.2.1. Evaluation of the minimum Allan deviation
The width &f of the observed transition and its
signal-to-noise ratio depends on the laser excitation
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scheme. The choice of a high-frequency clock tran-
sition (in the optical domain) allows to reach smaller
Allan deviations than the ones obtained on frequency
standards in the microwave domain. Until now, the
narrowest optical transition linewidth has been ob-
served on a Hg+ ion [9] and has allowed to reach a
relative frequency stability of 7× 10−15 over 1 s av-
eraging. In this Letter, we discuss possible excitation
schemes independently of the ion implied. We intro-
duce a reduced Allan deviation σ ′ = σy(τ )× f0
√
τ to
quantify the expected frequency stability of the stan-
dard, keeping in mind that reduced Allan deviations
between 1 and 10 have already been measured by sev-
eral groups on lasers locked on atomic optical transi-
tions.
Let pm be the probability for the ion to be in the
metastable state once excited by the clock laser. The
frequency of the transition, to which the clock laser
will be locked, is deduced from the probability pm
measured several times on the low and high frequency
sides of the transition. This method of frequency dis-
crimination requires the excitation probability pm to
be around 0.5, where the slope of the probability dis-
tribution is the steepest and the frequency sensitivity is
the highest.
Several sources of noise can limit the signal-to-
noise ratio. Among these is the quantum projection
noise [10] which is dominant once the technical noise
has been reduced. The laser excitation creates a lin-
ear superposition of the ground (|g〉) and metastable
(|m〉) states: √1− pm|g〉 + √pm|m〉. During the de-
tection stage, the atomic state is projected on one of
these two atomic states. The variance of such a mea-
surement is pm(1− pm) and causes a minimum noise√
pm(1− pm) on the transition probability. This can
be overcome by using squeezed states [11], which we
do not consider here.
The maximum signal-to-noise ratio which can then
be observed is
(2)
S
N
=
√
pm
1− pm
,
which is maximum at resonance (pm = 1), where the
frequency discrimination is inefﬁcient. Thus, maxi-
mum frequency sensitivity and maximum signal-to-
noise ratio are not compatible. Additionally, the ﬁnite
upper-state lifetime leads to spontaneous decay which,
for long excitation time, can reduce the maximum ex-
citation probability. As a consequence, ﬁnding a com-
promise between all these incompatible requirements
deserve precise studies of the excitation scheme.
Two excitation schemes have been experimentally
tested by several groups: a single Rabi pulse or two
temporally separated Ramsey pulses. The ﬁrst one has
been performed on Hg+ [2], In+ [12], Sr+ and Yb+
[4], and the second one on Hg+ [2] and Sr+ [3]. In
the following we discuss the principal features of each
method and then compare them. To quantify the rel-
ative stability allowed by the discussed methods, we
evaluate the reduced Allan deviation by
(3)σ ′ = σy(τ )f0
√
τ =#f
√
1− pm
pm
√
Tc.
For a high frequency sensitivity, we assume that the
laser probes the transition on each side of the line,
on the two frequencies corresponding to an excita-
tion probability pm which is half of the maximum
probability measured for zero detuning (pm can never
exceed 1/2). The deduced #f when these probabili-
ties are equal is then the FWHM of the experimental
linewidth. The evolution of the density matrix of the
two levels |g〉 and |m〉 is computed numerically. The
atomic system is deﬁned by the metastable lifetime τm
ﬁxed to 1 second (Γm = 1/τm), and it is driven by a
Rabi pulsation Ω . The motion of the ion is taken into
account by a distribution of thermal vibrational lev-
els, characterised by the mean vibration number 〈n〉
and deﬁned by P(n)= (〈n〉/(1+〈n〉)n . The excitation
probability pm is then an incoherent weighted sum of
the probability for each vibrational level to be excited
in the metastable state. For a given laser intensity, the
Rabi pulsation from vibrational level |n〉→ |n〉 is pro-
portional to (1 − η2n) whereas it is proportional to
η
√
n+ 1 for a |n〉 → |n + 1〉 transition. We choose
for η the value of 0.095 calculated for a calcium ion
in the trap described above. As the Doppler cooling
leads to 〈n〉 ( 10, the excitation probability on the
|n〉→ |n〉 band is higher than the |n〉→ |n± 1〉 bands
so these last ones were neglected. IfΩ is the Rabi pul-
sation for the |n= 0〉 → |n = 0〉 transition, ΩLn(η2)
is the one for the |n〉→ |n〉 transition,Ln being the La-
guerre polynomial [13]. The linewidth ΓL of the laser
spectrum (FWHM) is taken into account by adding a
source of decoherence equal to this width in the opera-
tor controlling the evolution of the density matrix [14].
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For a laser detuning ∆L and in the rotating wave ap-
proximation the density matrix evolves according to
(4)ρ˙gg =−ρ˙mm =
iΩ
2
(ρgm − ρmg)+ Γmρmm,
(5)
ρ˙gm =−i∆Lρgm +
iΩ
2
(ρgg − ρmm)
−
Γmρgm
2
−
ΓLρgm
2
.
2.2.2. Single pulse excitation
To avoid power broadening, the narrow transition
can be experimentally observed if the Rabi pulsation
Ω is smaller than the linewidth and the interrogation
time longer than the lifetime. But because of the ﬁnite
lifetime of the excited state, the maximum excitation
probability is low and requires several seconds to be
reached, reducing the relative stability even if the ob-
served linewidth is close to the natural width. In an
ideal context where the experiment is not limited by
the laser stability, the calculations show that the small-
est reduced Allan variance is reached with a single
pulse which should last at least 1 s and drive the tran-
sition with Ω of the order of 2Γm. With today’s laser
stability a cycle time of a few seconds for a single mea-
sure seems not realistic. We rather consider excitation
schemes with durations inferior to 1 second, since a
cycle has to be repeated several times before a signal
can be built up to counteract on the frequency of the
local oscillator.
In Fig. 2, are plotted the excitation probability at
half maximum pm, the full width at half maximum
%f and the reduced stability as deﬁned by Eq. (3),
versus the cycle time Tc = Texc + 15 ms, assuming a
single Rabi pulse. These curves reﬂect Rabi oscilla-
tions, which show maximum excitation probability for
Texc = (2q + 1)pi/Ω (q integer). For Texc = 2qpi/Ω ,
the excitation probability is minimum on resonance
and shows some maximum for other detunings. The
computed FWHM has then no physical signiﬁcance,
which is not relevant here as a clock is never operated
with this excitation duration. The interesting feature is
the minimum of the reduced Allan variance observ-
able for the shortest Texc. Two cases with different
Rabi pulsation Ω (Ω = 10Γm and Ω = 100Γm) are
compared in Fig. 2. For both cases, excitation proba-
Fig. 2. Calculations of the reduced relative stability σ ′ (c), from the probability at half maximum pm (a) and the width %f (Hz) (b) of the
excitation probability proﬁle, for an increasing excitation time Texc (Tc = Texc + 0.015 s). This stability is calculated for a metastable lifetime
τm = 1/Γm = 1 s and a single Rabi pulse (Ω = 10Γm or Ω = 100Γm) for two thermal vibrational states characterised by 〈n〉 = 0 and 〈n〉 = 10.
Dotted line: Ω = 10Γm and 〈n〉 = 0, dash-dotted line: Ω = 10Γm and 〈n〉 = 10, broken line: Ω = 100Γm and 〈n〉 = 0, solid line: Ω = 100Γm
and 〈n〉 = 10. On (b) and (c), the dotted and dash-dotted line are almost superimposed and only one curve is plotted on the graph.
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bility and full width at half maximum are computed
for an ion whose oscillatory motion corresponds to
the Doppler cooling limit (〈n〉 = 10) or to the funda-
mental vibrational state (〈n〉 = 0). The ﬁrst result to
mention is that the ﬁrst minima of the reduced Allan
variance are identical for these two vibrational states,
for the chosen Rabi pulsation. It conﬁrms that Doppler
cooling is sufﬁcient for state preparation. The results
shown in Fig. 2 suggest that the discrepancy between
the 〈n〉 = 10 and the 〈n〉 = 0 vibrational state increases
with the pulse duration. We have checked that in the
case of the short pulses we consider in the following,
the results are nearly the same for these two vibra-
tional distributions and thus, from now on, only the
cases concerning 〈n〉 = 0 are dealt with.
To illustrate the inﬂuence of the strength of the Rabi
pulsation in Fig. 2, the excitation is driven by Ω =
10Γm andΩ = 100Γm. In the ﬁrst case, the minimum
reduced Allan deviation is close to 1 but requires an
excitation of more than 300 ms. In the second case,
the ﬁrst minimum is reached for a cycle duration of
50 ms, but this shortening of the cycle duration is paid
by an increase of σ ′ equal to 4.5. This trend is general
and a further increase of the Rabi pulsation leads to an
increase of the minimum Allan deviation as well as a
decrease of the required cycle time.
We now take into account the effect of a ﬁnite
laser linewidth on the minimum reduced Allan devi-
ation and compare the value computed for a laser as
broad as the atomic transition (ΓL/2pi = 0.2 Hz) to
the one computed with a 20 Hz broad laser (FWHM).
In this latter case, the performances of the clock are
greatly reduced ﬁrst by the reduction of the excitation
probability and second by the broadening of the ob-
served transition. The ﬁrst drawback can be overcome
by the increase of the Rabi pulsation but this is paid
by a further increase of the transition broadening. As
a consequence, for a given laser linewidth and a given
metastable lifetime, there is an optimal Rabi pulsation
which results in a minimum reduced Allan deviation.
This is illustrated in Fig. 3 where for ΓL/2pi = 20 Hz,
σ ′ is minimum (σ ′ = 12.4) for 100Γm !Ω ! 125Γm
and a cycle time of 40 ms, whereas for ΓL/2pi =
0.2 Hz, σ ′ is minimum forΩ $ 4Γm and is then equal
to 1.7 but for a cycle time of 625 ms. In the case of the
broadest laser linewidth, these results conﬁrm the in-
tuitive idea that for optimum stability, the pulse length
Texc is limited by the laser linewidth TexcΓL $ pi and
that the Rabi pulsation is then approximately set by
the resonant pi -pulse condition ΩTexc $ pi . When the
laser linewidth is comparable to the transition natural
width (ΓL/2pi = 0.2 s
−1), the optimum stability is
Fig. 3. (a) Minimum reduced Allan deviation and (b) cycle duration Tc required to reach this minimum versus the Rabi pulsation. Computation
done for a metastable lifetime τm = 1/Γm = 1 s and a single Rabi pulse by a laser of width ΓL (FWHM), with an ion in the vibrational ground
state (〈n〉 = 0). Broken line: ΓL/2pi = 0.2 Hz and solid line: ΓL/2pi = 20 Hz.
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reached for a shorter excitation time TexcΓL(Γm) !
0.6 and a Rabi pulsation under the resonant pi -pulse
condition ΩTexc ! 2.5, which could not be deduced
from the intuitive concept.
2.2.3. Comparison with Ramsey interferometry
The introduction of the separated ﬁelds method
or Ramsey interferometry [15] was soon followed by
breakthroughs in high resolution spectroscopy and is
expected to overcome the limitations met with sin-
gle pulse excitation. With this method the line proﬁle
is recorded after two pulses of duration T such as
ΩT = pi/2, separated by a free evolution time Tfree.
When the laser detuning is scanned, the proﬁle shows
Ramsey fringes resulting from an interference pat-
tern and for short enough pulse duration (or a high
enough Rabi pulsation), the width of the central fringe
is equal to 1/2Tfree and is then independent from the
Rabi pulsation. For a chosen pulsation Ω , the evolu-
tion of pm, $f and σ
′ does not show oscillations with
Tc , like for a single Rabi pulse. σ
′ takes very high
values for short Tc and decreases toward a limit for
longer Tc. This limit depends on the choice of the pul-
sation Ω .
When the width of the laser is taken into account by
the relaxation it causes on the coherence, for a given
Rabi pulsation, the reduced Allan deviation decreases
for increasing free evolution time until it reaches criti-
cal time where the width of the laser broadens the line.
This behaviour results in a minimum of the reduced
Allan deviation reached for this critical cycle time and
depending on the laser linewidth and the Rabi pulsa-
tion. For increasing Rabi pulsation Ω , this minimum
Allan deviation decreases towards a limit which de-
pends very little on the laser linewidth as it varies by
less than a factor of 2 over the whole range of the
considered linewidth (0.1 ! ΓL/2pi ! 100 Hz). This
is made possible by the short interaction time with
the laser, allowed by a strong Rabi pulsation Ω . In
the case where the experiment is not limited by the
available laser power, Ω must be chosen to reach a
minimum Allan deviation close to the limit but also to
cause a negligible light-shift on the atomic levels. This
light-shift is evaluated in Section 3.3 and our calcula-
tions and numerical computations show that a Rabi
pulsation Ω = 1000 s−1 allows to reach the Allan de-
viation limit to better than 1% and to cause a negligible
light-shift.
Fig. 4. Minimum reduced Allan deviation versus the laser linewidth
ΓL/2pi (Hz), for a metastable lifetime τm = 1/Γm = 1 s. The
dashed line shows the minimum achievable reduced deviation with a
single Rabi pulse (the cycle time and Rabi pulsation are computed to
minimize σ ′). The solid line shows the minimum deviation achiev-
able with a two Ramsey pulses excitation for a ﬁxed Rabi pulsation
of 1000Γm = 1000 s
−1.
Fig. 4 shows this minimum reduced Allan deviation
for a laser linewidth from 0.1 Hz to 100 Hz (FWHM),
compared with the one reached with a Rabi excita-
tion scheme, where the best Ω and Tc are found to
reach the minimum Allan deviation, like explained in
Fig. 3. The minimum Allan deviation expected for a
narrow laser (0.1 Hz) for a Ramsey excitation scheme
is 1.06 and for a Rabi scheme is 1.76. These val-
ues are very close to each other but their evolution
with the width of the laser is very different in the
two cases. As shown in Fig. 4, for a Rabi excita-
tion scheme, the minimum Allan deviation increases
with the laser linewidth to reach σ ′ = 55 for ΓL/2pi =
100 Hz whereas it reaches 1.48 for a Ramsey scheme
with the same laser linewidth. This evolution illus-
trates the great advantage of Ramsey two separated
pulses excitation over a Rabi single pulse. This can be
explained by the high Rabi pulsation value (Ω$ Γm)
chosen for the two Ramsey pulses, necessary to reach
a narrow central linewidth. The atom–laser interaction
is then very short (! 1 ms) and therefore the decoher-
ence induced by the laser linewidth has little inﬂuence
on the excitation probability and the width of the cen-
tral fringe. As a consequence, for the laser linewidths
considered here, the reduced Allan deviation is almost
not affected. On the contrary, for a single Rabi pulse,
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Fig. 5. Excitation proﬁle leading to minimum Allan deviation
for a laser linewidth ΓL = 0.1 (Hz), for a metastable lifetime
τm = 1 s. Solid line: proﬁle reached for two Ramsey pulses, with
Ω = 1000Γm and Tc = 313 ms. Dashed and dot-dashed line: pro-
ﬁles reached for a single Rabi pulse, two conﬁgurations lead to the
same σ ′ = 1.76: Ω = 2Γm and Tc = 1.093 s (dashed line) and
Ω = 7Γm and Tc = 392 ms (dot-dashed line).
the pulsationΩ has to be increased with growing laser
linewidth to shorten the pulse duration and keep an
excitation probability as high as possible. With this
excitation scheme an increase of the Rabi pulsation
implies an increase of the linewidth by power broad-
ening, leading to a larger Allan deviation.
To give an insight of how such performances are
reached, the excitation probability proﬁles calculated
for the conditions giving the minimum Allan devia-
tion for a 0.1 Hz laser linewidth are shown in Fig. 5.
For a Ramsey scheme and the chosen Rabi pulsation
of 1000 s−1, the optimum cycle time is 313 ms and re-
sults in a 1.76 Hz wide proﬁle (%f ) with pm = 0.465.
For a single pulse, the minimum Allan deviation can
be reached by two different Rabi pulses. One with
Ω = 2 s−1 and lasting 1.093 s gives rise to a narrow
(%f = 0.86 Hz) but few excited proﬁle (pm = 0.22).
Another one with Ω = 7 s−1 lasting 392 ms leads to
a broader proﬁle (%f = 2.28 Hz) with higher exci-
tation (pm = 0.39). These three proﬁles illustrate the
compromise required between high excitation proba-
bility and narrow linewidth to reduce the Allan devi-
ation. They show that different conditions can reach
this compromise. In any case, the Ramsey excitation
scheme results in Allan deviation smaller than for a
Rabi scheme. Furthermore, this method has the advan-
Table 1
Minimum Allan deviation expected for different optical frequency
standard candidates, computed with a very narrow laser (ΓL/2pi =
0.1 Hz) and two Ramsey pulses with Ω = 1000 s−1
Atom τm (s) λ (nm) σ
′
mini
σy (τ )
In+ 0.2 236 1.78 1.4× 10−15/√τ
Ca+ 1.15 729 1.05 2.5× 10−15/√τ
Hg+ 0.08 282 2.78 2.6× 10−15/√τ
Sr+ 0.4 674 1.40 3.1× 10−15/√τ
Yb+ 0.05 436 4.04 5.9× 10−15/√τ
tage of keeping low deviation even for laser linewidth
broader than the transition.
2.2.4. Inﬂuence of the metastable level lifetime
We have computed the minimum reduced Allan de-
viation for different metastable level lifetimes τm, for
a very narrow laser (ΓL/2pi = 0.1 Hz) and excita-
tion by two Ramsey pulses with Ω = 1000 s−1 as this
value allows to reach the limit of the Allan deviation.
The results are summarized in Table 1. The computed
Allan deviations are very close for all the ion opti-
cal frequency standard candidates (between 1.4 and
5.9 × 10−15/√τ ) conﬁrming quantitatively the pre-
diction that optical frequency standard will overtake
the performances of existing microwave standards in
the long run.
2.2.5. Summary
First, our studies conﬁrm that a Ramsey excitation
scheme is more appropriate than a Rabi one to take
full advantage of very narrow atomic transition in the
goal of building a frequency standard. They also show
that the ﬁnite laser linewidth implies an optimum cy-
cle time for a given Rabi pulsation, which cannot be
deduced intuitively from this linewidth as it ranges
from Tc = 120 ms for the shortest metastable life-
time listed on Table 1 (τm = 0.05 s) to 312 ms for the
longest metastable level lifetime τm = 1.15 s (Ca+).
The Allan deviation expected for a Ca+ standard is
2.5 × 10−15/√τ which ranks well among the other
candidates for optical frequency standard.
3. Frequency standard accuracy and precision
Besides the frequency stability, the other relevant
parameters deﬁning the quality of a frequency stan-
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dard are its accuracy and its precision. The standard
frequency may be shifted from the atomic resonance
value by any interaction of the atom with external
ﬁelds. If this shift is constant, it only reduces the stan-
dard accuracy but not its precision. If this shift varies
in time or cannot be evaluated exactly, the precision is
reduced also. As these effects contribute to the uncer-
tainty of the future frequency standard, all the interac-
tions of the ion with its surroundingmust be controlled
to minimise and/or to maintain any shift of the clock
frequency. We evaluate these shifts for a calcium ion
in order to choose the best internal state and prepare
an environment for which these shifts are minimum.
The ground state |g〉 of the calcium ion is |S1/2〉
and the metastable state |m〉 is |D5/2〉 with a measured
lifetime of 1152± 23 ms [16] which leads to a natural
width for the clock transition of 138± 3 mHz. We re-
quire that during the excitation of the transition by the
clock laser, all other lasers are shut off. This assures
that there are no light-shifts of the levels S1/2 andD5/2
caused by the cooling lasers. The other major effects
that can shift the standard frequency are due to the lo-
cal magnetic and electric ﬁelds and to the intensity of
the clock laser itself. In the Lamb–Dicke regime, the
Doppler effect shifts the line only by its second-order
contribution. We ﬁrst focus on the Zeeman effect as it
governs the choice of the isotope and atomic sublevels
used for the standard.
3.1. Zeeman effect
To avoid any uncontrolled or time-varying shifts,
the frequency standard must be made as independent
as possible of environmental conditions. The ﬁrst-
order Zeeman effect can be eliminated by the use of
atomic Zeeman sublevels with no projection of the to-
tal moment on the magnetic ﬁeld. This can be realised
by the use of an isotope with a half integer nuclear
spin. Themost abundant one (0.135% in a natural sam-
ple) is 43Ca+ with a nuclear spin 7/2. The hyperﬁne
structure of this isotope can be found on Fig. 6. Alter-
natively, the ﬁrst-order Zeeman effect could be elimi-
nated on the 40Ca+ transition by cancellation between
|S1/2,m= 1/2〉→ |D5/2,m= 1/2〉
and
|S1/2,m=−1/2〉→ |D5/2,m=−1/2〉.
Fig. 6. Hyperﬁne structure of the levels involved in the preparation,
excitation and detection of 43Ca+ (I = 7/2) [17,18].
The exact cancellation of the ﬁrst-order Zeeman ef-
fect to better than one hertz requires a stability of the
magnetic ﬁeld better than 10−4 µT for at least a few
seconds, which seems difﬁcult to realise. As a conse-
quence the use of the odd isotope appears to be the
easiest solution to eliminate the ﬁrst-order Zeeman
shift from the standard frequency.
The second-order Zeeman shift depends on the
choice of the hyperﬁne sublevels. We calculate these
shifts by searching the eigenvalues of the Zeeman
Hamiltonian for the |F,mF 〉 states. The Zeeman shift
of the fundamental hyperﬁne levels
|S1/2,F = 3 or F = 4,mF = 0〉
are at least 2 orders of magnitude smaller than the shift
of the metastable hyperﬁne levels
|D5/2,F = 1, . . . ,6,mF = 0〉
and are not relevant for the choice of the level. Fig. 7
shows the quadratic Zeeman shifts for the differ-
ent hyperﬁne levels of D5/2 for sublevels mF = 0.
These curves illustrate the great variation of these
shifts with the hyperﬁne sublevel. Depending on the
level involved, the second-order Zeeman effect can
be as large as 98.04 Hz/µT2 for F = 1 or reduced to
−9.05 Hz/µT2 for F = 6 (see Fig. 7). This last level
should be used as a basis to reduce the second-order
Zeeman effect of the standard. As the |S1/2〉→ |D5/2〉
transition is electric-quadrupole, the selection rules
!F = 0,±1,±2 imply that the fundamental sub-
level involved in the standard should be |S1/2,F = 4,
mF = 0〉.
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Fig. 7. Zeeman shift of the metastable hyperﬁne sublevels of D5/2
versus the magnetic ﬁeld, for Zeeman sublevel mF = 0.
To eliminate the uncertainty due to the Zeeman
effect, the local magnetic ﬁeld must be kept on the
0.1 µT level. A controlled magnetic ﬁeld is still needed
to split all the Zeeman sublevels and to be able to se-
lect the |mF = 0〉 → |mF = 0〉 transition. The two
closest transitions |S1/2,4,±1〉 → |D5/2,6,±1〉 are
split apart by ±3.5 kHz/µT. So a magnetic ﬁeld of
0.1 µT allows to isolate the mF = 0→mF = 0 transi-
tion and can be measured by the observation of these
neighbouring transitions. Nevertheless, such a mag-
netic ﬁeld may not be sufﬁcient to maintain a high
level of scattered light by the atomic system, as ob-
served for other ions under study [4]. But it is pos-
sible to recover a high level signal by spinning of the
laser polarisation [4,19] and we do not consider, at this
level, this reduction of the signal as a limitation. With-
out any magnetic ﬁeld applied, the local ﬁeld caused
by the earth and the experimental setup is of the or-
der of 10−4 T and such ﬁelds can be produced by 1 A
in Helmholtz coils. Furthermore, magnetic ﬁeld ﬂuc-
tuations of 0.2 µT over one day have been observed
in an unshielded environment [20]. As a consequence,
in a thermalized and shielded environment, it is tech-
nically possible with standard current supplies of 1 A
stabilized to the mA level, to compensate for the al-
ready existing magnetic ﬁeld and to add the desired
magnetic ﬁeld of 0.1 ± 0.05 µT. In these conditions,
the frequency uncertainty due to the Zeeman effect is
(6)B = 0.1± 0.05 µT→ δfZ =−0.09± 0.09 Hz.
Indeed, it is possible to prepare the atomic system
in the |S1/2,F = 4,mF = 0〉 state thanks to the prop-
erty of dipole transition that forbids |F,mF = 0〉 →
|F,mF = 0〉 transitions. After the cooling stage, two
lasers polarised parallel to the magnetic ﬁeld ("mF =
0) and resonant with the |S1/2,F = 4 and F = 3〉 →
|P1/2,F = 4〉 transitions optically pump the system in
the |S1/2,F = 4,mF = 0〉 state in few microseconds,
then ready for the probe stage. Actually, the cooling
and optical pumping stage are not so simple due to a
possible decay from P1/2 to D3/2 level (see Fig. 6),
whose lifetime is the same order of magnitude asD5/2
and so requires three repumping lasers, to empty the
possibly occupied F = 3,4,5 levels. If the repumping
lasers are σ (= σ+ + σ−) polarised, the cooling and
optical pumping remains efﬁcient, as long as the three
repumping lasers’ detunings are different from the two
cooling ones, to avoid dark resonances [21] and as
long as their polarization is spun to prevent pump-
ing into dark states [19]. With its very low natural
abundance, the use of such an isotope is technically
challenging, but it has been shown that photoionisa-
tion processes allow to create 43Ca+ ions even from a
non-enriched calcium sample [22].
3.2. Interaction with DC electric ﬁelds and their
gradients
The second-order Stark effect shifts the standard
frequency through the coupling of the levels S1/2 and
D5/2 to all the other atomic levels by electric dipole in-
teraction with any DC or slowly varying electric ﬁelds.
These ﬁelds also shift the D5/2 level by the coupling
of its electric quadrupole moment to any electric ﬁeld
gradient. In a usual miniature spherical trap, the con-
ﬁning electric ﬁeld has no static component, oscillates
at a frequency of the order of 10 MHz and its shape in
the center can be very well approximated by a quadru-
pole. In the exact center of the trap there should be
no oscillating ﬁeld but an oscillating ﬁeld gradient.
However, in a real Paul trap, patch potentials deform
the harmonic potential well created by the RF ﬁeld.
They separate the minimum potential point from the
zero RF-ﬁeld point and static bias voltages have to
be applied in the three directions to make these two
points meet again and reduce any static ﬁeld to less
than V/cm. This step is required to be able to cool
an ion to the Doppler limit and to reach the Lamb–
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Dicke regime [23] and can lead to an increase of the
static electric ﬁeld gradient. Such gradient can realis-
tically reach 1 V/mm on 1 mm (the typical diameter
of a Paul–Straubel trap). The local electric ﬁeld is then
the sum of the quadrupole oscillating ﬁeld that traps
the ion, the bias static ﬁeld lower than V/cm and the
isotropic ﬁeld radiated by the vessel considered as a
blackbody. Since the frequencies of this radiated ﬁeld
are far below the optical resonance of Ca+, the ﬁeld
can be taken into account by its mean-square value av-
eraged over all the blackbody spectrum, whose value
is given by [24]
(7)
〈
E2BB
〉
= 831.92
(
T
300
)4
in (V/m)2 with T in Kelvin. At room temperature, this
ﬁeld overtakes the static bias ﬁeld resulting from com-
pensation of patch potentials. Nevertheless, it can be
drastically reduced by cooling the vessel, a thermal-
ization at 77 K sets this ﬁeld below the level of V/cm,
comparable to the bias static one.
Thanks to a symmetry property of the second-order
Stark Hamiltonian (which behaves like a second-order
tensor), the Stark shift of S1/2 is independent of the hy-
perﬁne level and Zeeman sublevel. As a consequence,
it is also independent of the polarisation of the elec-
tric ﬁeld and behaves like a scalar (this property is true
for any level with J < 1). An electric ﬁeld couples the
ground state 4S1/2 to all the nP1/2 and nP3/2 levels
but in the fact, the sum of the oscillator strength on
4P1/2 and 4P3/2 is already equal to 1 [25] and there is
no point taking into account other couplings to n > 4
levels. The second-order Stark shift on 4S1/2 is then
easily evaluated to −9.5 mHz/(V/cm)2.
The Stark effect on the D5/2 level can be split into
a scalar term, independent on F and mF and a ten-
sorial part, depending on these two quantum numbers
and on the angle θ between the electric ﬁeld and the
magnetic ﬁeld deﬁning the quantiﬁcation axis. The
sum of all the oscillator strengths of the transitions be-
tween 3D5/2 and nP3/2 (n ! 4), nF5/2 (n ! 4) and
nF7/2 (n ! 4) is only 0.48 (according to the Har-
vard database [25]), suggesting that there are other
couplings with levels belonging to the continuum.
Then our evaluation can only be a rough estimation,
but it gives a correct order of magnitude. We ﬁnd
−3.9 mHz/(V/cm)2 for the scalar part and
+
(
2.1
mHz
(V/cm)2
)
3 cos2 θ − 1
2
for the tensorial part and associate an uncertainty as
high as the value itself to take into account that there
are missing couplings. The total frequency shift due to
DC Stark effect is then
δfS(S1/2→D5/2,F = 6,mF = 0)
(8)= 5.6(±4)+ 2.1(±2)
3 cos2 θ − 1
2
mHz
(V/cm)2
.
At room temperature, the DC Stark shift is mainly due
to the isotropic radiated ﬁeld and is therefore
δfS(S1/2→D5/2,F = 6,mF = 0)
(9)= 0.39(±0.27)Hz.
If the vessel is cooled to 77 K, the contribution of the
radiated ﬁeld is of the same order as the bias static ﬁeld
so its direction is unknown and its amplitude of the
order of 1 V/cm. Such a ﬁeld induces an uncertainty
on the frequency of
δfS(77 K)(S1/2→D5/2,F = 6,mF = 0)
(10)" 12 mHz.
As for the coupling of the electric quadrupole moment
of the 3D5/2 state to any electric ﬁeld gradient, it de-
pends on the hyperﬁne level, its Zeeman sublevel and
on the shape as well as on the symmetry axis of the
electric potential [26]. The coupling strength is due
to a non-spherical repartition of the electronic charge
density and depends on the atomic orbitals of the con-
sidered level. The quadrupole moment Θ(3D5/2) of
the ﬁne structure state can be deﬁned as [26]:
Θ(3D5/2)
(11)
=−
e
2
〈
3D5/2, mJ =
5
2
∣∣3z2 − r2∣∣3D5/2, mJ = 5
2
〉
.
This is calculated by considering the electronic orbital
of 3D5/2 as pure 3d without any mixing with other
electronic orbitals. For a single electron atom [27]
(12)Θ =
e
2
〈
r2
〉2J − 1
2J + 2
.
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In our case:
(13)Θ(3D5/2)=
2e
7
〈
r2
〉
3d
.
In [26], the Cowan code is used to compute 〈r2〉5d for
Hg+. A good enough and simple estimation of 〈r2〉
in alkali like ion is provided by the quantum defect
method [28] which gives a simple relation between
the energy Enl of the electronic level and an effective
quantum number n∗(l) by
(14)Enl =−
Z˜2
n∗2(l)
a.u., Z˜ =Z−N + 1.
〈r2〉3d can then be calculated using the one-electron
orbital properties, with Z˜ and n∗ instead of Z and n.
This method gives for Ca+
(15)
〈
r2
〉
3d
= 6.6a20,
where a0 is the Bohr radius. The energy shift of the
hyperﬁne sublevel |F = 6,mF = 0〉 of 3D5/2 is
(16)δE =
7
11
(
2e
7
〈
r2
〉
3d
)(
1
2
∂2V
∂x2
)
Π,
whereΠ is a geometrical factor equal to (3 cos2 β−1)
if the ﬁeld has a quadrupole symmetry (V ∝ x2+y2−
2z2), β being the angle between its symmetry axis and
the magnetic ﬁeld deﬁning the quantization axis [26].
The frequency shift of the standard transition under
investigation is then
(17)δf = 8.1× 10−7
(
1
2
∂2V
∂x2
)
Π Hz.
The hyperﬁne level has little inﬂuence on this shift as,
for example, for the level F = 2, 7/11 is replaced by
17/35. With the expected gradient of 1 V/mm over
1 mm, the uncertainty induced by this effect reaches
the hertz level, which is high compared to the width
of the clock transition in Ca+. Any modiﬁcation of the
patch potential, due, for example, to the ion creation
process, alters this shift and reduces the reproductibil-
ity of the standard. Still, this effect can be eliminated
by averaging the transition frequency measured with
the magnetic ﬁeld along three perpendicular direc-
tions, as the geometrical Π factor is then averaged to
zero [26]. The remaining uncertainty will then depend
on the precision of the angle setting between the three
measurements. This precision depends a lot on the ves-
sel design and experimental setup, and it seems difﬁ-
cult to estimate this uncertainty as long as we have not
performed the experiment. Nevertheless, other authors
[29] have projected to reduce by 50 the uncertainty in-
duced by this shift and we assume that a reduction by
a factor of 10 is readily achievable, which sets the un-
certainty induced by the quadrupole effect to±0.1 Hz.
At this point, it is important to mention that in spher-
ical traps, the ﬁeld gradient is inferior to the one in
linear traps, due to the conﬁning geometry. As a con-
sequence, in order to minimize the shift induced by the
gradient a spherical trap is preferred to a linear trap.
3.3. Interaction with AC electric ﬁelds
During the excitation of the clock transition, only
one laser is applied. It can still cause an AC Stark shift
(or light-shift) of S1/2 and D5/2 by coupling them to
P1/2 and P3/2 by dipole interaction or by coupling
them to other Zeeman sublevels of D5/2 and S1/2
by quadrupole interaction (the coupling with D3/2 is
far less strong). The ﬁrst two couplings produce a
shift proportional to the laser intensity I729 equal to
1.1×10−4I729 Hz. The laser intensity required to pro-
duce the highest Rabi pulsation of 1000 s−1 consid-
ered in Section 2.2.3 on the |S1/2,4,0〉→ |D5/2,6,0〉
transition is 0.75 µW/mm2, which leads to a light-shift
caused by dipole coupling equal to 0.08 mHz, which
is, however, negligible compared to the natural width
of the transition.
Light-shifts of a few kHz due to quadrupole interac-
tion with other Zeeman sublevels have been measured
on 40Ca+ isotope [30]. In these experiments Rabi pul-
sations of 1 MHz were used with laser detunings of
the order of 1 MHz. Here we calculate this shift in
the context of the clock transition excitation for a
Rabi pulsation equal to 1000 s−1 and a magnetic ﬁeld
of 0.1 µT. The frequency detuning required to probe
the clock transition depends on the laser linewidth
and on the Rabi pulsation used, and is of the order
of 1 Hz. By choosing ±10 Hz for this detuning the
light-shift is then not underestimated. We ﬁnd an ef-
fect equal to ±6 mHz decreasing to ±0.06 mHz if
the magnetic ﬁeld is 1 µT. The sign depends on the
sign of the detuning. Two reasons make this effect
very small: the small Rabi pulsation considered for
such experiments and the small detuning required to
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Table 2
Uncertainty budget for the frequency transition of |S1/2,4,0〉 → |D5/2,6,0〉 in 43Ca+
Effect Fields/conditions Shift (Hz) @ 300 K @ 77 K
Second-order Zeeman effect 0.1 µT −0.09± 0.09 −0.09± 0.09
Stark effect Radiated and bias static ﬁeld +0.39± 0.27 ! 0.012
D5/2 coupled to the ﬁeld gradient 1 V/mm
2 ±0.1 ±0.1
AC Stark effect @ 729 nm 0.75 µW/mm2, 0.1 µT ±0.006 ±0.006
Second-order Doppler effect Ion cooled to the Doppler limit −2× 10−4 −2× 10−4
Global shift and uncertainty +0.3 ±0.4 −0.09± 0.19
Relative shift and uncertainty +7(±9)× 10−16 −2(±4)× 10−16
probe the two sides of the transition (of the order of
a few Hz). With such small detuning, the couplings
of |S1/2,4,0〉 with |D5/2,6,2〉 and with |D5/2,6,−2〉
compensate each other (and vice versa for |D5/2,6,0〉
with |S1/2,4,±2〉). Nevertheless, with the laser power
and magnetic ﬁeld values planned for the optical clock
realisation, this effect overtakes the ones induced by
dipole couplings.
3.4. Second-order Doppler shift
The second-order Doppler effect shifts the fre-
quency transition by
(18)
δfD
f0
=−〈v
2〉
2c2
.
The motion of the ion can be described by a thermal
oscillation at the secular pulsation ωtr superimposed
by an oscillation driven by the radio-frequency ﬁeld
applied to the trap. The average kinetic energy results
from these two contributions which can be considered
as equal with a good approximation, in the typical case
where the trap is operated close to the origin of its sta-
bility diagram [23]. The amplitude of oscillation X of
the secular motion is evaluated in Section 2.1 for an
ion cooled to the Doppler limit. The mean-square sec-
ular velocity is calculated by 〈v2〉 = V 20 /2 where V0 =
ωtrX and X = λtr
√
2〈n〉 + 1 (cf. Section 2.1). The
contribution of this mean square velocity is computed
twice in the evaluation of the second-order Doppler
shift, to take into account the radio-frequency driven
motion. With the values chosen in Section 2.1, the ve-
locity amplitude V0 is equal to 0.32 m/s leading to a
second-order Doppler relative shift given by
(19)
δfD
f0
=−5.6× 10−19.
In the case of the Ca+ clock transition (f0 = 4.11×
1014 Hz), the absolute shift is 0.22 mHz, which is
negligible in the reduction of the clock precision. This
calculation conﬁrms that Doppler laser cooling is suf-
ﬁcient also to reduce the second-order Doppler effect
to negligible values.
3.5. Uncertainty budget
Table 2 gives the uncertainty budget expected for
an atomic clock based on 43Ca+. At room tempera-
ture, and with the considered magnetic ﬁeld, the ma-
jor source of frequency shift and uncertainty is the
Stark effect induced by the radiated electromagnetic
ﬁeld. This effect is drastically reduced in a vessel
cooled to 77 K and then the major source of uncer-
tainty becomes the coupling with the ﬁeld gradient
through the quadrupole moment of D5/2 which limits
the ultimate precision of the clock. It can be compen-
sated by measuring the frequency with three perpen-
dicular directions of magnetic ﬁeld. Nevertheless, the
obtained precision will depend on the design of the
experimental setup and the ability to control the di-
rections of the laser propagation and magnetic ﬁeld.
The projections made for all these major systematic
shifts show that an atomic frequency standard based on
|S1/2,4,0〉 → |D5/2,6,0〉 of 43Ca+ can reach an un-
certainty of 4× 10−16, with room for improvement by
better compensation of the quadrupole shift and better
stabilization of the magnetic ﬁeld.
4. Conclusion
We have presented a theoretical evaluation of the
ultimate performances that can be expected from
54 II.2 Interaction entre un ion en piège quadripolaire et un faisceau laser
C. Champenois et al. / Physics Letters A 331 (2004) 298–311 311
an optical frequency standard based on an electric
quadrupole transition of a trapped single 43Ca+ ion.
We studied its stability through its Allan deviation,
assuming that the signal-to-noise ratio would be lim-
ited by the quantum projection noise. Our results show
that a frequency instability of ≈ 2.5× 10−15/√τ can
be expected. We also show that a Ramsey excitation
scheme allows to take advantage of a very narrow
transition, even with a laser broader than this transi-
tion, whereas this is not possible with a single Rabi
pulse. The minimum Allan deviation is also computed
for the other ions which are candidates for an optical
frequency standard and calcium ranks well within this
list.
In a second section, all the systematic frequency
shifts have been estimated and the environmental con-
ditions studied in order to minimize the frequency un-
certainty. This minimization is limited by the precision
reached in the successive orientation of 3 mutually
perpendicular magnetic ﬁelds to compensate the cou-
pling of the D5/2 quadrupole with a ﬁeld gradient.
A technical challenge for the future optical frequency
standard will be to point these three perpendicular
magnetic ﬁelds and to reduce the ﬁeld gradient. In
this context, a miniature spherical trap is more appro-
priate than a linear one to a frequency standard. Our
projections show that with a ﬁrst-step alignement and
a cooled vessel, a standard based on |S1/2,4,0〉 →
|D5/2,6,0〉 of 43Ca+ can reach an uncertainty of 4×
10−16, an order of magnitude smaller than the most
precise actual microwave frequency standard [31].
Acknowledgements
The authors would like to thank F. Schmidt-Kaler
for very helpful discussions. Our project has been sup-
ported by the Bureau National de Métrologie.
References
[1] E. Braun, J. Helmcke, Meas. Sci. Technol. 14 (2003) 1159.
[2] R. Rafac, B. Young, J. Beall, W. Itano, D. Wineland, J. Berg-
quist, Phys. Rev. Lett. 85 (12) (2000) 2462.
[3] L. Marmet, A. Madej, Can. J. Phys. 78 (2000) 495.
[4] P. Gill, G. Barwood, H. Klein, G. Huang, S. Webster, P. Blythe,
K. Hosaka, S. Lea, H. Margolis, Meas. Sci. Technol. 14 (2003)
1174.
[5] M. Eichenseer, A.Y. Nevsky, C. Schwedes, J. von Zanthier,
H. Walther, J. Phys. B 36 (2003) 553.
[6] C. Champenois, M. Knoop, M. Herbane, M. Houssin, T. Kaing,
M. Vedel, F. Vedel, Eur. Phys. J. D 15 (2001) 105.
[7] H. Dehmelt, Adv. At. Mol. Phys. 3 (1967) 53.
[8] D. Wineland, W. Itano, Phys. Rev. A 20 (4) (1979) 1521.
[9] S. Diddams, T. Udem, J. Bergquist, E. Curtis, R. Drullinger,
L. Hollberg, W. Itano, W. Lee, C. Oates, K. Vogel, D. Wine-
land, Science 293 (2001) 825.
[10] W. Itano, J. Bergquist, J. Bollinger, J. Gilligan, D. Heinzen,
F. Moore, M. Raizen, D. Wineland, Phys. Rev. A 47 (5) (1993)
3554.
[11] D. Wineland, J. Bollinger, W. Itano, D. Heinzen, Phys. Rev.
A 50 (1) (1994) 67.
[12] T. Becker, J. von Zanthier, A.Y. Nevsky, C. Schwedes,
M. Skvortsov, H. Walther, E. Peik, Phys. Rev. A 63 (2001)
051802R.
[13] C. Blockley, D. Walls, H. Risken, Europhys. Lett. 17 (1992)
509.
[14] C. Cohen-Tannoudji, in: Frontiers in Laser Spectroscopy, Les
Houches 1975, North-Holland, Amsterdam, 1977, p. 58.
[15] N. Ramsey, Molecular Beams, Oxford Univ. Press, Oxford,
1956.
[16] M. Knoop, C. Champenois, G. Hagel, M. Houssin, C. Li-
sowski, M. Vedel, F. Vedel, Eur. Phys. J. D 29 (2003) 163.
[17] F. Arbes, M. Benzing, T. Gudjons, F. Kurth, G. Werth, Z. Phys.
D 31 (1994) 27.
[18] W. Nörtershäuser, K. Blaum, K. Icker, P. Müller, A. Schmitt,
K. Wendt, B. Wiche, Eur. Phys. J. D 2 (1998) 33.
[19] D. Berkeland, M. Boshier, Phys. Rev. A 65 (2002) 033413.
[20] S. Bize, S. Diddams, U. Tanaka, C. Tanner, W. Oskay, R. Drul-
linger, T. Parker, T. Heavner, S. Jefferts, L. Hollberg, W. Itano,
J. Bergquist, Phys. Rev. Lett. 90 (15) (2003) 150802.
[21] G. Janik, W. Nagourney, H. Dehmelt, J. Opt. Soc. Am. B 2 (8)
(1985) 1251.
[22] D.M. Lucas, A. Ramos, J.P. Home, M.J. McDonnell, S. Naka-
yama, J.-P. Stacey, S.C. Webster, D.N. Stacey, A.M. Steane,
Phys. Rev. A 69 (2004) 012711.
[23] D. Berkeland, J. Miller, J. Bergquist, W. Itano, D. Wineland,
J. Appl. Phys. 83 (1998) 5025.
[24] W. Itano, I. Lewis, D. Wineland, Phys. Rev. A 25 (2) (1982)
1233.
[25] R.L. Kurucz, Atomic line database, CD-ROM 23, http:
//cfa-www.harvard.edu/amdata/ampdata/kurucz23/sekur.html,
2003.
[26] W. Itano, J. Res. Natl. Inst. Stand. Technol. 105 (2000) 829.
[27] I. Sobelman, Atomic Spectra and Radiative Transitions,
Springer-Verlag, Berlin, 1992.
[28] B. Bransden, C. Joachain, Physics of Atoms and Molecules,
Longman, Paris, 1994.
[29] P. Gill, G. Barwood, G. Huang, H. Klein, P. Blythe, K. Hosaka,
R. Thompson, S. Webster, S. Lea, H. Margolis, in: Trapped
Ion Optical Frequency Standards, EGAS 2003, Brussels, Phys.
Scr. T 112 (2004).
[30] H. Häffner, S. Gulde, M. Riebe, G. Lancaster, C. Becher, J. Es-
chner, F. Schmidt-Kaler, R. Blatt, Phys. Rev. Lett. 90 (2003)
143602.
[31] A. Bauch, Meas. Sci. Technol. 14 (2003) 1159.
Chapitre II. Interaction laser-ion piégé et rôle du mouvement de l’ion 55
10−1 100 101 102
100
101
102
ΓL (Hz)
σy(τ=1s).f0 
single Rabi pulse
double Ramsey pulses
Figure II.13 : figure 4 corrigée de l’article précédent
Dans l’article précédent, à cause d’une mauvaise prise en compte de l’effet de décohérence
induit par la largeur spectrale du laser d’horloge, il y a une erreur sur la courbe de la figure 4
concernant les pulses de Ramsey. La figure 4 doit être remplacée par la figure II.13.
Comme mentionné avant l’article, la stratégie actuelle est d’utiliser l’isotope 40 du calcium
comme étalon de fréquence plutôt que l’isotope 43 envisagé dans l’article de 2004. De plus,
depuis la rédaction de cet article, la publication de calculs et de mesures expérimentales permet
de réduire les incertitudes annoncées dans ce même article. La prise en compte de ces nouvelles
données nécessite de réévaluer certains effets systématiques :
effet Zeeman Dans le cas du calcium 40 de structure fine demi-entière, l’élimination de l’effet
Zeeman du premier ordre se fait par la moyenne entre deux mesures de fréquence, par
exemple f(S1/2,mJ = +1/2→ D5/2,mJ = +1/2)+f(S1/2,mJ = −1/2→ D5/2,mJ =
−1/2). Cette méthode est efficace si le champ magnétique est stationnaire au cours du
temps, une dérive entre les mesures induisant un effet Zeeman résiduel. Pour maintenir
une incertitude liée à cet effet résiduel inférieure à 0,1 Hz, il faut contrôler les fluctuations
de champ magnétique vu par l’ion à mieux que 2.10−5µT. Cette contrainte est certaine-
ment très drastique mais pas irréalisable si l’expérience possède plusieurs blindages mag-
nétiques. En effet, deux expériences de métrologie basées sur un ion unique de strontium
88 sont elles aussi sensibles au premier ordre au champ magnétique (une au NRC-Canada
et une au NPL-Royaume Uni). Elles possèdent toutes deux une couche de blindage mag-
nétique et leurs auteurs rapportent dans le premier cas une dérive de 14 nT en 5 heures
(communication privée de P. Dubé) et dans le deuxième cas des fluctuations de l’ordre de
quelques nT (communication privée de H. Margolis). Il faut atténuer ces dérives et fluctu-
ations de deux ordres de grandeur, ce qui devrait être possible par l’ajout de deux couches
de blindage, les chercheurs du JPLg ayant noté que 3 écrans de µmétal leur avaient permis
de réduire d’un facteur 1000 ces fluctuations. Quant à l’effet Zeeman du second ordre,
avec les champs magnétiques envisagés dans l’article, il est de l’ordre de 16 mHz sur cette
gJ. Prestage et collaborateurs, Jet Propulsion Laboratory, Passadena, USA
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transition et ses fluctuations resteront négligeables tant que les autres effets ne seront pas
éliminés.
déplacement quadrupolaire Aujourd’hui, il est démontré que cet effet peut être réduit au
moins d’un facteur 10 par des mesures avec trois directions de champs magnétiques perpen-
diculaires44,42,45 ou avec des sous-niveaux Zeeman différents43. De plus, l’incertitude
sur la valeur du quadrupole du niveau D5/2 est aujourd’hui levée grâce aux mesures ex-
trêmement précises réalisées dans le groupe de R. Blatt à Innsbruck46, confirmées par
les calculs de l’équipe de M. Safronova47. La valeur du quadrupole Θ(D5/2) évaluée à
1.9 u.a. dans l’article précédent est maintenant connue avec un chiffre significatif sup-
plémentaire (Θ(D5/2) = 1.83(1) u.a.) et l’incertitude sur le déplacement induit par le
couplage quadrupolaire peut être de façon très réaliste majorée à 0.1 Hz, soit 2.10−16 en
valeur relative.
effet Stark induit par le rayonnement du corps noir ou BBR-blackbody radiation shift. Dans
l’article de 2004, c’est la source d’incertitude prépondérante à cause d’une connaissance
insuffisante des dipôles de transition couplant l’état métastable D5/2 et déterminant la po-
larisabilité de cet état. En 2007, M. Safronova et ses collaborateurs publient un calcul très
précis48 (et muni de barres d’erreur) de la polarisabilité des états S1/2 et D5/2. Ces calculs
permettent de réduire d’un facteur 10 l’incertitude annoncée dans l’article de 2004 pour le
BBR shift. Ce déplacement est maintenant connu comme δfS(BBR) = 0.36± 0.03 Hz, à
300 K, et n’est donc plus le facteur limitant la précision d’une future horloge à ion calcium.
Un passage à 77 K, comme il était envisagé en 2004 n’est donc plus justifié.
bilan À 300 K, le bilan des déplacements de fréquence pour 40Ca+(S1/2,mJ = ±1/2 →
D5/2,±mJ) est donc estimé à +7(±3)10−16. La réduction de son incertitude est limitée
par l’estimation de la capacité à compenser le déplacement quadrupolaire et à maintenir
un champ magnétique stationnaire.
L’intérêt de l’isotope 40 sur l’isotope 43 réside principalement dans le plus faible nombre
de transitions optiques impliquées dans le refroidissement et la préparation de l’ion, celles-ci
étant démultipliées par la structure hyperfine dans le cas de l’isotope 43. Néanmoins, les esti-
mations précédentes montrent que l’effet limitant la précision d’une horloge basée sur l’isotope
40 du calcium sera certainement l’incertitude et les fluctuations du champ magnétique local et
l’utilisation de cet isotope ne sera justifiée qui si celles-ci sont contrôlées. L’incertitude annoncée
ici de 3 10−16 est basée sur une estimation de la capacité à contrôler et/ou compenser les effets
systématiques les plus importants. Nos estimations sont très raisonnables et on peut s’attendre
à ce qu’une véritable mesure fasse au moins aussi bien. Ceci permettrait de placer la précision
de l’étalon à ion calcium à un niveau comparable à celui des meilleures horloges optiques à ion
unique dont la précision atteint aujourd’hui la gamme des 10−17. La championne dans la caté-
gorie ion "vraiment" unique est l’horloge à ion Hg+ développée au NIST45 dans le groupe de D.
Wineland et J. Bergquist et dont l’incertitude des effets systématiques est évaluée à 7.2 10−17. La
précision de la mesure de sa fréquence d’horloge était, en 2006, limitée par l’incertitude de celle
de la fontaine à césium ayant servi de référence et de celle du peigne de fréquence ayant servie
de chaîne de fréquence. Le tout amène l’incertitude relative de mesure à 9.1 10−16. Ce record est
battu par les deux horloges à ion Al+ mises au point dans le même groupe9. Dans ces horloges,
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l’ion d’horloge a un compagnon et leur degré de liberté interne sont intriqués pour que la lecture
de l’état interne de Al+ puisse se faire sur la transition dipolaire intense du compagnon, transition
très difficilement accessible dans le cas de Al+ et peu efficace pour le refroidissement laser. Ce
nouveau type d’horloge, qui utilise les techniques de la logique quantique, permet d’exploiter les
propriétés métrologiquesh de l’ion Al+ tout en s’affranchissant de ses piètres qualités en terme
de couplage sur des transitions optiques. Pour s’affranchir de l’incertitude introduite par une
mesure de fréquence faisant référence à une horloge à césium, deux horloges à Al+ sont com-
parées entre elles. Leur stabilité relative a été mesurée9 à 2.8 10−15/
√
τ et l’incertitude sur leur
écart en fréquence estimée à 1.8 10−17. Ceci fait de l’horloge à Al+ l’horloge la plus précise
aujourd’hui.
II.3 Refroidissement laser d’ions piégés
Comme il est expliqué en II.2.2 et en II.2.4, le refroidissement laser Doppler doit être suffisant
pour atteindre le régime de Lamb-Dicke et obtenir les performances souhaitées pour une horloge.
Dans la pratique, le refroidissement Doppler des ions piégés est très proche de celui des atomes
libres25–27 à ceci près que dans un piège 3D, une seule direction de propagation suffit à assurer
le refroidissement, à condition de ne pas choisir l’axe de symétrie du piège pour cette direction
et en considérant que les imperfections de l’anneau permettent de coupler les deux directions du
mouvement dans le plan radial. De plus, la force de rappel exercée par le piège rend inutile une
configuration de type mélasse (deux faisceaux identiques contra-propageants). Historiquement,
les premières démonstrations de refroidissement laser sur un nuage d’ions (mais pas jusqu’à la
limite Doppler) ont été publiées en 1978 pour 50 ions Ba+ en piège de Paul par P. Toschek
et collaborateurs6 et pour des ions Mg+ en piège de Penning (piège de même géométrie mais
alliant un champ électrique et un champ magnétique statique) par D. Wineland, R. Drullinger et
F. Walls5 au NBS (devenu NIST).
II.3.1 Refroidissement Doppler
Nous ne rappellerons pas ici les propriétés du refroidissement Doppler3,4,26,27,49 mais plutôt
quelques ordres de grandeur utiles pour identifier les régimes pertinents du refroidissement des
ions piégés (ΓQ est la largeur naturelle de la transition quadrupolaire, ΓD celle de la transition
dipolaire) :
ΓQ < ωrec < ωx,y,z < ΓD
≃ 1 Hz ≃ 10 kHz ≃ 1MHz ≃ 10MHz
• Si la fréquence de recul ωrec = h¯k2L/2m et les fréquences du mouvement séculaire ωx,y,z
sont très petites devant la largeur naturelle Γ de la raie considérée, un cycle absorp-
tion/émission a lieu sur une durée beaucoup plus courte que la période d’oscillation. La
hla transition d’horloge de l’ion Al+ n’est sensible à l’effet Zeeman qu’au deuxième ordre mais ce qui la distingue
de la majorité des autres horloges est l’absence de quadrupole permanent pour les niveaux impliqués, ce qui suprime
l’effet du gradient du champ électrique statique, et une polarisabilité statique moindre d’un ordre de grandeur se qui
limite l’effet du champ rayonné par l’enceinte et l’environnement du piège
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vitesse de l’ion change peu durant un cycle et le modèle de raie large couramment utilisé
pour formaliser le refroidissement Doppler d’atomes libres s’applique ici.
• Comme le montrent les ordres de grandeur précédents, il est important que la fréquence de
recul soit très petite devant les fréquences d’oscillation dans le piège pour pouvoir atteindre
le régime de Lamb-Dicke car ηx,y,z =
√
ωrec/ωx,y,z.
Dans l’hypothèse où la limite Doppler est atteinte, on peut caractériser la distribution ther-
mique de population des niveaux vibrationnels par le niveau moyen occupé n, défini par :
n =
e−h¯ω/kBTD
1− e−h¯ω/kBTD =
e−2ω/ΓD
1− e−2ω/ΓD . (II.40)
Dans la limite où la raie de refroidissement est beaucoup plus large que les fréquences d’oscillation
dans le piège (ω ≪ ΓD/2), cette expression prend la forme simplifiée n ≃ ΓD/2ω dont la valeur
numérique est de l’ordre de 10.
Dans la pratique, il ne suffit pas de respecter ces préceptes pour être dans le régime de
Lamb-Dicke. En effet, comme on l’a mentionné plus haut (voir en II.1.3) le déplacement du fond
du puits de potentiel hors du noeud de champ rf provoque un micro-mouvement excédentaire
dont l’amplitude peut très bien dépasser la longueur d’onde réduite λ/2π. Ce mouvement forcé
ne peut être refroidi par laser et il est nécessaire de ramener le fond du puits de potentiel au point
de champs rf nul par l’ajout de potentiels statiques. Plusieurs méthodes ont été développées au
cours du temps pour diagnostiquer ce micro-mouvement excédentaire et compenser au mieux les
potentiels parasites qui en sont la cause19. Nous en proposons une nouvelle, exposée en III.1,
basée sur le brouillage d’un phénomène cohérent par l’effet Doppler. La mise au point de cette
méthode repose sur la prise en compte de l’effet Doppler dans les simulations numériques de
l’évolution de l’état interne d’un ion piégé sous l’effet des différents couplages laser présents
dans l’expérience. Le principe de cette méthode de simulation est présenté en III.1.2.
Quand des températures plus basses que la limite Doppler sont nécessaires, comme pour
certains protocoles d’information quantique qui requièrent n = 0, la méthode choisie est le
refroidissement par bandes latérales4,50,51. Cette méthode est efficace si les bandes latérales du
mouvement sont résolues dans le spectre Doppler et si le régime de Lamb-Dicke est déjà atteint.
Dans la pratique, ce mode de refroidissement est donc réalisé sur la transition quadrupolaire
électriquei S1/2 → D5/2, après une phase de refroidissement Doppler sur la transition intense
S1/2 → P1/2. La méthode repose sur l’excitation de la transition quadrupolaire sur sa première
bande latérale rouge (BLR) qui correspond à un désaccord laser ∆ = −ωx. En résonance sur
cette bande, l’excitation a lieu malgré un déficit en énergie de h¯ωx fourni par l’énergie cinétique
de l’ion dans le piège. Dans le régime de Lamb-Dicke, la propabilité d’émission est presque
concentrée sur la bande centrale, ce qui assure une perte d’énergie interne de h¯ωx à chaque cycle
absorption/émission. Le taux d’émission naturelle étant de l’ordre de un photon par seconde sur
cette transition, il est nécessaire d’augmenter artificiellement ce taux pour atteindre une vitesse
de refroidissement suffisante pour compenser les sources de chauffage (principalement dû au
potentiel rf). Ceci est obtenu par couplage dipolaire électrique du niveau métastable D5/2 avec
le niveau P3/2, par l’intermédiaire d’un laser résonant avec cette transition. L’élargissement
imais ça pourrait aussi bien être la transition S1/2 → D3/2
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ainsi provoqué sur chaque bande du spectre Doppler ne nuit pas au protocole tant que cette
largeur effective reste bien plus faible que la distance entre bandes et permet d’augmenter le taux
d’émission de photons de plusieurs ordres de grandeur.
II.3.2 Refroidissement sous la limite Doppler sans résoudre les ban-
des latérales
Figure II.14 : Premiers niveaux d’énergie de l’ion calcium 40Ca+ et couplages lasers impliqués
dans le refroidissement Doppler "traditionnel", à gauche, et par Doppler à deux photons, à droite.
La flèche ondulée représente la transition sur laquelle l’émission de photons est majoritaire.
Nous proposons dans le paragraphe suivant une méthode alternative de refroidissement
sous la limite Doppler52, qui exploite la même configuration de couplage laser que le refroidisse-
ment par bandes latérales, mais qui ne nécessite en rien la résolution de ces bandes dans le spectre
Doppler et est basé sur un modèle de raie large, ou plutôt élargie. La motivation est de proposer
une méthode de refroidissement Doppler qui ne nécessite pas de sources laser dans le domaine
bleu et proche-UV, domaine auquel appartiennent les principales transitions dipolaires exploitées
actuellement pour le refroidissement Doppler des ions, et qui est plus simple à mettre en oeuvre
que du refroidissement par bandes latérales. Dans la perspective de micro-pièges intégrés, il est
très intéressant de s’affranchir de sources UV car celles ci provoquent une ablation des surfaces
constituants les micro-pièges. L’exemple de l’ion calcium est visible sur la figure II.14 où, à
gauche est donné le schéma habituellement exploité pour le refroidissement Doppler (avec re-
pompage) et à droite, l’alternative sans source bleue. On remarque sur ce dernier schéma que
l’émission de photons se fait quand même sur la transition bleue, même si toutes les sources
d’excitation appartiennent au domaine rouge ou proche IR. Ceci permet une détection du signal
de fluorescence sur fond noir et un rapport signal sur bruit uniquement limité par le bruit des dé-
tecteurs. Ceci est très avantageux pour les applications de métrologie ou d’information quantique
où la durée de mesure de l’état interne est limité par ce rapport signal sur bruit.
Une distinction notable entre le protocole de refroidissement Doppler à deux photons pro-
posé ici et le refroidissement par bande latérale tient dans le recul donnant lieu a un refroidisse-
ment qui résulte de la somme des deux vecteurs d’onde des deux lasers impliqués. L’importance
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des deux contributions est vérifiée expérimentalement dans l’article reproduit en II.3.3 où un
refroidissement efficace est obtenu quand les deux lasers sont contra-propageants alors qu’il est
inefficace dans le cas contraire. Dans le refroidissement par bande latérale, seule la transition
quadrupolaire est prise en compte et ce sont des considérations énergétiques et non de recul qui
expliquent le refroidissement.
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Doppler laser cooling of a three-level ladder system using two near-resonant laser fields is analyzed in the
case of the intermediate level being metastable while the upper level is short lived. Analytical as well as
numerical results, e.g., obtainable scattering rates and achievable temperatures are presented. When appropri-
ate, comparisons with two-level single-photon Doppler laser cooling is made. These results are relevant to
recent experimental Doppler laser cooling investigations addressing intercombination lines in alkaline-earth-
metal atoms and quadrupole transitions in alkaline-earth-metal ions.
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I. INTRODUCTION
Today, laser cooling of atoms is widely used in experi-
ments where high precision spectroscopy or precise control
of the atomic motion is required. A large variety of schemes
has been developed and applied to suit atoms with specific
level structures and for obtaining particular temperature
ranges #1$. In general, the lower the wanted temperature, the
more sensitive the light scattering process must be on the
velocity of the atom. For Doppler laser cooling, which is the
most simple laser cooling, this means the narrower the line-
width of the optical transition, the lower the obtainable tem-
perature. However, since the maximum cooling force in the
Doppler cooling scheme is dependent on the photon scatter-
ing rate, narrow linewidth transitions will lead to longer
cooling times than wider transitions.
The aim of the present study is to show that by driving,
with two stepwise near-resonant laser fields, a three-level
ladder system having an intermediate metastable level and a
dipole emitting upper level, it is indeed possible to obtain
both short cooling times and at the same time low tempera-
tures through changes of the laser parameters. The present
results concern in particular alkaline-metal-like ions Ba+,
Sr+, or Ca+ #2$, but also contain information relevant for
Doppler cooling of alkaline-earth-metal atoms using inter-
combination lines #3,4$. In addition to the excellent laser
cooling properties, the presented scheme has the major ad-
vantage that individual ions can be detected by dipole emit-
ted light from the upper level to the ground level at a wave-
length being the sum of those of the two excitation fields. By
the appropriate choice of laser parameters, a large scattering
rate can be obtained, which can lead to an essentially
background-free detection as it has been demonstrated ex-
perimentally recently #2$.
Previously, ladder !or cascade" schemes have been studied
in Refs. #5–8$ in the prospect of two-photon two-color Dop-
pler cooling on narrow lines as demonstrated experimentally
in Ref. #6$ on alkaline-earth metals using an intercombina-
tion line. In these studies, the excited state of a laser-driven
transition is coupled by a second laser to an upper more
stable level. In the present study, the excited metastable level
is coupled to a higher short-lived level, to enhance its cou-
pling with the ground state. Such an excitation scheme is
used, for example, for sideband cooling. While sideband
cooling processes have already been studied theoretically #9$
and experimentally #10,11$ in the low saturation regime, the
purpose of the present study is to go beyond the low satura-
tion regime and to consider Doppler cooling in the regime
where the sidebands are not resolved, as considered experi-
mentally previously #2$. Our analysis applies to any atomic
system that can be described by the ladder scheme depicted
in Fig. 1. Nevertheless, when numerical applications are
needed, we refer to parameters describing the alkali-metal-
like ions Ba+, Sr+, or Ca+.
This paper is organized as follows. Section II introduces
the theoretical model used to predict the population of the
*caroline.champenois@univ-provence.fr
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FIG. 1. Ladder level scheme. The straight arrows represent the
laser coupling between states %g&, %m&, and %e&. The wavy lines in-
dicate radiative decay taken into account in the model.
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internal states. In Sec. III the response of an atom at rest to
the laser excitation is studied, focusing on the expected sig-
nal. The Doppler cooling efficiency of the proposed excita-
tion scheme is studied in Sec. IV, and in Sec. V conclusions
are reported.
II. THEORETICAL MODEL
The considered atomic system is composed by three elec-
tronic levels which are coupled by laser fields, according to
the ladder scheme depicted in Fig. 1. State !g" is the ground
state, !m" is metastable, and the excited state !e" decays ra-
diatively into !g" and !m". This configuration of levels occurs,
for instance, in alkaline-earth metal atoms such as Sr and Ca,
rare-earth atoms such as Yb, and in alkali-like ions with a
metastable d orbital, such as Hg+, Yb+, Ba+, Sr+, or Ca+. In
these last cases, the relevant levels can be identified with the
states !g"= !S1/2", !m"= !D3/2", and !e"= !P1/2". Then, the tran-
sition !g"→ !m" is an electric quadrupole transition with a
linewidth in the range from 0.01 to 0.1 Hz, while !g" and !m"
couple to the excited state !e" with electric dipole transitions.
We denote by !ij #i , j=g ,m ,e$ the resonance frequencies of
the transitions. Transitions !g"→ !m", marked by w #weak$,
and !m"→ !e", marked by st #strong$ are coupled by lasers at
frequency !w and !st, the strengths of the couplings are char-
acterized by the Rabi frequencies "w and "st and the detun-
ings defined as #w=!w−!mg and #st=!st−!em. The radia-
tive process coupling !e" to states !g" and !m" is characterized
by the decay rate $ and the branching ratio %eg /%em #%em
+%eg=1$. The radiative decay of state !m", whose natural
lifetime is of the order of 1 s for the mentioned ions, is
neglected in the analytical model we present below.
We denote by & the density matrix for the atom’s internal
degrees of freedom, while we treat the center-of-mass vari-
ables classically. x#t$ denotes the time-dependent position of
the atom. The master equation for the density matrix & is
!
!t
& = −
i
'
%H,&& + L& , #1$
where Hamiltonian H gives the coherent dynamics and is
decomposed into the terms
H = H0 + HI, #2$
where
H0 = − '#w!m"'m! − '##w + #st$!e"'e! #3$
gives the internal energies in the reference frames of the
lasers while
HI =
'"w
2
eikwx#t$!m"'g! +
'"st
2
eikstx#t$!e"'m! + H.c. #4$
gives the laser coupling, where the k j denote the laser wave
vectors #j=w ,st$. The relaxation operator
L& = −
1
2
$#&!e"'e! + !e"'e!&$
+ %eg$!g"'e!&!e"'g! + %em$!m"'e!&!e"'m! #5$
describes the radiative processes.
The response of the atomic system to laser excitation is
revealed by the occupation probabilities of the atomic levels,
which can be monitored by the number of scattered photons.
Detection of the atoms is made on the transition with the
highest fluorescence rate !e"→ !g" #branching ratio %eg /%em
(1 for the ions mentioned above$ which lies in the blue
domain #)500 nm$. For the excitation scheme discussed in
the following, this allows for photon detection without scat-
tered light background since the excitation wavelengths lie in
the red and near-infrared domain #(680 nm$. This major
advantage does not hold for Hg+ or Yb+ for which the exci-
tation and emission wavelengths are very close. In the fol-
lowing, we focus on the case of Ba+, Sr+, and Ca+ for the
choice of the relevant parameters needed to describe the
atomic system.
It should be noted that the dipole #strong$ and the quad-
rupole #weak$ couplings differ by some orders of magnitude.
Nevertheless, powerful lasers in the red and near-infrared
domain are now widely available and, assuming proper fo-
cusing of the laser beam, Rabi frequencies of the order of
1 MHz can be reached on the quadrupole transition. To give
an idea of the feasible Rabi frequencies, let us mention that,
for Ca+, 200 mW of laser power at 729 nm focused on a
waist radius of 50 *m results in "w(1 MHz %2&.
III. INTERNAL DYNAMICS OF A LOCALIZED PARTICLE
In this section we look for the solutions of Eq. #1$ when
the motion of the particle can be neglected. For numerical
applications and when approximations are needed in analyti-
cal expressions, parameters leading to a strong driving of the
!m"→ !e" transition with reduced sensitivity to Doppler shift
are chosen #$2""st
2
,#st
2 $. Furthermore, to remain close to
experimental conditions, we do not require excessively large
Rabi frequency on the !g"→ !m" transition and assume
"w
2
"$2 ,"st
2
.
In order to get some insight in the problem, the dressed
state picture of the system can be of help in the limiting case
where the weak coupling beam can be considered as a probe
of the atom dressed by the photons of the strong transition.
In this picture, the !m" state is broadened and shifted by the
strong coupling "st. For negative detuning #st we expect
the !g"→ !m" transition resonance to be shifted to
+LS=−#)"st2 +#st2 +#st$ /2. This is confirmed in Fig. 2 where
the line shape of the excitation probability in the !m" state
!m= 'm!&!m" shows a maximum very close to this value. In-
creasing the detuning #st decreases the light shift as well as
the power-broadened linewidth of the !g"→ !m" transition,
resulting in an increase of the maximum of !m for constant
coupling strength "st.
In an experiment, the measured signal is proportional to
the probability !e= 'e!&!e" to be in the !e" state. Its depen-
dence with the detuning #st does not follow the same rule as
!m and Fig. 2 clearly shows that a maximum excitation prob-
ability can be reached for a good choice of this detuning.
This behavior is studied in the following through resolution
of the optical Bloch equations resulting from the master
equation #1$.
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A. Maximum fluorescence rate
The steady state solution of Eq. !1" can be written ana-
lytically, assuming conservation of the total population !!g
+!m+!e=1" and without any approximation made. For the
population !e, this solution can be written as
!e = !st
2 !w
2 /D !6"
with
D = "eg#4#w!#w + #st"$4#w!#w + #st" + 2!w
2
− 2!st
2 %
+ 4#w
2 $2 + !st
4 & + !"eg − 1"2!w
2 !2#w
2 + 4#w#st − !st
2 "
+ 2!w
2 $4!#w + #st"2 + $2 + !w
2 % . !7"
This equation is used to estimate the maximum scattering
rate that can be expected from this excitation scheme, the
effective linewidth of the forbidden transition once coupled
by the strong laser excitation, and the dependence of these
two entities on the laser coupling parameters. Despite its
complexity, Eq. !6" can be connected to the dressed state
picture if one keeps in mind that for #w=%LS, 4#w!#w
+#st"=!st
2
.
In the limit where !w
2
!$2'#w /#st', the condition for
maximum occupation probability of the 'e( state, and thus for
maximum fluorescence signal, can also be derived analyti-
cally from Eq. !6". In first order in $2 / !!st
2 +#st
2 ", this maxi-
mum is found for
#w = %LS)1 − $24!!st2 + #st2 "* . !8"
This correction to the light shift can be omitted in the evalu-
ation of the maximum population !e
M as it adds a correction
in second order in $2 / !!st
2 +#st
2 ", which is negligible for the
set of parameters of interest. For !w
2
!!st
2
, this maximum is
!e
M
= 1+ )4 + 2#st
%LS
+ "eg
4%LS
2 $2
!st
2 !w
2
+ !"eg − 1"
4%LS!%LS + 2#st"
!st
2 +
2$2
!st
2 * . !9"
This last equation rules the maximum scattering rate, ob-
served when the detuning of the weak transition is adjusted
to the light shift induced by the strong coupling. Assuming
this detuning #w is adjusted, for each Rabi frequency !w
!which is experimentally the limiting factor" there is an op-
timal set !!st ,#st" which maximizes !e
M
. This optimal set
can be found numerically but better understanding can be
gained in the particular case of large detunings #st
2
"!st
2 for
which the light shift can be approximated by the simple form
%LS=!st
2 /4#st. With this simplification, the optimal set is de-
scribed by the analytic expression
)!st
#st
*
opt
2
= 4
!w
$
, 2
"eg
, !10"
which corresponds to the maximum population
'!e
M'opt =
1
4 + 2!"eg − 1" + 2,2"eg$/!w + 2$2/!st2
. !11"
This expression is simplified in
'!e
M'opt -
!w
$
1
2,2"eg
, !12"
if $2 /!st
2 is negligible compared to $ /!w.
Equation !12" confirms the dependence of the maximum
population !e
M with "eg, observed on Fig. 2. Indeed, this
population increases when the branching factor "eg de-
creases. For the ions considered in this work, this factor is of
the order of 0.75 for Ba+ and 0.95 for Ca+ and Sr+. Since the
previous equations show that different values of "eg result
only in a variation of the maximum population $Eq. !12"% and
optimal set of parameters to reach it $Eq. !10"%, "eg is fixed to
1 in the following. This simplification results mainly in a
slight underestimation of the number of scattered photons
but allows to handle more general equations.
Beside the dependence on the branching factors, it is
worth noting that the optimal population given in Eq. !12"
behaves like !w /$, and not like !w
2 /$2, as a simple two-
level picture would have suggested. This linear behavior is
confirmed by numerical calculations, even out of the range
of the simplifying approximation !st
2
!#st
2
. This is illustrated
in Fig. 3 where the probabilities of occupation of the three
levels, derived from Eq. !1" with no approximations, are
plotted for different values of !w. For each detuning on the
strong transition #st, the weak transition detuning is adjusted
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FIG. 2. Steady state population of level 'e( !a" and 'm( !b" versus
#w for $ /2&=20 MHz, !st /2&=100 MHz, and !w /2&=1 MHz.
#st /2&=−100 MHz !solid line", #st /2&=−200 MHz !dotted-
dashed line", #st /2&=−400 MHz !dashed line". In each case, the
thick lines give results for "eg=1 and the narrow lines for "eg
=0.75. The vertical dashed lines show the light shifts %LS calculated
for the three sets of curves.
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to the light shift due to the strong coupling: !w="LS. For a
given value of #st, these curves confirm an optimum value
for !st which maximizes the resonance value !e
M
. The nu-
merical results also confirm the linear dependence of the
maximal population with #w and obey the simplified ana-
lytic solution given in Eq. !12" to better than 3%. Following
Eq. !10", the optimum of !st is expected to behave like
1 /##w. This is also confirmed by the numerical results
which show that the simplified equation !10" reproduces nu-
merical observation for optimal !st to better than 7% for the
value of #w chosen for this figure.
We can compare this result with the case where the strong
coupling is maximum !!st=0". Then "LS= $#st /2 and in the
regime described by #st%& /2, the maximum of !e
M is
!#w /&"2 /'eg. For the realistic conditions we are concerned
with !namely #w(&", the maximum population in $e% and
thus the maximum number of scattered photons is smaller by
a factor proportional to & /#w to what can be expected for
large detuning !st &see Eq. !12" for comparison'.
To know if the ladder scheme can result in enough scat-
tered photons to be efficiently detected, it is useful to com-
pare this scheme with the one usually used for detection and
Doppler cooling of the considered trapped ions &12'. It con-
sists in the excitation on the $g%→ $e% and $m%→ $e% transi-
tions, the last one being required for repumping ions decayed
in the metastable state. This system forms a ) scheme and
solving the optical Bloch equations for this system, one can
show that the maximum occupation probability in the $e%
state is close to 20%. The parameters chosen for Fig. 3 show
a maximum close to 2% for the ladder scheme. The complete
absence of background signal due to scattered light largely
compensates a reduction of absolute fluorescence signal by
an order of magnitude. Furthermore, an occupation probabil-
ity of the excited state as high as 10% can be found by
numerical calculations with Rabi frequencies on the weak
transition of 7 MHz. These are achieved by tight focusing of
laser power superior to 500 mW.
B. Resonance linewidth
The linewidth *eff of the fluorescence resonance profile
with the laser detuning !w and its dependence on the two
couplings can also be studied numerically. This study gives
evidence for two different types of behavior for this line-
width !see Fig. 4": When #st is small compared to !st, the
linewidth has a constant value, which increases linearly with
#w. Once #st%!st, the linewidth grows with #st and be-
comes independent on #w. To reflect this behavior in the
analytic expression of the resonance linewidth, we first as-
sume that #w is the smallest parameter of the problem
!#w
2
"#st
2
,!st
2
,&2 ,!w
2 ", and extract a limit linewidth we call
*0 &full width at half-maximum !FWHM"',
*0 =
2"LS
1 + 4!#st
2 + !st
2 "/&2
#2 + 4!#st2 + !st2 "/&2. !13"
This expression is simplified in the regime where &2"#st
2
+!st
2 and can be written as
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FIG. 3. Steady state population of level $e% !a", $m% !b", $g% !c"
versus −!st for an atomic system close to Ba+, Sr+, or Ca+: & /2+
=20 MHz, in the simplified case where 'eg=1. The different
curves are for different values of #w /2+: 0.1 MHz !solid line", 0.5
MHz !dashed line", and 1 MHz !dotted line". #st /2+=100 MHz
for all curves and !w is adjusted to "LS for each value of !st. The
vertical dashed lines show the optimum detunings as defined by Eq.
!10", for the three sets of curves.
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FIG. 4. FWHM of the resonance curve of !e with !w, in units of
& /2, as a function of the ratio $#st /!st$, for a system identical to
Fig. 3. !st /2+=−200 MHz and #st varies from 0.1$!st$ to 10$!st$.
The different curves are for different values of #w which are 0.1
MHz !solid line", 0.5 MHz !dashed line", 1 MHz !dotted line", and
5 MHz !dotted-dashed line". The lines give the numerical results
from the master equation, with no approximations. The symbols
plot the FWHM as given by Eq. !15".
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!0 !
"
2"1 − 1#1 + #st2 /$st2 $ . %14&
Then, we assume that the increasing weak transition cou-
pling power broadens this limit linewidth, resulting in the
effective linewidth !eff,
!eff = #!02 + 2#w2 . %15&
For strong saturation %#st
2 /$st
2
!1&, !0!" /2%1−$st /#st&
tends to the maximum value of " /2, and !eff!!0. For low
saturation, the limit linewidth behaves like !0
!" /2%#st
2 /2$st
2 & and tends to 0, the main contribution to the
linewidth is then due to the weak coupling, !eff!#2#w.
This dependence of !eff with '#st /$st' is shown in Fig. 4
for different values of #w and a far detuned strong coupling
laser $st=−10". The comparison between Eq. %15& and the
exact FWHM of the resonance profile of !e with $w, calcu-
lated numerically, shows a very good agreement as long as
#w remains weak compared to " /2. When this approxima-
tion is not valid, the methods used above result in an over-
estimation of the linewidth for #st%$st %dashed-dotted line
in Fig. 4&. These curves show that the effective linewidth of
the excitation scheme can be adjusted continuously by the
ratio '#st /$st'. When this ratio is chosen to optimize the
maximum of !e (see Eq. %10&), the effective linewidth can be
evaluated through Eq. %15&. For #w /""1, !0!#2#w, and
!eff!2#w. This value gives the lower boundary for an esti-
mation of the effective linewidth when parameters are set to
optimize the excited population.
IV. TWO-STEP DOPPLER COOLING
So far we have neglected the effect of the center-of-mass
motion on the atomic dynamics. In the following, the con-
sidered atoms are trapped in a harmonic potential, as in Ref.
(2), their motion is periodic and can give rise to sidebands
(13). To quantify the efficiency of the proposed two-step
Doppler cooling, we assume that the effective linewidth !eff
is larger than the frequencies of oscillation &i of the ions in
the trap. Practically, it means that the sidebands are not re-
solved in the absorption spectra and from the point of view
of laser-atom interactions, the atoms can be considered as
free (13). Furthermore, we also assume that the recoil fre-
quency 'k j
2 /2m %j being w or st& is smaller than the effective
linewidth (14) and that the frequencies of oscillation are high
enough so that the root mean square of the velocity vrms is
not significantly changed during one oscillation period.
Within these boundary conditions, the effect of the atom mo-
tion can be taken into account in the master equation (Eq.
%1&) and its stationary state solution (Eq. %6&) by the Doppler
effect which shifts the detuning from $st to $st−kst ·v and $w
to $w−kw ·v.
To simplify the notations, we consider a one-dimensional
problem, extrapolation to three dimensions being obvious.
We assume that the two lasers propagate along the same axis,
so v is the velocity along that axis and the positive sign is
defined with respect to kw. Consequently, the projection kst is
positive %negative& if the laser on the strong transition co-
propagates %counterpropagates& with the laser on the weak
transition. By definition, kw is always positive.
For traveling waves, the radiative force F leading to Dop-
pler cooling results from momentum transferred to the atom
by photons on absorption-emission cycles. It is exactly the
gradient of the atom-light interaction potential (14) given in
Eq. %4&, F='kw#w Im%(gm&+'kst#st Im%(me&. Using the rela-
tions induced for the stationary state density matrix by the
master equation, one can show that this definition is equiva-
lent to F%v&='kw)eg"!e%v&+'kst"!e%v&. In the simplifying
case where the decay from 'e* to 'm* is neglected %)eg=1&,
the radiative force is
F%v& = '%kw + kst&"!e%v& . %16&
This is exactly the result one would obtain by analogy with a
two-level system where the momentum transferred on each
absorption-emission cycle is '%kw+kst& %when averaged on
several cycles& and where the number of cycles per unit time
is the excited state scattering rate " times the probability to
be in this excited state !e. The introduction of the effective
momentum keff= %kw+kst& as the momentum transferred to
the atoms is very significant. It demonstrates that the role of
the coupling on the strong transition is not only to shorten
the lifetime of the metastable state 'm*, which would be in-
dependent on the relative direction of the two lasers. This
sensitivity of the cooling process to the relative direction
of propagation has been experimentally demonstrated in
Ref. (2).
F%v& can be split in a constant force F0, which acts on an
immobile atom and in a velocity-dependent force F%v&−F0,
responsible for the cooling process. For trapped particles, F0
shifts the center of the trajectory by F0 /m&i2 and is not in-
volved in the cooling. The cooling force, proportional to
!e%v&−!e%v=0& can be considered as a damping force −)v
only at first order in v %i.e., for v"!eff /kx& (15).
In the approximation where #w is the smallest relevant
coupling parameter, the analytic expression of the slope of !e
with v is simple enough to give an insight to the dependence
of ) with the coupling parameters
) ! − '%kw + kst&2"!e
2%0&
8"2$wkw + 8(4$w%$st + $w& − #st
2 )($w%kst + kw& + %$st + $w&kw)
#st
2 #w
2 %kw + kst&
. %17&
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First, one can check that for negative detuning !st and nega-
tive relative detuning !w−"LS, the # coefficient is positive
and damping effectively takes place. Second, the particular-
ity of the regime of large detunings !st and low saturation
!$st
2
!!st
2 " for the strong transition is revealed by Eq. !17".
Indeed, in this limit, the detuning !w !which is very close to
"LS", is negligible compared to !st and then, only kw controls
the slope of !e with v. It means that the velocity dependence
of the force is proportional to kwv, and that, at first order in
v, the efficiency of the strong coupling is not reduced by the
Doppler effect. Nevertheless, the relative direction of the two
lasers remains relevant for the effective momentum keff
transferred to the atoms as the ratio between the sum and the
difference of the two wave vectors kw and kst is equal to 11.9
for Ca+, 4.4 for Sr+, and 1.9 for Ba+.
When the light shift becomes non-negligible compared to
!st, the slope becomes steeper for copropagating lasers.
However, the major effect of the relative direction of propa-
gation remains the size of the effective momentum keff. In
the following, we consider only the case where the two lasers
are copropagating and call k the maximum effective momen-
tum. Figure 5 shows the damping coefficient # for three
different values of $w, in a regime where the effective line-
width depends on $w. The efficiency of the damping shows
a maximum, which corresponds to a minimum of the cooling
time, for detuning !w−"LS increasing with the linewidth of
the signal. Numerical results show that, for fixed Rabi fre-
quency on the weak transition $w, # is maximized and so the
cooling time minimized for $st /!st close to its optimum de-
fined to reach maximum fluorescence #see Eq. !10"$. In prac-
tice, maximizing the fluorescence rate also results in reduc-
ing the cooling time and this optimum condition was used
for plots in Fig. 5. The curves show that, with this condition,
the maxima of the damping are very close and that the ad-
vantage of an increase in $w is mainly to broaden the fre-
quency range where damping is efficient.
The temperature reached by Doppler cooling results from
the equilibrium between the damping due to the momentum
transfer and the diffusion induced by spontaneous emission.
By conservation of energy, the scattered photons have the
momentum k and by analogy with two-level systems, the
diffusion coefficient is #16$
D =
1
2
%2k2&!e!0" !18"
and the temperature reached is kBT=D /#.
Numerical calculations show that the minimum tempera-
ture TD is reached for !w−"LS=−'eff /2, as expected by anal-
ogy with a two-level system. They also show that the rel-
evant parameter for the strong coupling is the ratio %$st /!st%
since for identical ratio, different values of !st or $st give the
same results. The minimum temperature TD is plotted in Fig.
6 versus %$st /!st%, for the wavelengths of Ca+ and with co-
propagating lasers. As with the effective linewidth, the limit
temperature can be adjusted continuously down to a few (K
by the choice of $st /!st, the lowest temperature being con-
trolled by $w. As a comparison, the limit temperature
reached by Doppler cooling on the allowed dipole %g&→ %e&
transition on Ca+ ions is 0.55 mK. Contrary to a two-level
system, the Doppler limit temperature can be lowered, but to
the detriment of the fluorescence rate. Nevertheless, as low
temperatures can be reached by continuously reducing the
effective linewidth, the cooling process can be started with a
high damping factor, resulting in a total cooling time shorter
than if the cooling process would be made permanently on a
very narrow transition. As for the capture range, defined by
the velocity for which the cooling force is maximal, numeri-
cal results confirm the intuitive idea that it increases with the
effective linewidth 'eff, which in practice, increase with
%$st /!st% and/or $w !see Sec. III B". It is possible to reach a
broad capture range at the same time as keeping a high
damping factor and fluorescence rate by increasing %$st /!st%
and obeying the optimum condition defined in Sec. III A
#Eq. !10"$. This is shown in Fig. 7 where the dependence of
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FIG. 5. Damping factor # in units of %k2 versus the relative
detuning of the weak transition from the light shift. Ca+ wave-
lengths are used !)w=732 nm and )st=866 nm" and & /2*
=20 MHz. The three curves are for different values of $w /2*: 0.1
MHz !solid line", 0.5 MHz !dashed line", and 1 MHz !dotted line",
!st /2* is fixed to −10& and $st is chosen to obtain the maximum
signal, according to Eq. !10".
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FIG. 6. Doppler limit temperature versus %$st /!st% for Ca+
wavelength !)w=732 nm and )st=866 nm" and & /2*=20 MHz,
#eg=1. For a given ratio %$st /!st% the curves are identical for dif-
ferent !st. The different curves are for different values of $w /2*:
0.1 MHz !solid line", 0.5 MHz !dashed line", and 1 MHz !dotted
line".
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the effective force F¯ rms with the root-mean-square velocity is
plotted for the condition leading to the minimum Doppler
limit, !w="LS−#eff /2. Within the assumption defined at the
beginning of this section, this effective force can be approxi-
mated by F!vrms"−F!−vrms".
The lowest temperatures shown in Fig. 6 have only a
theoretical meaning as, in practice, for reaching these tem-
peratures, the effective linewidth of the system must be re-
duced and reach values smaller than the recoil and the oscil-
lation frequencies. Then, to make predictions, other
mechanisms than the Doppler cooling must be taken into
account, as the well-known sideband cooling which will not
be developed here but for which efficiency has been experi-
mentally demonstrated #10,11$.
V. CONCLUSIONS
We have studied a two-step photoexcitation process in a
ladder system with a metastable intermediate state, as can be
found, e.g., in alkaline-earth-metal atoms and in alkaline-
metal-like ions. In the case of Ca+, Sr+, and Ba+, the two
excitation wavelengths belong to the red or infrared domain
whereas the scattered photons lie in the blue domain, which
offers the possibility of fluorescence detection without stray
light background. Our numerical and analytical studies show
that this excitation process can be a powerful alternative for
the detection of ions or readout of their internal state. Indeed,
the number of photons can easily reached one-tenth of what
is expected from direct excitation on a dipole-allowed tran-
sition and the absence of background signal due to scattered
light can compensate this lower signal. Furthermore, we
demonstrate that two-step Doppler cooling can efficiently
take place and that resolution of oscillation sidebands is not
required to reach temperatures lower than 100 $K. The
width of the resonance profile and the Doppler limit tempera-
ture can be varied continuously by tuning the power and/or
detuning on the dipole-allowed transition. This cooling
mechanism can be of great interest for traps with low oscil-
lation frequencies or with geometry leading to a high stray
light level such as microtraps.
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FIG. 7. Effective force F¯ !vrms" in units of %k& versus
kvrms / !& /2" for Ca+ wavelength !'w=732 nm and 'st=866 nm"
and & /2(=20 MHz, )eg=1. The different curves are for different
values of *w /2(: 0.1 MHz !solid line and dotted-dashed line" and
1 MHz !dashed line". !st is fixed to −10& and *st is chosen to
obtain the maximum signal, according to Eq. !10", only for the
curves plotted with the solid line and the dashed line, *st
=34 MHz !solid line", 106 MHz !dashed and dotted-dashed line",
!w="LS−#eff /2.
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II.3.3 Refroidissement Doppler d’ions calcium utilisant une transi-
tion interdite en mode dipolaire
La technique proposée dans l’article précédent a été validée expérimentalement53 avec le dis-
positif expérimental du groupe de M. Drewsen à Aarhus, sur un système de quatre ions en piège
rf linéaire. Dans le schéma original tel qu’il est proposé plus haut, le système en échelle en-
visagé est S1/2 → D3/2 → P1/2 (voir figure II.14). Pour la réalisation expérimentale, le sys-
tème atomique est compliqué par le fait que le groupe a choisi de ne pas utiliser la transition
S1/2 → D3/2 dont la fréquence exacte n’est pas connue avec précision. La fréquence de la
transition S1/2 → D5/2 est elle déterminée plus facilement mais le système en échelle corre-
spondant S1/2 → D5/2 → P3/2 n’est pas fermé à cause de la désexcitation possible de P3/2 vers
D3/2. Le protocole de refroidissement envisagé nécessite donc un laser repompeur. J’ai vérifié
numériquement que le système à 5 niveaux couplé par 3 lasers se comporte comme le système
à trois niveaux envisagé dans l’article de principe. L’article qui suit est donc bien une validation
expérimentale de l’efficacité du refroidissement Doppler proposé et de sa possibilité à refroidir
sous la limite Doppler de la transition dipolaire électrique.
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Doppler cooling of calcium ions using a dipole-forbidden transition
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Doppler cooling of calcium ions has been experimentally demonstrated using the S1/2→D5/2 dipole-
forbidden transition. Scattering forces and fluorescence levels a factor of 5 smaller than for the usual Doppler
cooling on the dipole-allowed S1/2→P1/2 transition have been achieved. Since the light scattered from the ions
can be monitored at !violet" wavelengths that are very different from the excitation wavelengths, single ions
can be detected with an essentially zero background level. This, as well as other features of the cooling scheme,
can be extremely valuable for ion-trap-based quantum-information processing.
DOI: 10.1103/PhysRevA.77.021401 PACS number!s": 37.10.De, 37.10.Gh
In the last few decades, a large variety of laser cooling
techniques have been proposed and demonstrated #1,2$.
These include Doppler cooling #3,4$, sideband cooling #5–8$,
stimulated cooling #9$, polarization gradient cooling #10–12$,
magnetically induced laser cooling #13$, Raman cooling
#14,15$, and intercombination line cooling #16,17$. A charac-
teristic of these cooling schemes is a trade-off between the
velocity range where the cooling mechanism is efficient and
the final achievable minimum temperature. As a conse-
quence, most experiments today use more than one cooling
mechanism. For quasifree neutral atoms with degenerate
ground state sublevels, a combination of Doppler and polar-
ization gradient cooling can be used relatively easily to ob-
tain dense ensembles of atoms in the microkelvin range
#10,18$. For neutral atoms lacking ground state sublevels,
such as most alkaline-earth-metal elements, a more elaborate
cooling scheme such as a second Doppler cooling stage on a
weak intercombination line is required in order to obtain
ultracold atoms #16,17,19$. With respect to trapped ions, a
two-step cooling process consisting of a Doppler cooling
phase followed by a resolved-sideband cooling phase is typi-
cally used to cool from initial high thermal energies to close
to the ground state of the trapping potential. For the sideband
cooling step, either a Raman cooling scheme #7$, an electro-
magnetically induced transparency cooling process #8$, or
excitation on a weak, narrow-linewidth transition #6,20$ is
used.
In this Rapid Communication, we demonstrate a scheme
for Doppler cooling of 40Ca+ ions that relies on the combined
action of driving the S1/2→D5/2 electric quadrupole transi-
tion and the dipole-allowed D5/2→P3/2 transition #Fig. 1!a"$.
While the required velocity dependence of the cooling force
is obtained through excitation of the S1/2→D5/2 quadrupole
transition by an intense laser beam at 729 nm, a copropagat-
ing 854 nm “assisting” laser beam is applied to drive the
D5/2→P3/2 dipole transition. This latter laser field increases
the effective decay rate !! of the D5/2 state to the S1/2 ground
state, as well as increasing the cooling force because of the
extra momentum transferred to the ions by the 854 nm pho-
tons. Ground state cooling using a resolved sideband of the
S1/2→D5/2 quadrupole transition has already been demon-
strated in the regime where !! is smaller than the relevant
motional mode frequency of the trapped ions " #20$. In con-
trast to this, we here consider Doppler cooling, where
!!#". By using a narrow-bandwidth 729 nm laser, lower-
ing the intensities, and changing the detunings of the lasers
the presented cooling scheme can, however, be transformed
into a resolved-sideband cooling scheme with little addi-
tional complexity. In our experiments, scattering forces and
fluorescence levels only about a factor of 5 smaller than for
the usual Doppler cooling on the dipole-allowed S1/2→P1/2
transition have been achieved. As discussed at the end of this
Rapid Communication, the Doppler cooling scheme pre-
sented here has several features of particular interest for
quantum-information processing with trapped ions.
A reduced level scheme of Ca+ is shown in Fig. 1!a",
together with the laser excitations and fluorescence paths of
interest for the presented cooling scheme. The key laser-
excited transitions in the cooling scheme are the S1/2→D5/2
*drewsen@phys.au.dk
FIG. 1. !Color online" !a" Relevant energy levels and transitions
of the 40Ca+ ion. !b" Experimental setup. Three different situations
are illustrated, I: Axial cooling where the cooling and assisting la-
sers are copropagating. II: Axial cooling with counterpropagating
cooling and assisting lasers. III: Three-dimensional cooling with the
cooling laser at an angle of 45° to the trap axis and the assisting
laser parallel to the trap axis.
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electric quadrupole transition at 729 nm, which has a natural
width of just !c=2"#0.14 Hz !21", and the 854 nm
D5/2→P3/2 dipole transition, which has a linewidth of
!=2"#23 MHz. Ions excited to the P3/2 level will pre-
dominantly decay to the S1/2 ground state by the emission of
light at 393 nm. They can also, however, decay with prob-
abilities 0.07 and 0.008 to the D5/2 and D3/2 levels, respec-
tively, emitting infrared light. To prevent optical pumping
into the D3/2 level, a repumper laser at 866 nm is used to
excite ions to the P1/2 level, from where the ground state can
be reached via the emission of a 397 nm photon.
The experimental setup is sketched in Fig. 1#b$. The 40Ca+
ions are stored in a segmented linear radio-frequency trap
#details of which can be found in !22"$ housed in an
ultrahigh-vacuum chamber with a residual pressure of ap-
proximately 6#10−10 mbar. The ions are loaded into the trap
via isotope-selective photoionization !23", and the trap pa-
rameters are set such that the single-ion axial and radial mo-
tional frequencies are approximately 2"#0.56 MHz and
2"#0.95 MHz, respectively. Sets of Helmholtz coils are
used to null the magnetic field to a level of about 5 mG.
The 729 nm light, which has a linewidth of approximately
200 kHz, is generated by a Ti:sapphire laser stabilized to an
external optical cavity. Up to 250 mW of power is available
in a beam focused to a waist of 50 $m at the trap center.
This leads to a maximum achievable quadrupole transition
Rabi frequency of %2"#1 MHz !24". The beam propagates
either parallel to or at an angle of 45° to the axis of the trap,
with the latter configuration enabling cooling of both the
axial and radial motion of the trapped ions. The light is al-
ways linearly polarized within the horizontal plane. The
854 nm assisting and the 866 nm repumper laser beams are
derived from extended-cavity diode lasers locked to external
optical cavities and have linewidths of about 300 kHz. A
maximum of 3 mW is available at each wavelength, and
beam waists of %280 $m are used. Both beams can either
co- or counterpropagate with the 729 nm laser beam when
the latter is directed along the axis of the trap. The polariza-
tion of both these lasers is rotated at a frequency of 4 MHz
using an electro-optic modulator to prevent the formation of
“dark” states !25". In order to keep the ac Stark shift and
broadening of the D5/2 level Doppler insensitive at low ion
velocities, the 854 nm laser is kept at a constant detuning of
approximately 100 MHz. With a power of 1 mW this leads
to an effective decay rate of the D5/2 level, !!, of about 2"
#2 MHz, which is larger than the single-ion oscillation fre-
quencies.
Since the laser power at 729 nm is limited and the overlap
between the trapping volume and the 729 nm laser beam is
small, cooling of the ions using the 729 and 854 nm lasers is
not very efficient in the phase immediately after loading,
where the ions have kinetic energies in the eV range. For this
reason, in all experiments the ions are first Doppler cooled in
all directions using the S1/2→P1/2 dipole-allowed transition
at 397 nm in the presence of the 866 nm repumper. Mechani-
cal shutters with a switching time of approximately 0.1 ms
are used to change between the 397 and 729 nm cooling
configurations.
Ions are detected by imaging the 393 and 397 nm fluores-
cence light onto both a photomultiplier-tube-based photon-
counting module and an image-intensified charge-coupled
device #CCD$ camera. Filters are used to prevent any light at
red or infrared wavelengths from reaching the detectors. The
overall detection efficiencies of the photon-counting module
and the CCD camera system are 3.6#10−4 and 8.4#10−5,
respectively.
In Fig. 2, the detected fluorescence rate from a string of
four ions is presented as a function of the 729 nm cooling
laser detuning. Each plotted point is an average of 20 con-
secutive measurements, with the error bars representing the
standard deviation of these. Each individual measurement is
preceded by precooling on the dipole-allowed transition, and
the fluorescence level is measured over 200 ms after these
precooling beams are switched off. For all data points the
729 nm laser beam propagates along the axis of the trap,
with the assisting laser beam being either co- or counter-
propagating. For the counterpropagating case, the fluores-
cence level does not change significantly with the detuning,
indicating that there is little change in the velocity distribu-
tion of the ions. In the copropagating scenario, however, the
fluorescence signal shows a pronounced resonant structure
indicating a strong mechanical effect of the light fields. This
striking difference, which is not pronounced in resolved side-
band cooling, can be explained by the fact that the two-
photon momentum kick received by the ion when excited to
the P3/2 level is about 13 times smaller in the counterpropa-
gating situation than in the case of copropagating beams. At
the largest negative detunings, the fluorescence rate for co-
propagating beams is clearly lower than for counterpropagat-
ing beams, indicating that the ions are so efficiently cooled
that they Doppler tune out of resonance.
Another way to characterize the cooling effect is to moni-
tor the change in position #jumping$ of a single sympatheti-
cally cooled ion in an ion string over time. Only if the kinetic
energy of the ions is high enough to overcome the rearrange-
ment potential barrier, typically corresponding to %1 K, will
a jump take place. In Fig. 3, the fraction of times R that a
single, nonfluorescing, sympathetically cooled ion in a four-
ion string is observed to change position during a 200 ms
period of cooling is presented as a function of the detuning
of the 729 nm laser. The corresponding integrated fluores-
FIG. 2. #Color online$ Detected fluorescence rate from four ions
as a function of the 729 nm laser detuning for copropagating #red,
filled circles$ and counterpropagating #blue, open triangles$ cooling
and assisting laser beams. The inset shows a CCD image of the four
ions.
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cence is also plotted. Clearly there is a dramatic change in
the parameter R around zero detuning, which indicates that
cooling is indeed taking place at all negative detunings and
heating at positive detunings. This conclusion is further sup-
ported by comparison with the value of R when no cooling
beams are present. The nonzero value of R in this case is
mainly due to trap-induced heating !26". Since the resonance
of the 729 nm cooling transition is shifted from that of the
unperturbed transition by the presence of the 854 nm assist-
ing laser, we have defined the zero detuning in Figs. 2 and 3
to be the frequency at which R starts to increase steeply.
Based on the observed fluorescence rates and the efficien-
cies of the photon-detecting devices, the maximum achieved
scattering forces in the co- and counterpropagating configu-
rations are estimated to be 4.2!10−21 and 3.3!10−22 N, re-
spectively. While the latter is nearly two orders of magnitude
smaller than for standard Doppler cooling using the
S1/2→P1/2 dipole-allowed transition, the copropagating ge-
ometry gives a force that is only about a factor of 5 lower.
The widths of the resonances in the fluorescence are limited
by several effects, but assuming Doppler broadening due to
the finite temperature of the ions to be dominant, a conser-
vative estimate of the ion temperature of a few millikelvin is
obtained.
With the 729 nm cooling laser propagating at an angle of
45° to the axis of the trap, both axial and radial motions of
the ions have been cooled. Using such a configuration, single
ions have remained laser cooled for periods of up to a few
minutes. This time seems to be limited by a nonsufficient
velocity capture range with the present power level of the
729 nm laser to recool ions that have collided with back-
ground atoms or molecules.
A simple way to overcome this problem would be to in-
crease the velocity capture range by increasing the power of
the 729 nm laser. At this wavelength, narrow-bandwidth la-
sers with output powers of several watts have been demon-
strated !27". A complementary path to enlarge the velocity
capture range is to exploit the fact that the S1/2→D5/2 tran-
sition actually consists of ten Zeeman components, which
can be split by applying a magnetic field. For a negative
detuning of the 729 nm laser with respect to all the Zeeman-
split transitions, a cooling force with a maximum value at
different velocities will exist for each of the Zeeman lines. In
Fig. 4, a series of fluorescence spectra is presented for cool-
ing experiments in the axial cooling geometry with various
magnetic field strengths applied parallel to the trap axis. In
this geometry only the four "m j = #1 lines are active !24".
As the magnetic field is increased from zero to 1.2 G, a
significant broadening is observed without any drop in maxi-
mum fluorescence. At higher magnetic fields the Zeeman
splitting of the lines becomes comparable to the width of the
power-broadened forbidden transition, leading to optical
pumping into the more weakly coupled Zeeman substate.
This results in a lower scattering rate, which is visible in the
upper two panels of Fig. 4.
The presented Doppler cooling scheme could be made
slightly simpler by exciting the 733 nm S1/2→D3/2 transition
instead of the S1/2→D5/2 transition. In this case the 866 nm
laser acts as the assisting laser without need for any re-
pumper laser. In quantum logic #metrology$ experiments
where S1/2 and D5/2 substates are the qubit #relevant$ states
this scheme would be favorable, since the two cooling lasers
can also be used in projection measurements !20,28".
Independent of which transition is used, the benefits of the
presented Doppler cooling scheme are manifold. First, it re-
duces the number of lasers and laser beams needed to even-
tually obtain ground state cooling. Only changes to the in-
tensities and frequencies of the two cooling lasers are needed
to meet the conditions for resolved-sideband cooling previ-
ously demonstrated on the S1/2→D5/2 quadrupole transition
!20". Second, light scattered from the ions is at violet wave-
lengths that are very different from the red and infrared ex-
citation wavelengths. This is equivalent to the situation in
two-photon microscopy !29", and leads to an essentially zero
spurious scattering background level. This feature can be ex-
tremely valuable for fast readout of qubits in ion-trap
quantum-information processing !30,31". Third, the require-
ment that the 729 or 733 nm laser have a high intensity and
consequently small focus is very compatible with modern
microtraps, in which tight laser focuses are in any case re-
quired. These traps have typical electrode spacings of
%100 $m !32", and the presented cooling scheme benefits
FIG. 3. #Color online$ Fraction of times, R, that a nonfluoresc-
ing ion in an ion string is seen to switch position as a function of
729 nm laser detuning #blue, open triangles$, along with the corre-
sponding fluorescence rate #red, filled circles$. The average jump
rate without the 729 nm laser is also shown #shaded horizontal bar$.
The inset shows a CCD image of the four-ion string, with the gap
indicating the position of the nonfluorescing ion.
FIG. 4. #Color online$ Detected fluorescence as a function of
729 nm laser detuning for different magnetic field strengths. The
vertical blue bars indicate the positions of the four "m j = #1 Zee-
man components to which the laser couples.
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from the excellent overlap between the trapping volume and
the laser beams that can be achieved. Fourth, only lasers in
the red and infrared part of the spectrum, where narrow-
bandwidth high-power lasers are widely available, are ap-
plied. Such technological aspects may play an important role
when deciding on a specific ion species for large-scale
quantum-information processing !33". Finally, in connection
with sympathetic cooling of complex molecular ions, the
problem of photofragmentation might in some cases be re-
duced by using red instead of violet light !34".
Although in the present investigations we have focused on
the 40Ca+ ion, the cooling scheme can also be applied to the
other isotopes of calcium as well as other ions with a similar
atomic level structure, such as Sr+, Ba+, and Hg+ !24". For
sympathetic cooling of complex molecules, Ba+ is a particu-
larly interesting ion since the S1/2→D3/2 transition is at
2051 nm—a wavelength at which large molecules often do
not absorb and at which powerful commercial fiber lasers
exist.
In conclusion, a Doppler cooling scheme relying on exci-
tation of the S1/2→D5/2 electric quadrupole transition in the
40Ca+ ion has been demonstrated. The cooling scheme,
which is readily extendable to other alkaline-earth-ion spe-
cies, contains several features that are interesting for ion-
trap-based quantum-information processing and cold com-
plex molecular ion research.
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Le protocole de refroidissement présenté dans les deux articles précédents met à profit une
transition fine sur un refroidissement de type Doppler. Cette méthode n’est donc pas le monopole
des ions piégés et une technique similaire a permis, par exemple, de descendre sous la limite
Doppler usuelle la température d’un jet de magnésium54,55. Les méthodes développées pour les
ions piégés peuvent donc être mises à profit dans des expériences avec des atomes neutres, et
vice-versa. Une illustration brillante de l’échange fructueux entre ces deux types d’expérience
est donné par le confinement d’atomes neutres dans des réseaux optiques, basés sur la force
dipolaire exercée par un laser puissant et très désaccordé. Grâce à ce mode de confinement, la
discrétisation du spectre Doppler, bien connue chez les ions piégés, et dû au profil harmonique
du potentiel au fond des puits, est mise à profit dans les horloges à réseaux optiques où le régime
de Lamb-Dicke est atteint "par définition", la taille des puits étant inférieure à la moitié de la
longueur d’onde du piège56. Cette méthode permet aux horloges à réseau optique de pouvoir
rivaliser en précision avec les horloges à ions unique57. Néanmoins, il est d’usage de considérer
dans la communauté atomes (et ions) froids que le piégeage optique par interaction dipolaire
est réservé aux neutres alors que les ions doivent être confinés par interaction coulombienne
avec un champ électrique. Cette séparation de principe est aujourd’hui remise en cause par la
démonstration du piégeage dipolaire d’un ion unique par l’équipe de T.Schätz58. Grâce à une
transition continue entre le piégeage rf et le piégeage dipolaire, un ion unique de magnésium
est confiné optiquement en moyenne pendant 1.8 ms. Après cette démonstration de principe, on
peut penser que le temps de piégeage optique pourra être augmenté et qu’il sera exploité pour
des expériences nouvelles où un ion et un atome neutre pourront cohabiter dans le même piège.
Il faut noter que l’expérience a lieu dans un piège linéaire et que seul le confinement dans le
plan radial est remplacé par un confinement dipolaire, un potentiel statique assurant toujours le
confinement le long de l’axe de symétrie par couplage coulombien, ce qui ne suffira pas à un
atome neutre.
Le chapitre suivant aborde toujours des phénomènes de couplage atome-laser mais où la
cohérence entre plusieurs excitations est primordiale. Ces phénomènes peuvent tout aussi bien
avoir lieu dans des ions piégés que dans des atomes neutres, mais la structure interne nécessaire
à l’existence de certains de ces phénomènes se rencontre plus souvent dans la famille des ions
communément piégés.

Chapitre III
PROCESSUS COHÉRENTS AVEC DES IONS
PIÉGÉS : LE MOUVEMENT EN PLUS
Un ion unique, refroidi en piège de Paul, est un très bon sujet pour des protocoles cohérents
d’interaction laser. À deux photons, le paradigme de ces protocoles est le piégeage cohérent
de population dont la signature est une résonance noire dans le spectre de fluorescence. Dans
le premier paragraphe de ce chapitre, nous rappelons le concept général du piégeage cohérent
de population à deux photons avant de reproduire un article où la dépendance du contraste de la
résonance noire avec le mouvement de l’ion est exploité comme diagnostic du micro-mouvement
en excès. Dans le deuxième paragraphe, l’extension de ce concept à un processus à trois photons
est proposée pour des ions de la famille du calcium. L’existence d’une configuration sans effet
Doppler est mise à profit pour proposer une référence de fréquence, dans le domaine THz, cette
fois. Le gain en stabilité ainsi que les limitations en termes d’effets systématiques sont calculés
dans un article reproduit dans ce paragraphe. Un deuxième article, plus fondamental, analyse
cette résonance à trois photons dans deux cas particuliers de configuration laser et propose une
prise en compte de l’effet Doppler oscillant quand celui-ci n’est pas annulé géométriquement.
III.1 Processus cohérents à deux photons
III.1.1 Piégeage cohérent de population
Le niveau fondamental S1/2, l’état métastable D3/2 et l’état excité P1/2 de l’ion calcium et de
ses congénères forment un système en Λ quand ils sont couplés par le laser de refroidissement
à 397 nm (transition bleue-B) et le laser repompeur à 866 nm (transition rouge-R) (voir figure
II.14). L’explication du concept de piégeage cohérent de population (coherent population trap-
ping CPT) est beaucoup plus naturelle dans la base des états habillés par des photons59 et cette
approche, introduite par E. Arimondo60, permet d’envisager beaucoup d’effets. Dans cette base,
les états propres du système non couplé {atome+NB photons bleus+NR photons rouges} seront
notés
|P 〉 =
∣∣∣P1/2, NB − 1, NR − 1〉
|S〉 =
∣∣∣S1/2, NB, NR − 1〉
|D〉 =
∣∣∣D3/2, NB − 1, NR〉
et leur énergie propre dépend du désaccord du laser bleu ∆B = h¯(ωB − ωSP ) et du laser rouge
∆R = h¯(ωR − ωDP ) où ωB/R sont les fréquences des lasers bleu et rouge et ωSP , ωSD les
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fréquences propres des transitions atomiques. Ce système est représenté sur la figure III.1 dans le
cas d’un zéro d’énergie propre choisi pour l’état |S〉. La force des couplages dipolaires est quan-
Figure III.1 : Système en Λ formé par les états habillés {|P 〉 , |S〉 , |D〉} et les couplages lasers
sur les transitions dipolaires bleue ( S1/2 → P1/2 à 397 nm) et rouge ( D3/2 → P1/2 à 866 nm).
tifiée par la pulsation de Rabi associée (h¯Ω = d.E) et dans la base {|P 〉 , |S〉 , |D〉}, l’hamiltonien
de couplage dipolaire HˆAL s’écrit comme59 :


|P 〉 |S〉 |D〉
−∆B ΩB
2
ΩR
2
ΩB
2
0 0
ΩR
2
0 ∆R −∆B


(III.1)
La recherche des nouveaux états propres de ce système couplé fait apparaître deux états parti-
culiers, combinaisons linéaires de l’état fondamental et de l’état métastable. Premièrement un
état non couplé aux champs lasers |ψNC〉 :
|ψNC〉 = (−ΩR |S〉+ ΩB |D〉) /Ω (III.2)
tel que HˆAL |ψNC〉 = 0 et son état orthogonal
|ψC〉 = (+ΩB |S〉+ ΩR |D〉) /Ω (III.3)
avec Ω =
√
Ω2B + Ω
2
R. La réécriture de l’hamiltonien de couplage HˆAL dans la nouvelle base
{|P 〉 , |ψC〉 , |ψNC〉} met en évidence le statut particulier de |ψNC〉 dont le couplage au reste du
système {atome+photons} est nul si la condition de résonance à deux photons∆B −∆R = 0 est
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respectée : 

|P 〉 |ψC〉 |ψNC〉
0
Ω
2
0
Ω
2
Ω2B∆B + Ω
2
R∆R
Ω
2
ΩBΩR
Ω
2 (∆R −∆B)
0
ΩBΩR
Ω
2 (∆R −∆B)
Ω2B∆R + Ω
2
R∆B
Ω
2


(III.4)
Dans cette condition, l’état |ψNC〉 est isolé des champs lasers mais pas du champ électromagné-
tique du vide qui est responsable de l’émission spontanée de l’état P1/2 vers les états S1/2 etD3/2
et dont nous avons omis l’existence jusqu’ici. Au cours de l’excitation laser, l’état |ψNC〉 est peu-
plé par émission spontanée depuis l’état |P 〉 mais n’est dépeuplé par aucun mécanismea. Après
quelques cycles d’absorption-émission, la population atomique est piégée dans l’état |ψNC〉 qui
est une combinaison linéaire cohérente de deux états propres atomiques, d’où le terme piégeage
cohérent de population. La démonstration que nous venons de faire est reproduite de façon sché-
matique sur la figure III.2.
Figure III.2 : Couplage laser dans un système en Λ dont les pieds sont stables ou métastables par
rapport à l’émission spontanée. À gauche, couplage dans la base habillée {|P 〉 , |ψC〉 , |ψNC〉},
au centre, même chose dans le cas particulier de la résonance à deux photons ∆B −∆R = 0, à
droite, évolution de la population si on ajoute l’émission spontanée depuis |P 〉 .
Expérimentalement, le CPT se traduit par une extinction de la fluorescence émise par le
ou les ions dès que la condition de résonance ∆B − ∆R = 0 est vérifiée. Dans la pratique,
pour réaliser un spectre, un des lasers est à fréquence fixe et l’autre est balayée. Dès que ∆B −
∆R = 0, la fluorescence disparaît et on observe une résonance noire qui signe la projection
de l’état atomique dans l’état non couplé (voir un profil de résonance noire sur la figure III.3).
La largeur de la résonance observée traduit la largeur de l’état non couplé, elle ne serait élargie
que par saturation61. En fait, tout comme une largeur de raie traditionnelle, la largeur de la
raie noire est aussi limitée par la largeur spectrale des lasers responsables du couplage. Plus
précisément, c’est la largeur spectrale du désaccord relatif ∆B − ∆R qui est responsable de la
largeur "incompressible" de la raie noire. Le formalisme précédent ne permet pas d’expliquer
asi on néglige l’émission spontanée depuis l’état D3/2 dont le taux est inférieur à 1 s−1
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formellement cet effet. Il faut donc ajouter des ingrédients au modèle présenté plus haut pour
introduire les causes d’élargissement, c’est-à-dire les sources de décohérence.
Figure III.3 : Résonance noire dans le spectre calculé d’un ion de calcium immobile quand le
désaccord du laser à 866 nm ∆R est balayé. Les paramètres de l’interaction laser sont, pour la
transition à 397 nm ΩB = 2π × 10 MHz, ∆B = −2π × 10 MHz, pour la transition à 866 nm
ΩR = 2π × 1 MHz. Résultat attendu pour des lasers sans diffusion de phase (trait plein) et des
lasers de largeur spectrale de 1 MHz chacun (pointillés).
III.1.2 Influence du mouvement sur le piégeage cohérent de popu-
lation
Reprenons notre démonstration précédente en gardant à l’esprit que le système n’est pas parfait,
il y a des sources de décohérence qui peuvent brouiller la formation d’une combinaison linéaire
d’états propres, par exemple la diffusion en phase relative des lasers et le mouvement de l’ion
dans l’onde laser. Dans le cas où le système en Λ est couplé pas deux lasers indépendants, l’état
non couplé dépend de la phase relative φR − φB des lasers parb
|ψNC〉 = e−iφB−ΩB |D〉+ ΩRe
−i(φR−φB) |S〉
Ω
. (III.5)
Les dérives de phase relative des deux lasers se traduisent par une variation dans le temps de l’état
non couplé. Pour suivre cet état dans sa gigue, le système doit émettre des photons et la résonance
n’est plus noire mais grise (voir figure III.3). De plus, la gigue (ou jitter) des lasers se traduit
par une incertitude sur la condition de résonance à deux photons qui a donc elle aussi la largeur
des lasers (en fait la largeur quadratique moyenne
√
Γ2LB + Γ
2
LR
). Pour s’affranchir de cet effet,
il est nécessaire d’asservir en phase les deux lasers, comme pour les horloges CPT qui utilisent
la résonance noire entre les deux niveaux hyperfins du cesium comme référence de fréquence62.
Techniquement, quand la différence de fréquence entre les deux lasers est dans le domaine des
bΩB et ΩR sont supposées réelles
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GHz, il est possible d’obtenir des lasers asservis en phase en produisant le deuxième laser à
partir du premier par des techniques de modulations de phase couplées ou non à des techniques
d’injection maître-esclave. Quand les deux lasers sont dans des gammes spectrales si différentes
que 397 et 866 nm, une méthode possible est d’asservir les deux lasers sur le même peigne
de fréquence. Nous ne possédons pas de tel peigne au laboratoire, aussi toutes les résonances
mesurées ont une largeur minimale de l’ordre de 2 MHz.
Si de plus l’ion se déplace dans l’onde laser, l’état de l’ion est aussi décrit par la quantité de
mouvement p de l’ion le long de l’axe de propagation et il faut prendre en compte dans l’énergie
propre du système l’énergie cinétique le long de cet axe p2/2m. Les états habillés non couplés
deviennent alors
|P, p〉 =
∣∣∣P1/2, p,NB − 1, NR − 1〉
|S, p− h¯kB〉 =
∣∣∣S1/2, p− h¯kB, NB, NR − 1〉
|D, p− h¯kR〉 =
∣∣∣D3/2, p− h¯kR, NB − 1, NR〉
où h¯kB et h¯kR sont respectivement la quantité de mouvement d’un photon bleu et d’un photon
rouge.
La condition de résonance noire, qui formellement s’exprime comme la condition de non
couplage 〈ψC | Hˆ0 + pˆ2/2m |ψNC〉 = 0, devient maintenant
(∆
′
B −∆
′
R) +
p(kR − kB)
m
= 0 (III.6)
avec∆
′
R et∆
′
B les désaccords laser corrigés de l’énergie de recul du photon : ∆
′
= ∆+h¯k2/2m.
Dès que kR 6= kB (ce qui est le cas pour l’ion calcium), l’état non couplé est stationnaire
seulement si l’ion est immobile dans l’état P1/2. Dans le cas d’un ion oscillant dans un piège de
Paul, la condition de résonance noire oscille dans le temps et l’ion émet des photons pour suivre
l’état non couplé. La résonance est grise comme dans le cas de lasers non asservis en phase
et le contraste de la résonance noire est d’autant plus faible que l’amplitude du mouvement et
que le vecteur d’onde effectif kR − kB sont grands. Dans l’article qui suit, cet effet est mis
à profit pour caractériser le mouvement de l’ion et plus particulièrement le micro-mouvement
excédentaire dû aux potentiels de contact (voir II.2.1) dans la configuration de sensibilité maxi-
male au mouvement, c’est-à-dire pour deux lasers contra-propageants. Cet article nous a permis
de proposer le contraste de résonance(s) noires(s)c comme diagnostique de la compensation du
micro-mouvement excédentaire. Dans la pratique, il s’agit de ramener le fond du puits de poten-
tiel au point de champs rf nul par l’ajout de tensions statiques dans les 3 dimensions.
La méthodologie utilisée pour ce travail repose sur une comparaison entre les résultats ex-
périmentaux et les résultats numériques. Les résultats expérimentaux ont été obtenus sur un ion
unique de calcium en piège de Paul. La fréquence du laser bleu est fixe pour ne pas modifier les
conditions du refroidissement laser et la fréquence du laser rouge est balayée pour différentes po-
sitions du fonds du puits de potentiel dans le champs rf de confinement. Les résultats numériques
sont obtenus par résolution des équations de Bloch optiques pour un atome en mouvement. Dans
le cas du système en Λ envisagé ici, décliné en sous-niveaux Zeeman, il y a 8 vecteurs dans
cil y a plusieurs résonances noires quand les sous-niveaux Zeeman ne sont pas dégénérés
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la base des états propres atomiques et c’est donc une matrice 64x64 qui permet de calculer
l’évolution temporelle du système. Pour cet article, le mouvement de l’ion est traité de façon
classique par l’intermédiaire d’un désaccord dépendant du temps, induit par l’effet Doppler du
premier ordre ∆
′ − k.v(t) où v(t) est la vitesse instantanée de l’ion. Cette méthode de calcul,
exposée précédemment en II.2.1, est fastidieuse car elle requiert des temps d’intégration relative-
ment longs pour couvrir plusieurs périodes du mouvement et atteindre la convergence du calcul.
Néanmoins, cette méthode a l’avantage de pouvoir prendre en compte le mouvement séculaire
aussi bien que le micro-mouvement en excès, ce que ne permet pas la méthode semi-classique
qui sera vue en III.2.2 .
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ABSTRACT Single, rf-trapped ions find various applications
ranging from metrology to quantum computation. High-
resolution interrogation of an extremely weak transition under
best observation conditions requires an ion almost at rest.
To avoid line-broadening effects such as the second-order
Doppler effect or rf heating in the absence of laser cooling,
excess micromotion has to be eliminated as far as possible.
In this paper the motional state of a confined three-level
ion is probed, taking advantage of the high sensitivity of
observed dark resonances to the trapped ion’s velocity. Excess
micromotion is controlled by monitoring the dark-resonance
contrast with varying laser-beam geometry. The influence of
different parameters such as the cooling laser intensity has
been investigated experimentally and numerically.
PACS 32.80.Pj; 39.30.+w
1 Introduction
Dark resonances in a three-level system, also called
coherent population trapping, are a well-known example of
destructive quantum interference based on the interaction of
two light fields generating the coherent superposition of two
atomic states. Various applications of the coherent popula-
tion trapping scheme can be found in atomic physics from
high-resolution spectroscopy to subrecoil laser cooling of an
atom cloud [1] or electromagnetically induced transparency
(EIT) cooling of single ions [2–4]. Dark resonances have
been readily observed in trapped ions, almost exclusively
with co-propagating laser beams [5–8]. In general, the ob-
served splitting of the various Zeeman levels is used for an
exact quantitative calibration of the local magnetic field.
Single ions confined in radio-frequency (rf) traps are ideal
candidates for different applications of high-resolution spec-
troscopy such as quantum information or frequency standards
in the optical domain [9]. They can be stored in the trap
from hours up to months in a quasi-interaction-free environ-
ment, oscillating at fixed frequencies in an effective pseudo-
potential well. Laser cooling of a single trapped ion allows
to reach the Doppler-cooling limit, which is in the mK range.
! Fax: +33.491.28.87.45, E-mail: martina.knoop@up.univ-mrs.fr
To eliminate residual Doppler broadening on a given transi-
tion, the ion’s excursion along the laser-propagation direction
must be smaller than the inverse wavenumber to fulfil the
Lamb–Dicke condition [10]. The excitation spectrum of the
considered transition is then decomposed into a central car-
rier and a few sidebands separated by the ion’s frequencies of
motion (Lamb–Dicke regime).
The excellent spatial localization required by the
Lamb–Dicke condition can only be achieved in the low-field
region of the rf trapping field. Experimentally, this is realized
with the confinement of single ions in the potential minimum
of the trap, with one exception where two ions have been
stored in an extraordinarily steep, elliptical potential [11]. For
this purpose, the pseudo-potential at the position of the ion
has to be nearly perfectly symmetric. Flaws in the potential
due to asymmetries or patch potentials caused by atom de-
position during ion creation may distort the created potential
and deviate the minimum of the trap’s AC electric field from
the minimum of the pseudo-potential well. The resulting dis-
placement of the average position of the ion in the trap causes
an increase of the velocity amplitude at the confinement fre-
quency, called excess micromotion, and has to be corrected.
The influence of parasitic potentials can be compensated by
direct voltages applied to supplementary correction electrodes
in the vicinity of the trap.
Different experimental techniques have been employed to
reduce the excess micromotion of a single trapped ion ([12]
and references therein, [13]). In this paper, we present an ad-
ditional and straightforward method for the localization of an
ion in the miniature trap. We have used coherent population
trapping as a tool to minimize the micromotion of the confined
ion. Dark resonances depend ideally only on the lifetimes of
the two involved atomic states, which in the present exper-
iment are the 4S1/2 ground state and the metastable 3D3/2
state (natural lifetime close to 1 s [14, 15]) of a single calcium
ion confined in a miniature cylindrical ring trap. In practice,
the lifetime of the dark state is shortened by the linewidth of
the lasers, leading to a reduction of the visibility of the dark
resonance. The oscillating Doppler shifts encountered by the
ion also tend to wash out the dark resonance if the dark state is
not stable on the observation time scale. The study of the phe-
nomenon reveals that the maximum sensitivity to the veloc-
ity amplitude of the ion is reached with counter-propagating
laser beams. The proposed technique is based on the fact that
the depth of dark resonances observed in the fluorescence
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of a single ion increases with the degree of immobilization
of the ion. Excess micromotion drastically reduces the life-
time of the dark state, smoothing the observed dark-resonance
dip.
In this article, Sect. 2 describes the micromotion generated
in the radio-frequency trap; the existing methods to reduce this
effect are very briefly reviewed. In Sect. 3, we introduce the
formalism for dark resonances, along with the modelling used
to obtain a high degree of control of the experimental condi-
tions. Section 4 presents numerical results, while Sect. 5 is
devoted to the experimental observation of dark resonances
and its use as a tool to reduce excess micromotion. The in-
fluence of the main control parameters (laser power, beam
geometry, and magnetic field) is discussed.
Although we try to keep our discussion of the dark res-
onances in a three-level system as general as possible, we
use the case of a single trapped calcium ion as an illustration
throughout the description of the modelling. Experimental de-
tails are given in Sect. 5; the level scheme with the relevant
transitions of the calcium ion is depicted in Fig. 1.
2 Micromotion in a Paul trap
The motion of a trapped ion in an ideal Paul trap
is described by the Mathieu equation [16]
d2u
dτ 2
+ [au − 2qu cos(2τ )] u = 0 with τ = "2 t, (1)
valid for the three directions u = x, y, z. The values of the
coefficients au and qu, which determine the range of stable
confinement of a particle, are defined by the trapping voltage
FIGURE 1 Experimental setup with counter-propagating laser beams. The
inset shows the first energy levels of a Ca+ ion dressed by the blue photons
VAC and its frequency "/2pi , the superimposed DC voltage
VDC, and the radius r0 of the trap as well as the e/m ratio of
the trapped ion. To first order in au and qu, the stable solution
of Eq. (1) is
u(t) = Ru cos ωut
(
1+
qu
2
cos "t
)
. (2)
The motion of the confined ion is composed of the harmonic
oscillation at frequencies ωu/2pi with amplitudes Ru called
‘secular motion’ and the AC-driven ‘micromotion’ at the
frequency of the trapping field "/2pi . In opposition to the
secular motion, micromotion cannot be cooled because it
is driven motion. According to Eq. (2), a smaller secular
motion amplitude Ru leads to a reduced contribution of the
micromotion. A displacement Du of the average position of
the ion, due to asymmetries in the geometry of the trap and
the applied electric fields, causes excess micromotion and
can be taken into account as
u(t) = (Ru cos ωut + Du)
(
1+
qu
2
cos "t
)
(3)
in the equation of motion. This excess micromotion can
possibly prevent the access to the Lamb–Dicke regime.
A complete review of the origin and consequences of the
micromotion is given in Ref. [12].
Three experimental methods are commonly used to con-
trol excess micromotion of an ion in a radio-frequency trap.
Best results are obtained by using all of them, as the collected
information is complementary in the three cases. The control
parameter is in any case the set of DC voltages applied to the
compensation electrodes surrounding the trap. The simplest
approach is the observation of the spatial displacement of a
trapped ion as the confining potential is lowered. Parasitic
potentials then gain in importance and move the ion out of
the trap centre. This method requires spatial detection of the
ion’s fluorescence and is limited to the plane of observation.
Another means for the rejection of excess micromotion is to
probe the fluorescence linewidth of the laser-cooling transi-
tion. When the blue laser is scanned, only the low-frequency
side of the atomic resonance is experimentally visible, as the
high-frequency detunings induce a Doppler laser heating ef-
fect, causing a sudden drop in fluorescence signal. This profile
is difficult to calibrate in terms of absolute temperature, but
gives a good relative control signal of the ion’s kinetic energy
when laser powers are fixed. At a given laser frequency, the
half-maximum fluorescence signal decreases, for better com-
pensation, as the ion becomes colder and its blue transition
linewidth narrower. A more specific observation of the mi-
cromotion’s influence is the measure of the correlation of the
emitted fluorescence photons with the confinement frequency
"/2pi [12]. Actually, the oscillatory motion of the ion causes
a frequency modulation of the laser field in the rest frame
of the ion, and induces a modulation of the emitted photons
at the trapping frequency "/2pi . To cancel the micromotion,
the amplitude of this modulation signal has to be minimized.
Best compensation results are obtained by the use of differ-
ent laser axes for an access to the different projections in
space.
The ultimate measurement to determine the absolute de-
gree of localization of the ion in the trap is the detection of
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vibrational sidebands in the spectrum of the ion. The trapped
ion oscillates at secular frequencies ωu/2pi and at the con-
finement frequency #/2pi . The oscillatory motion at a fixed
frequency creates a frequency modulation of the laser exci-
tation through the Doppler effect and leads to sidebands in
the ion spectrum. The relative height of the sidebands is re-
lated to the amplitude of the corresponding oscillation, and
their minimization is thus an indicator for the localization of
the ion [17]. One experimental realization consists in mon-
itoring sidebands in the emission spectrum of a single ion
using a heterodyne technique [13]. However, in the majority
of cases, sideband observation is made in the excitation spec-
trum of the ion. This requires that the natural linewidth of the
excited transition is inferior to the ion’s vibrational frequen-
cies. In the present experiment, this must be realized on the
ultra-narrow 4S1/2–3D5/2 transition using the quantum-jump
technique. The experimental realization necessitates a highly
stabilized laser to excite the 4S–3D transition and the need
to work on quantum-jump statistics for the detection of this
dipole-forbidden transition.
In the following, we show how the visibility of the dark
resonance varies with experimental conditions and how we
can use this observation to probe the minimization of the
micromotion of the confined particle.
3 Formalism and modelling
In a three-level system driven by two lasers in $
configuration, coherent superposition of the atomic states cou-
pled by the radiation fields leads to the appearance of a non-
absorbing state when the detunings of the two lasers are equal.
In this case, one of the stationary states |ψNC〉 is a coherent
superposition of the ground and metastable states S1/2 and
D3/2, which is not coupled to the excited state P1/2 by the
atom–laser interaction VL (〈P1/2|VL |ψNC〉 = 0). Once in this
state, the atom can neither absorb nor scatter photons and
the fluorescence disappears. This feature, called dark reso-
nance, has been used to cool atoms below the recoil limit by
velocity-selective coherent population trapping [18], and ions
to the vibrational ground state by electromagnetically induced
transparency (EIT) [3].
In the general case, the two transitions are driven by differ-
ent lasers; the non-coupled state then depends on the relative
phase of the lasers, labelled (B) and (R) for blue and red, as
|ψNC〉
= e−i(ωBt+φB)
−#B|D3/2〉 +#Re−i((ωR−ωB)t+φR−φB)
∣∣S1/2〉
#
,
(4)
with # =
√
#2B +#
2
R, where we suppose the two Rabi fre-
quencies, #B and #R, to be real. This dependence implies a
high stability of the applied lasers to observe the complete
extinction of the emitted fluorescence.
If the travelling wave nature of the laser fields and the
motion of the atom are taken into account, the laser couples∣∣P1/2, p〉 with ∣∣S1/2, p − !kB〉 and ∣∣D3/2, p − !kR〉, where p,
!kB, and !kR are respectively the projection of the atom mo-
mentum and the blue and the red photon momenta along the
common propagation axis of the two lasers. Then, the non-
coupled state is not an eigenstate of the kinetic energy and
is coupled to its orthogonal state |ψC〉 by the kinetic energy
operator:
|ψC〉 =
#Re
−i(ωRt+φR) ∣∣D3/2, p − !kR〉
+#Be
−i(ωBt+φB) ∣∣S1/2, p − !kB〉
#
.
(5)
In the basis of the atom dressed by NB blue photons and NR
red photons, we study the evolution of the system inside the
family state Fp:
Fp =
{
|S1/2, p − !kB, NB + 1, NR〉; |P1/2, p, NB, NR〉;
|D3/2, p − !kR, NB, NR + 1〉
}
. (6)
The lifetime of the non-coupled state is shortened by its cou-
pling to its orthogonal state, which is〈
ψC
∣∣∣∣H0 + p
2
2m
∣∣∣∣ψNC
〉
=
#B#R
#
2
(
!('′B −'
′
R) + p
!(kR − kB)
m
)
, (7)
where '′R and '
′
B are the laser detunings corrected by the
photon recoil energy:'′ = ω − ωat + !2k2/2m. In the case of
two identical-wavelength transitions driven by co-propagating
laser beams (kR = kB), the non-coupled state is stationary as
soon as the corrected detunings are equal. If the two laser
beams are counter-propagating or in the more general case of
different wavelengths (|kR| %= |kB|), the non-coupled state is
stationary only if the atom is at rest in the excited state (p = 0).
(−#B|D3/2,−!kR〉 +#R|S1/2,−!kB〉)/ # is then a perfect
trap state, as long as we neglect its finite lifetime caused by
spontaneous emission. In the case of a moving atom (p %= 0),
the dark-resonance condition can be interpreted as an equality
of the two detunings corrected by the Doppler shifts:
'
′
B −'
′
R − (kB − kR) p/m = 0. (8)
It appears from Eqs. (7) and (8) that the lifetime of the non-
coupled (or dark) state is reduced by the oscillating Doppler
shifts, as the relative laser detuning is fixed. The observation of
the dark resonances can then be used to quantify the motional
state of an ion, and the highest sensitivity to this motion is
obtained for kR = − kB.
To identify the dependence of the dark-resonance profile
on each experimental parameter (laser linewidth, laser inten-
sity and detuning, motional state of the ion), we numerically
studied the atomic system through the evolution of its density
matrix. As the quantity of detected photons is proportional
to the population of the 4P1/2 level, the dark resonances are
visualized by calculating this population as a function of
the red laser detuning. The states involved in the simulation
are the eight Zeeman sublevels of the S1/2, P1/2, D3/2 states,
coupled by the blue laser (B) on the 4S1/2 → 4P1/2 transition
and the red laser (R) on the 3D3/2 → 4P1/2 transition. The
blue and red laser linewidths (LB and (LR (FWHM) are taken
into account by relaxation on coherences. The mechanical
effect of light on the motion of the atom is neglected as well
as the recoil energy, which is much smaller than the relevant
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energy scale of our simulations. The motion of the ion is then
treated classically and taken into account by a time-dependent
Doppler shift, using the same approach as in Ref. [19]:
!B(t) = !0B − kBV (t) ;!R(t) = !0R ± kRV (t), (9)
where the sign of the red-transition Doppler shift depends
on the propagation configuration of the lasers (− for
co-propagating beams, + for counter-propagating beams).
!0 is the detuning set by the laser frequency. For the sake of
simplicity, we suppose here that only one secular frequency
(ωr) contributes to the Doppler shift, which can be written,
according to the equation of motion (3) with V0 = ωr Rr:
!(t)=!0 ± kV0
(
sinωrt
(
1+ qr
2
cos#t
)
+
√
2 cosωrt sin#t +
Dr
Rr
√
2 sin#t
)
, (10)
using the relation ωr = qr#/(2
√
2) valid in the adiabatic
approximation [20] for a trap with zero applied DC field
(ar = 0).
The natural widths of the involved atomic transitions are
of the same order as the secular and rf trapping frequen-
cies ($B/2pi = 22.5 MHz, $R/2pi = 1.35 MHz, ωr/2pi =
1 MHz,#/2pi = 11.6 MHz). For the modelling of the internal
state the evolution of the density matrix has to be followed and
integrated over several periods, until a steady state is reached.
Technically, convergence is accomplished when the level pop-
ulations averaged over one secular period are not modified by
adding one period to the integration time.
If the magnetic field is set to zero, the atomic population is
trapped in the D3/2,mJ = ±3/2 states and fluorescence dis-
appears and hides the dark resonance we are looking for. To
prevent this optical pumping and keep the detected fluores-
cence signal as high as possible, a minimal magnetic field
must be applied (see Sect. 5.1 for details).
4 Numerical results
Numerical simulations using the described model
have been carried out to evidence the influence of the excess
micromotion, the laser intensity, and the laser-beam geometry.
To describe the dark-resonance behaviour in a quantitative
way, we define the ‘contrast’ C of the dark resonance as the
depth of the observed dip divided by the total signal we would
observe at the same frequency if there was no dark resonance.
This is done by numerical extrapolation of the experimental
signal.
The sensitivity of the dark resonances to the excess micro-
motion of the ion is illustrated in Fig. 2, where the probability
of occupation of the P1/2 state is plotted versus the detuning
of the red laser with fixed amplitude of secular oscillation
V0 and for identical laser parameters. To keep the discussion
general and take advantage of the described method even for
a non-ideal system, the velocity amplitude V0 is chosen to
be 1 m/s, which corresponds to a temperature of 10 times the
theoretical Doppler laser cooling limit for calcium ions. Any-
way, simulations show that for the chosen laser parameters,
the dark resonance can be observed up to temperatures 100
times the Doppler-cooling limit. The laser linewidths used in
FIGURE 2 Numerical simulation of dark resonances in the counter-
propagating laser-beam geometry, for a velocity amplitude V0 = 1 m/s and
different displacements Du off the trap centre (#B = 120 MHz, #R =
30 MHz, !B = −50 MHz)
the simulation ($LB = 1 MHz, $LR = 0.2 MHz) are the mea-
sured linewidths for the lasers in our experiment. The Rabi
frequencies (#B = 120 MHz, #R = 30 MHz) and the blue
laser detuning (!B = −50 MHz) are the highest values cho-
sen such that the simulations reproduce the width and profile
of the experimental spectra. The precision of this fit is of the
order of 10%, which is sufficient for the comparison we want
to make. As in our experiment, the magnetic field has been set
to 1 G. With the laser line widths considered here, the split-
ting of the Zeeman sublevels cannot be observed in the dark
resonance.
The spectra obtained for three different displacements Du
in the counter-propagating laser-beam configuration are plot-
ted in Fig. 2. The depth of the dark resonance is reduced for
increasing displacement and illustrates how the observation of
the contrast of dark resonances can be used for the reduction
of the excess micromotion. The curve with zero excess mi-
cromotion (Du = 0) shows a contrast C of 91%. Finite laser
line widths and secular motion prevent the dark-resonance
dip from falling completely to the background light level and
limit the maximum contrast.
When the displacement Du increases from 0 to 0.5 and
1 µm, the contrast is reduced to 83% and 73%, respectively.
With the laser parameters given above, the blue spectral line
widths corresponding to the shown spectra do not increase,
and the slope of the blue resonance transition is unchanged, as
the power broadening is too important. This means that neither
the rf correlation technique nor the measurement of the spec-
tral line width can give information about the reduction of the
micromotion, whereas the contrast of the dark resonance can
vary from 73% to 91%, which can be detected experimentally
with high efficiency.
Observation of dark resonances can be made easier by us-
ing a higher Rabi frequency #B for the blue laser while keep-
ing #R fixed, even though the dark-resonance phenomenon
occurs independently of the employed Rabi frequencies. In
the dressed-atom picture, higher Rabi frequencies increase
the splitting of the states resulting from the coupling of S1/2
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FIGURE 3 Numerical simulation of the observable fluorescence signal
for different blue Rabi frequencies !B. The two laser beams are counter-
propagating and the motion of the ion is described by V0 = 1 m/s and
Du = 0.5 µm. Micromotion sidebands are visible in the spectrum at lower
values of !B (!R = 30 MHz, "B = −50 MHz)
and P1/2 by the blue laser (see inset of Fig. 1 for details). The
spectrum observed by scanning the red laser is then split into
the Autler–Townes doublet and the sharp dark-resonance pro-
file is replaced by a broader feature that is less sensitive to the
oscillating Doppler shifts. The influence of different values
of !B is illustrated in Fig. 3, where the excitation probability
to P1/2 is plotted for different Rabi frequencies. The graphs
show that the increased doublet splitting can also be advanta-
geous for the reduction of the excess micromotion, as C has a
minimum value, depending on the laser parameters !B, !R,
and "B, even if the dark resonance is washed out. This can
be used in particular to start the compensation process while
the excess micromotion amplitude is still high. In the cases
studied in Fig. 3, the contrast is 53% for !B = 60 MHz and
increases to 83% for !B = 120 MHz. In return, micromotion
sidebands, which are visible as an additional structure in the
spectrum calculated for !B, are smoothed by power broaden-
ing for 2!B. This dependence on the Rabi frequencies implies
that the use of the dark-resonance contrast for the reduction of
the displacement Du has to be made at constant laser power.
5 Experimental results
We trap singly ionized calcium in a miniature cylin-
drical radio-frequency trap. The main laser-cooling transition
connects the 4S1/2 ground state to the 4P1/2 level at 397 nm
(called the blue transition (B)), shown in the inset of Fig. 1.
This upper state has a lifetime of 7 ns and a branching ratio to
the metastable 3D3/2 state of about 6%. A closed laser-cooling
cycle therefore requires a repumper laser at 866 nm (red tran-
sition (R)) to empty the 3D3/2 state. Our experimental setup
is based on a miniature ring trap with an inner diameter of
1.4 mm. The trapping frequency of !/2pi " 11.6 MHz with
an amplitude of about VAC = 300 V is applied to the ring,
generating a pseudo-potential well with a depth of a few eV,
allowing the confinement of ions for very long periods. Two
tip electrodes in the plane of the ring (x, y) and two larger
mesh electrodes along the ring axis (z1, z2), distant by ap-
proximately 5 mm from the ring centre, permit corrections of
the potential by application of direct voltages. The trapping
characteristics of this device are described in detail elsewhere
[21].
The experimental geometry is as in Ref. [22] and in Fig. 1,
where the case of counter-propagating laser beams is depicted.
The ultra-high-vacuum vessel containing the miniature trap al-
lows the propagation of the laser beams along an axis having
a 55◦ angle according to the trap’s z axis. The ion’s fluores-
cence is observed in the xy plane of the trap either spatially
resolved by an intensified CCD or as an integrated signal by
a photomultiplier in photon-counting mode. Laser beams are
transported to the trap by single-mode fibres, polarization-
maintaining in the case of the blue laser. Laser polarizations
are modified by means of quarter- and half-wave plates.
Since dark resonances require identical detuning for both
lasers, their observation can be readily realized by keeping one
laser fixed, while probing the atomic resonance by scanning
the other laser. In order to observe a full fluorescence spectrum
without losing the ion by Doppler laser heating, the blue cool-
ing laser is fixed on the red-frequency side of the 4S1/2–4P1/2
transition (approximately at −1 to −2$B) and the frequency
of the repumper laser at 866 nm is scanned. Throughout the
experiments presented in this section, the laser-beam geom-
etry has been chosen to be counter-propagating, except for
Fig. 8.
An experimentally recorded dark-resonance signal as well
as its corresponding numerical simulation are plotted in Fig. 4.
The excellent agreement between experiment and simulation
allows us to deduce the effective experimental parameters,
which in this case produce lower Rabi frequencies (!B =
60 MHz, !R = 15 MHz) than those used in Figs. 2 and 3.
The dashed curve in this graph is the simulation using exactly
identical parameters but changing the laser geometry to co-
propagating beams. The dark resonance is then much more
pronounced, confirming the dependence of the signal on the
laser-beam geometry.
5.1 Magnetic field
To make sure that laser-polarization effects do not
play a role, the local magnetic field has to be controlled in a
rigorous way. We apply a magnetic field sufficient to define a
quantization axis but small enough to limit the splitting of the
Zeeman sublevels to values lower than the natural width of the
involved transition. In our experimental setup, the local mag-
netic field is controlled by three pairs of orthogonal Helmholtz
coils. The residual −→B field at the position of the ion has been
compensated making use of an optical pumping effect. Laser
cooling is carried out on the 4S1/2–4P1/2 transition, while a
repumper on the 3D3/2–4P1/2 transition at 866 nm avoids trap-
ping of the ion in the metastable 3D3/2 state. A bias magnetic
field B0 (≈ 1 G) is applied perpendicularly to the propagation
axis of the lasers, the repumping laser being linearly polarized
parallel to this field. If the total magnetic field is parallel to B0,
the ion is pumped in the 3D3/2, mJ = ±3/2 states, which are
not coupled to the laser, making the fluorescence disappear.
Any residual magnetic field perpendicular to B0 mixes these
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dark states with the 3D3/2, mJ = ±1/2 states and fluorescence
is then observed again. If the repumping laser polarization is
purely linear, the observed fluorescence can be reduced to
zero when the applied magnetic field exactly compensates the
local field (see Fig. 5). This procedure is carried out for all
three axes of the magnetic field, changing the quantization
axis and the corresponding laser polarizations. The method,
based on optical pumping in a dark state, is independent of
the linewidth and detuning of the lasers if we assume that the
bias magnetic field is small enough to keep the splitting of the
Zeeman sublevels comparable to the excitation linewidth of
the lasers. As a consequence, this technique is not sensitive
to the motion of the ion and presents the advantage of being
useable for a single ion as well as for an ion cloud.
FIGURE 4 Experimental observation of a dark resonance (◦), adjusted by
the numerical simulation with counter-propagating laser beams (solid line).
The dashed line is the numerical simulation with an identical parameter
set and with co-propagating laser beams (!B = 60 MHz, !R = 15 MHz,
"B = −50 MHz, V0 = 1 m/s, Du = 0.8 µm)
FIGURE 5 Fluorescence of a single ion versus the applied perpendicular
magnetic field in a Hanle-type experiment for the determination of the mag-
netic field zero values. The red laser is linearly polarized along the x direction.
The dotted line corresponds to the background light level
FIGURE 6 Fluorescence signal observed with counter-propagating laser
beams. The graph shows the influence of the laser power on the level splitting;
the offset of the curves is due to the varying laser power. The applied blue
laser powers are marked on the right-hand side of the curves, where the
lowest value corresponds to about 2#B while the highest power is equivalent
to 4#B. The inset shows the increasing contrast of the fluorescence signal
with higher laser power
5.2 Laser intensity
As discussed above, higher laser intensity at
397 nm splits the coupled atomic levels to a greater extent
and increases the visibility of the Autler–Townes doublet.
The five graphs in Fig. 6 have been taken with increasing
laser power, starting from 20 µW, which corresponds to a
Rabi frequency of about 2#B, as determined from numerical
adjustments. The increase of the contrast with the applied blue
laser power follows a saturation curve as represented in the
inset of the figure. For laser intensities higher than 10#B the
transition is largely saturated, and the maximum contrast is
reached.
The influence of the red probe laser intensity has also
been checked while keeping the blue laser power fixed. As ex-
pected, this only broadens the scanned atomic transition, with-
out increasing the contrast of the signal, as power-broadening
effects prevail on the light-shift effect.
5.3 Micromotion
For counter-propagating laser beams, dark reso-
nances have merely been observed in our experiment when
the ion is well localized, which means that part of the ex-
cess micromotion has already been eliminated by a rough
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FIGURE 7 Influence of the micromotion on the observed dark-resonance
contrast C with counter-propagating laser beams, laser intensities:!B ≈ 4"B,
!R ≈ 10"R. For better visibility, the graph only shows selected curves which
have been offset by a fixed value. The compilation of the contrast data in
the inset allows an unambiguous determination of the best compensation
parameter
compensation of the parasitic potentials. Simulations have
shown the dependence of the contrast of the dark resonance
on the degree of localization of the ion (see Fig. 2). The
smaller the ion’s amplitude of motion, the deeper the ob-
served dark resonance. The curves plotted in Fig. 7 show the
changing contrast in the observation of the dark resonance, as
a function of modified compensation voltages applied to the
correction electrodes. All curves have been recorded at fixed
blue and red laser intensities. Depending on their distance
from the centre of the trap, a DC voltage applied to one of the
correction electrodes moves the ion by about 100 to 400 nm
per volt. Variations of a tenth of a volt have an impact on the
micromotion and can be detected through the variation of the
dark-resonance contrast. In addition, we have made sure that
the applied static voltages do not modify the ion’s position in
the laser beams. The inset of Fig. 7 shows the contrast C of the
observed signal versus the applied compensation voltage and
a maximum can be unambiguously distinguished. We have
verified that this maximum corresponds to a reduced spectral
linewidth of the blue cooling transition. The blue linewidth
represents an estimate of the ion’s kinetic energy when ap-
proximated by a Doppler profile. It cannot be taken as an
absolute measure as it depends strongly on the applied (blue)
laser intensity; however, it is a good relative indication of the
kinetic energy state of the ion when the Doppler broadening is
larger than the power broadening. Compensation parameters
have been tested using all four correction electrodes, resulting
in the best localization of a single ion within a precision of
10–40 nm, which corresponds to the order of magnitude of
the size of a Doppler-cooled wave packet.
FIGURE 8 Dark resonance observed in the fluorescence of a three-ion
cloud with co-propagating laser beams
5.4 Laser-beam geometry
Equation (8) shows that the dark-resonance condi-
tion changes on the time scale of the oscillation period of the
ion, which is at least three orders of magnitude smaller than
the observation time. For fixed laser detunings, the Doppler
shifts fulfil the dark-resonance condition only for a fraction of
the oscillation period; this fraction decreases with increasing
velocity amplitude and with increasing wave-vector differ-
ence kB − kR. In the case of a Ca+ ion |kB| ≈ |2 kR|; we
then expect the sensitivity to ion oscillation to be three times
higher for the counter-propagating configuration than for the
co-propagating one (cf. Fig. 2).
This behaviour has been checked experimentally by us-
ing the alternative beam geometry where both lasers enter the
trap from the same direction. In this configuration, dark reso-
nances can be observed in almost any case, even with a small
ion cloud, which is not possible in our experiment with the
antiparallel geometry. As an example, Fig. 8 shows the fluo-
rescence spectrum of three ions observed with co-propagating
laser beams.
To evidence the difference between co- and counter-
propagating laser-beam geometry we have plotted the highest
dark-resonance contrast C as a function of the experimental
linewidth of the 4S1/2–4P1/2 transition in Fig. 9. Again, the
measured fluorescence linewidth gives a relative indication of
the degree of localization of the trapped ion, as the smaller it
is, the closer the ion is to the centre of the trap. The general
tendency of Fig. 9 is clearly visible: while dark resonances
could not be observed at all for the counter-propagating geom-
etry unless a certain level of localization has been reached, the
co-propagating geometry allows the observation of dark reso-
nances for much hotter ions and even for small ion clouds. The
highest contrast values achieved for the counter-propagating
laser-beam geometry exceed 80%, reflecting an excellent lo-
calization of the ion. In this beam configuration, the steeper
slope in the variation of the contrast values as depicted in
Fig. 9 can be used a sensitive tool to reveal the degree of
localization of the trapped ions with a high sensitivity.
88 III.1 Processus cohérents à deux photons
Applied Physics B – Lasers and Optics
FIGURE 9 Comparison of the-dark resonance contrast for co- (◦) and
counter-propagating (•) laser-beam geometries. In the graph the highest mea-
sured contrast is plotted as a function of the observed transition line width
on the 4S1/2–4P1/2 transition. The data for the co-propagating geometry has
been taken with a single ion for line widths below about 100 MHz, and with
very small ion clouds (inferior to 10 particles) for line widths above. For this
experiment, the blue transition line widths are due to micromotion and not to
power broadening
6 Conclusion
In this paper, we have presented a novel approach
to reduce the micromotion of an ion confined in a miniature
electrodynamic trap. Only the lasers for cooling and detec-
tion of the ion are necessary for the implementation of the
proposed technique, in contrast to other techniques, in partic-
ular the probing of the vibrational sidebands, which require a
highly stabilized laser to probe a narrow-linewidth transition.
We use the contrast of the dark resonances observed with two
counter-propagating laser beams to collect information about
the motional state of the ion. Numerical simulations and ex-
periments have shown that this contrast is very sensitive to
the localization of the ion, while a larger micromotion am-
plitude smears out the coherent population trapping effect.
Observation of fluorescence is made on time bins which are
long compared to the inverse motional frequencies of the ion.
On this time scale, the oscillation amplitudes along the three
directions are coupled in the trap.
Comparison with other compensation techniques is not
straightforward, as the different methods produce various sig-
nal levels and use different sets of experimental parameters.
In any case, the maximum fluorescence signal has to be moni-
tored as a function of the compensation voltages to make sure
that a decrease in the observed signal height is not due to the
fact that the ion has been pushed out of the laser beams. The
spatial displacement of the confined particle with lowered
pseudo-potential well depth requires the use of a detector
with high spatial resolution and can only be applied to reduce
effects which appear in the plane of observation. The explo-
ration of the linewidth on the 4S1/2–4P1/2 transition is an easy
method to roughly minimize excess micromotion, keeping in
mind that the linewidth depends also on the applied laser in-
tensities and frequencies, which may modify the efficiency
of laser cooling. Since excess micromotion may also deform
the excitation spectrum of the ion, it is important to record
the entire frequency response at fixed laser intensities. The
fluorescence correlation method which shows the modulation
of the ion’s fluorescence with the micromotion frequency !
gives best signal-to-noise ratios in the low-intensity limit but
requires an integration time of at least a couple of seconds to
accumulate sufficient signal in each time channel of a time-
to-amplitude converter [12].
Due to the wide panel of recorded signals a quantitative
comparison of the different compensation methods cannot be
made in a precise way. As a matter of fact, best results for
the reduction of excess micromotion are obtained by using
at least two different methods. Measurements along multiple
laser axes have to be performed to assure a complete extinction
of excess micromotion for all projections in space. We have
shown that even in the case where the blue laser linewidth is
not modified, dark resonances can still be observed. It is thus
possible to use this means of micromotion reduction when the
rf correlation technique and the observation of the blue transi-
tion linewidth fail. The main advantage of the dark-resonance
technique is nevertheless its simplicity and the absence of
need for any other recording or excitation devices than those
used for fluorescence observation.
In summary, we have proposed a complementary method
to reduce excess micromotion of a single trapped ion making
use only of the experimental means necessary to detect the
ion’s fluorescence. In a more general way, this technique can
be applied to any three-level ion having a " energy scheme,
the highest sensitivity being reached for kB = kR.
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III.2 Processus cohérents à trois photons
On aura compris qu’il y a piégeage cohérent de population quand les états habillés associés
à deux niveaux stables ou métastables sont dégénérés (voir figure III.1). Nous allons montrer
qu’on peut réaliser la même condition dans un système à quatre niveaux dont trois sont stables
ou métastables. Pour cela on ajoute au système en Λ exposé en III.1.1 le couplage quadripolaire
entre le niveau fondamental S1/2 et le niveau métastable qui est envisagé comme support à une
horloge optiqueD5/2 dont l’état habillé est noté |Q〉. Le tout forme un système enN qui est mon-
tré sur la figure III.4 et pour lequel la transition quadripolaire sera baptisée transition d’horloged.
Figure III.4 : Système en N formé par les états habillés {|Q〉 , |S〉 , |P 〉 , |D〉} et les couplages
lasers sur les transitions bleue ( S1/2 → P1/2 à 397 nm), rouge ( D3/2 → P1/2 à 866 nm) et
d’horloge ( S1/2 → D5/2 à 729 nm)
L’idée principale repose sur la faiblesse du couplage sur la transition d’horloge par rapport
aux couplages dipolaires bleu et rouge. On peut donc traiter ce faible couplage comme une
perturbation du système. La base des états habillés reste très pertinente pour ce problème et elle
devient
|P 〉 =
∣∣∣P1/2, NB − 1, NR − 1, NC〉
|S〉 =
∣∣∣S1/2, NB, NR − 1, NC〉
|D〉 =
∣∣∣D3/2, NB − 1, NR, NC〉
|Q〉 =
∣∣∣D5/2, NB, NR − 1, NC − 1〉
La perturbation induite par le couplage quadripolaire est en premier ordre en αC = ΩC/2∆C
et se traduit par une faible modification des états propres |S〉 et |Q〉 de l’hamiltonien total qui
deviennent, en négligeant les termes du deuxième ordre en αC :
|SQ〉 = N (|S〉+ αC |Q〉) (III.7)
|QS〉 = N (|Q〉 − αC |S〉) (III.8)
det muni du label C comme clock
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dans l’hypothèse ou ∆C 6= 0 et ou ΩC ≪ |∆C |, N est une constante de normalisation. Les
énergies propres de ces deux états sont αCΩC/2 et−∆C−αCΩC/2 et ces deux états sont couplés
à l’état excité |P 〉 par (ΩB/2) et (−αCΩB/2). On a donc deux schémas en Λ superposés et si la
condition de résonance à trois photons, corrigée du light-shift (−αCΩC/2),
∆B −∆R −∆C − αCΩC/2 = 0, (III.9)
est vérifiée, il y a piégeage cohérent de population dans l’état non couplé
|ψNC〉 = N′ (E|D〉+ |QS〉) (III.10)
avec E = αCΩB/ΩR et N′ un facteur de normalisation. Dans la mesure où αC ≪ 1 et où ΩB/ΩR
est de l’ordre de 1, dans l’état non couplé, la probabilité d’occupation de l’état |Q〉 est égale à 1
à des corrections en α2C et E
2 près. Ce processus de CPT à trois photons peut donc conduire à
l’excitation dans l’état métastable D5/2 avec une probabilité proche de 1 et de façon stationnaire
(tant que la condition de résonance III.9 est vérifiée). Comme nous l’avons vu en III.1.2, ceci est
vrai sur des échelles de temps courtes devant la durée de vie de l’état D5/2 (≃ 1s), ce qui n’est
pas vraiment une limitation, mais surtout si la gigue relative des trois lasers et l’effet Doppler
ne rendent pas l’état non couplé non stationnaire. En ce qui concerne la gigue relative des trois
lasers, la solution est la même que pour une résonance à deux photons : asservir les lasers
sur un peigne de fréquence. Par contre, l’influence de l’effet Doppler peut être complètement
éliminée (au premier ordre) car à trois photons, il existe toujours une configuration pour laquelle
la condition (III.9) est vérifiée quelque soit la vitesse du ou des ions : ∆~k = ~kB − ~kR − ~kC = 0.
Dans la pratique, il suffit de faire co-propager les trois lasers pour avoir un vecteur d’onde effectif
réduit d’un facteur 0.003.
III.2.1 Une résonance noire à trois photons comme étalon de fréquence
L’absence de sensibilité à l’effet Doppler mis en avant plus haut est un atout majeur comparé aux
processus à un ou deux photons car elle permet, entre autres, d’envisager des expériences avec
un large échantillon d’ions sans que les performances du processus en soient réduitese (modulo
l’effet Doppler du 2e ordre). Dans l’article présenté dans la suite, ceci est mis à profit pour
proposer un étalon de fréquence basé sur la résonance noire associée au CPT à trois photons,
dans un nuage d’ions et non plus sur un ion unique. L’augmentation du rapport signal sur bruit
et donc de la stabilité à court terme qui en découle permet d’envisager un autre type d’horloge
où la ultra-haute précision obtenue avec des ions uniques est échangée contre une meilleure
stabilité. Il est à noter que la résonance noire est aussi élargie par saturation et que le signal par
ion résulte d’un compromis entre élargissement homogène de la raie et maximisation du rapport
signal sur bruit. Dans le cas du calcium, l’étalon de fréquence ainsi proposé correspond à la
différence d’énergie entre les niveaux D5/2 et D3/2 et est dans le domaine des THz (1.82 THz
plus précisément). À cette fréquence, les molécules n’offrent pas ou très peu de transitions
exploitables et cette résonance à trois photons offre une alternative pour atteindre un domaine
eDans les pièges rf, augmenter le nombre d’ions se traduit toujours par une augmentation de l’amplitude du
mouvement car les ions se repoussant, ils occupent des volumes du piège où l’amplitude du champ rf et donc
l’amplitude du mouvement forcé sont plus élevées qu’au centre.
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non accessible aux techniques usuelles d’interaction laser-atome, comme le refroidissement laser.
Utiliser trois photons pour générer une fréquence THz peut sembler injustifié et irréaliste mais
quand on a en tête que l’absorption des THz dans l’atmosphère ou les fibres est telle que leur
transmission est limitée à quelques mètres, construire un signal d’horloge à partir de photons
"optiques" gagne de l’intérêt. En effet, leur propagation peut être envisagée sur des kilomètres.
À charge de passer dans le domaine THz à l’arrivée pour profiter de l’étalon de fréquence!
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Terahertz Frequency Standard Based on Three-Photon Coherent Population Trapping
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A scheme for a terahertz frequency standard based on three-photon coherent population trapping in
stored ions is proposed. Assuming the propagation directions of the three lasers obey the phase matching
condition, we show that stability of few 10!14 at 1 s can be reached with a precision limited by power
broadening to 10!11 in the less favorable case. The referenced terahertz signal can be propagated over
long distances, the useful information being carried by the relative frequency of the three optical photons.
DOI: 10.1103/PhysRevLett.99.013001 PACS numbers: 32.80.Qk, 06.30.Ft, 32.80.Pj, 42.50.Gy
Thanks to the progress made in the generation of con-
tinuous terahertz radiation, terahertz spectroscopy is
strongly gaining in interest in different domains, in par-
ticular, for imaging in astronomy and biology and for
material analysis [1]. In this Letter we propose a frequency
standard in the terahertz domain, based on a three-photon
dark resonance where the three wavelengths belong to the
visible domain. Atomic frequency standards in the optical
domain can now reach performances in the 10!16 range
[2,3]; the proposed terahertz frequency standard aims at a
lower relative precision of about 10!11, which can be
realized in a robust and easily achievable experimental
configuration and with a large atomic sample, allowing
frequency stabilities of a few parts in 1014 at 1 s.
In the scheme described here, the terahertz reference
signal is produced by coherent population trapping (CPT)
in a three-photon process [4] involving visible lasers in a
Doppler-free configuration [5]. For instance, this process
can occur in several ions commonly used for optical met-
rology or quantum computation. For these atoms (Ca",
Sr", Ba", Hg"), the narrow dark line resulting from CPT
corresponds to the magnetic-dipole transition between the
nD3=2 and nD5=2 metastable states, whose frequency lies in
the terahertz range. This electric-dipole forbidden line has
been studied and probed directly in former experiments
[6–8], but in a configuration sensitive to the Doppler
effect. The proposed experiment can be seen as analogous
to a two-photon CPT microwave cesium clock [9] where a
trade-off is made between robustness and clock precision.
Two-photon CPT is also considered for an optical clock
based on neutral 88Sr [10], and a three-photon coherent
process has been proposed as an optical frequency standard
in alkaline earth atoms in [11].
In this Letter, we first introduce the three-photon coher-
ent process resulting in the sharp line that can serve as a
frequency standard. This process is largely discussed in [4]
and we mention only the points useful for metrological
application. Then, the expected performances of such a
standard are studied to show a possible stability better than
8# 10!14 at 1 s.
The scheme we propose can apply to any atomic system
composed of four electronic levels which are coupled by
laser fields, according to the N-shaped scheme depicted in
Fig. 1 and where states jSi, jDi, and jQi are (meta)stable
while state jPi is short lived and decays radiatively into jSi
and jDi. This level configuration is realized, for instance,
in alkali-like ions with a metastable d orbital, such as Hg",
Ba", Sr", or Ca". In this Letter we focus on this last case
where the levels can be identified with the states jSi $
jS1=2i, jPi $ jP1=2i, jDi $ jD3=2i, and jQi $ jD5=2i. The
dark line can be observed by collecting the photon signal
on the jSi! jPi transition. Here, all the transitions are
electric-dipole allowed except jS1=2i $ jD5=2i (named
jSi $ jQi in Fig. 1), which is an electric quadrupole
transition with a linewidth of the order of 1 Hz. The
magnetic-dipole transition jD3=2i $ jD5=2i (jDi $ jQi)
considered as the frequency standard has a spontaneous
FIG. 1. N level scheme. The states jDi, jPi, jSi coupled by
laser couplings !R and !B form a " configuration, state jSi
couples weakly to the metastable state jQi by !W . The wavy
lines indicate the radiative decay. Parameters and possible
atomic species are discussed in the text.
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emission rate of the order of 10!6 s!1 which can be
neglected.
For our purpose, the evolution of the internal degrees of
freedom of a motionless atom can be understood in the
dressed state picture, where the noncoupled eigenstates are
defined by
 H0 " @!RjDihDj # @!BjSihSj # @$!B ! !W%jQihQj
(1)
with detunings defined as !B " !B !!PS, !R " !R !
!PD, and !W " !W !!QS (B, R, W stand, respectively,
for the jSi$ jPi, jDi $ jPi, and jSi $ jQi transitions,
!X is the laser frequency on the transition labeled X and
!IJ is the frequency of the atomic transition jIi $ jJi).
"R;B;W are the corresponding Rabi frequencies character-
izing the laser couplings. The radiative processes taken
into account couple jPi to states jSi and jDi by the decay
rate !P and branching ratio "PS="PD ("PS # "PD " 1).
The radiative decay of states jQi and jDi, whose lifetime is
of the order of 1 s, is neglected in the analytical model we
present below. It should be noted that the dipole and the
quadrupole couplings differ by a few orders of magnitude.
Nevertheless, as the process described in this manuscript is
of interest when state jQi is weakly coupled to the #
scheme (jSi, jPi, jDi, coupled by the two strong lasers),
it is thus experimentally feasible with standard laser
sources.
Considering that jQi is weakly coupled to jSi, the sub-
system (jSi, jQi) can be diagonalized and solved analyti-
cally to first order in #W " "W=2!W & 1. The new
eigenstates are then
 jSQi "N $jSi# #W jQi%; jQSi "N $jQi! #W jSi%
(2)
(where N is the normalization factor) with eigenfrequen-
cies light shifted by '#W"W=2. jQSi being coupled to jPi
by the Rabi frequency !#W"B, the dressed states con-
figuration ends up in a # scheme (formed by jQSi, jPi, and
jDi; see Fig. 2), well known to give rise to coherent
population trapping into a dark state when the metastable
states jQSi and jDi are degenerated when dressed by the
laser photons [12]. This condition is fulfilled on the light-
shifted three-photon resonance condition !R #!W !
!B # #W"W=2 " 0. Detuned from the two-photon reso-
nance condition (i.e., !R ! !B ! 0; see [4] for justifica-
tion), the atomic system is then pumped into the dark state
 j$darki "N
0$EjDi# jQSi% (3)
with E " #W"B="R and normalization factor N 0.
The sharp line produced in the fluorescence spectra by
pumping into the dark state can be used to assure !R #
!W ! !B # #W"W=2 " 0. Experimentally, this is real-
ized by locking one of the three lasers on the dark line.
For the following laser frequencies, it translates into
 !R #!W !!B " !QD ! #W"W=2: (4)
Provided the light-shift #W"W=2 is made negligible or
controlled, the frequency combination !R #!W !!B
can be referenced to the magnetic-dipole transition fre-
quency !QD which lies between 1.8 THz for Ca# and
451 THz for Hg# (see Table I).
The stability of the dark state requires the reduction of
the relative phase diffusion of the three lasers to a diffusion
rate smaller than the dark linewidth. This can be achieved
by reducing the spectral width of each laser or, as a less
stringent condition, by phase locking the three lasers on the
same reference like a frequency comb [13]. The funda-
mental limit for the linewidth of the coherent dark line,
defined by the lifetime of the metastable states, may not be
reached, mainly because of power broadening, which is
known to be one of the main limiting factors in two-photon
CPT clock [14]. For evaluating the dark linewidth, the
system can be approximated by the # scheme depicted
in Fig. 2 where the decay from jPi to jQSi is #2W!P"PS.
Because of spontaneous emission from jPi to jSQi, the
decoherence rate between jPi and jQSi or jDi is equal to
!P=2. An analytical expression of the linewidth of the
coherent dark line can be found in [15] for very general
cases. Such an expression is simplified when, for #2W & 1
and #2W"2B & "2R, one has "PD"2B ( "PS"2R, which is
obeyed for realistic working parameters. Then, if the de-
coherence sources like the laser relative phase diffusion are
neglected, the dark linewidth (FWHM) can be approxi-
mated by
 %eff "
"2R
!P
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
1# $3! !#=!P%$"
2
R=!
2
P"PD% # 4!
2
R=!
2
P
q
(5)
with !# " !P$"PD # #2W"PS%. When collected on the
jPi ! jSi transition, the fluorescence rate emitted around
the dark resonance scales with
FIG. 2. Part of the dressed state picture relevant for the three-
photon resonance condition, giving rise to the coherent dark state
(see text for details).
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 S ! !P
!2eff
"2R
"PS
"PD
: (6)
According to these last two equations, the linewidth can be
tuned continuously by "R and, in practice, results from a
trade-off between the desired signal over noise ratio
S=N !
!!!!!!!!!!!!
#S=2
p (with # the detection efficiency, 1=2 for
half-maximum and assuming no background) and signal
linewidth # " !eff . Both parameters control the stability
of the frequency standard, as can be clearly seen in the
Allan deviation
 $y#%$ !
#
!QD#S=N$
!!!!!
Tc
%
s
(7)
which quantifies the stability versus the integration time %,
Tc being the cycle time. Increasing the S=N ratio can be
realized without power broadening the transition by in-
creasing the number of ions. For ions in radio frequency
(rf) trap, this option is rarely used because of the Doppler
effect due to the micromotion (the rf driven motion), which
increases with the number of ions [16,17]. In the case of a
three-photon resonance, there is a (first order) Doppler-free
configuration [5] which is defined by the phase matching
condition
 #k ! kR % kB & kW ! 0: (8)
The driven micromotion cannot be laser cooled and its
contribution to the second-order Doppler effect cannot be
nulled. Assuming the thermal macromotion (motion in the
pseudopotential created by the rf field) is laser cooled, the
relative shift induced by second-order Doppler effect can
be estimated [17] from the number Ni of trapped ions, their
mass M in atomic units, and the secular frequency of
oscillation &S (megahertz):
 #fD2=f0 ! %3:0' 10
%14#&SNi=M$
2=3: (9)
In a centimeter-size trap, where Ni ! 105 and &S !
0:1 MHz are typical values, this relative shift is %1:2'
10%12 for calcium ions, the lightest of the species consid-
ered here. For this ion, the resulting frequency shift on the
magnetic-dipole transition is then 2.2 Hz and a broadening
of the same order is expected. Tolerating such a shift, the
S=N ratio behaves like
!!!!!!!!!!!!!!!!!
#NiS=2
p
, if one assumes that the
signal increases linearly with the number of ions.
As a starting point and considering this broadening, let
us assume a reachable precision of 10 Hz, then the dark
line can be power broadened to that value for maximum
signal. The expected stability can then be estimated by
assuming a cycling time of 1 s (long enough for coherence
to build) and a detection efficiency of 10%4. We obtain
$y ’ 8' 10
%14%%1=2 for Ca&, 2' 10%14%%1=2 for Sr&,
1' 10%14%%1=2 for Ba&, and 4' 10%17%%1=2 for Hg&
(where the transition stands in the optical domain). The
terahertz radiation can be produced by photomixing the B
radiation with the one resulting from the frequency sum of
the R and W radiations. The generation of the terahertz
signal from three visible laser beams allows propagation
and dissemination of the frequency standard over long
distances, despite the high absorption coefficient known
for terahertz radiation in air or in fibers.
The accuracy of the proposed standard depends on all
the effects that can induce a frequency shift of the dark line
from the ideal equation !R &!W %!B ! !QD. Beside
the Doppler effect, the first effect to deal with is the one
due to the method itself. The laser coupling between jSi
and jQi, needed to create the $ scheme generating the dark
state, gives rise to a light-shift 'W"W=2 [Eq. (4)]. Never-
theless, values as small as 'W < 10%4 and "W < 10 kHz
are sufficient to efficiently create this coupling, and to keep
the induced light shift smaller than 1 Hz, without any effect
on the collected signal [see Eq. (6)]. By definition, the dark
state is not light shifted by the direct coupling mentioned in
Fig. 2 but by far off resonance coupling between one of the
three lasers with the other two transitions [18]. According
to the level configuration of the considered ions, the largest
shift comes from the coupling between jD5=2i and the
jP3=2i state lying close to jP1=2i, induced by the laser
labeled R coupling jD3=2i to jP1=2i. Among the considered
ions, Ca& has the smallest fine structure splitting and will
therefore show the biggest shift, which is estimated to be
lower than 0.1 Hz for "R below 1 MHz.
The other effects limiting the accuracy and precision of a
possible terahertz standard are the dc-Stark shift, the quad-
rupole shift caused by the coupling between the electric
field gradient and the electronic quadrupole of the jD3=2i
and jD5=2i states and the Zeeman shift. The dc-Stark effect
depends on the polarizability of the jD3=2i and jD5=2i
states. As mentioned in [19] for Ca& and in [20] for Sr&,
there is an uncertainty on these polarizabilities for some
species. Nevertheless, from available atomic transition
data, one can deduce a compensation between the polar-
izabilities of these two states which bring the absolute
value of the order of few 10%40 J=#V=m$2 to a differential
value of the order of few 10%42 J=#V=m$2, which trans-
lates into j(fSj ’ 10%5E2 Hz with E in volts per centime-
ter. At room temperature, the biggest contribution comes
from the isotropic blackbody field radiated by the vessel.
TABLE I. Wavelengths involved in the three-photon process
and frequency of the reference transition.
Ions B R W D3=2 %D5=2
Ca& 397 nm 866 nm 729 nm 1.82 THz
Sr& 422 nm 1092 nm 674 nm 8.40 THz
Ba& 493 nm 650 nm 1761 nm 24.0 THz
Hg& 194 nm 10:67 )m 282 nm 451 THz
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This field can be taken into account by its mean-squared
value averaged over the whole spectrum: hE2BBi !
831:92"T=300#4 "V=m#2 [21], which results in a dc-Stark
shift below 0.01 Hz.
The quadrupole shift can be written like [22]
 !fQ"n; J;mJ# !
J"J$ 1# % 3m2J
J"2J% 1#
""n; J#A#=h (10)
with ""n; J# the electric quadrupole of state jn; Ji, A !
"@2V=2@x2# defining the local electric field gradient, and#
a geometrical factor depending on the shape and orienta-
tion of the electric field (# ! 2 if the field is quadrupolar
with its symmetry axis along the quantization axis). If one
assumes that the jn;DJi states are pure d orbitals, the
quadrupole varies like "2J% 1#="2J$ 2# and ""n; 3=2# !
"7=10#""n; 5=2#. Calculations for all the ions mentioned
and for J ! 3=2; 5=2 [23] show that the quadrupole
""n; J# rank from 0.5 to 4ea2
0
. For the states with the
smallest Zeeman shift (mJ ! &1=2), the frequency shift
for one ion is !fQ ! "11=40#""n; 5=2#A#=h. If the high-
est value for ""n; 5=2# is used, !fQ reaches 1 Hz for
A# ! 150 V=cm2. This value is the order of magnitude
of the gradient of the trapping field and of the Coulomb
field in the considered regime and the quadrupole shift
cannot be neglected here.
As for the Zeeman effect, a small magnetic field B is
needed to split the Zeeman sublevels chosen for the tran-
sition jD3=2; m3=2J i ! jD5=2; m
5=2
J i. The first-order Zeeman
shift is minimal for the m3=2J ! &1=2 ! m
5=2
J ! &1=2
transition, and is then equal to &0:28 MHz=G. A 2 mG
field is then necessary to split these two transitions by
1 kHz. The Zeeman shift can be nulled by adding the
frequency of these two transitions, assuming that the mag-
netic field is constant. The second-order Zeeman effect is
negligible here. In the regime chosen for our estimation
(Ni ! 105 and "S ! 0:1 MHz) and for perfect compensa-
tion of first-order Zeeman shift at the hertz level, the
magnetic field must be stable and homogenous on a milli-
meter size to better than 3:6 #G. Such a stability requires
magnetic shielding but is experimentally feasible.
From this overview of the systematic shifts expected for
an ion cloud, it appears that the important effects for the
magnetic-dipole transition come from the second-order
Doppler shift, the quadrupole shift, and the Zeeman shift,
which limit the precision of the proposed terahertz stan-
dard to the hertz level, depending on the size of this cloud.
In conclusion, we show that a terahertz frequency stan-
dard can be realized from three-photon CPT in trapped ion
clouds. A stability in the 10%14$%1=2 range can be ex-
pected, depending on the chosen species. Such a level of
stability is reached to the detriment of precision which is
mainly reduced by power broadening, and to a smaller
extent by second-order Doppler effect, quadrupole shift,
and first-order Zeeman shift.
The authors would like to thank P. Dube´ for his com-
ments on the manuscript.
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III.2.2 Piégeage cohérent de population à trois photons
L’article reproduit ici présente en détail le formalisme esquissé plus haut mais aussi le cas parti-
culier de résonance à trois photons que je résume par 2+1: les désaccords obéissent alors à
∆B −∆R = 0,
∆C = 0 (III.11)
simultanément. Le temps typique d’évolution sur la transition d’horloge est plus long que celui
sur les transitions bleue et rouge de plusieurs ordres de grandeur. Le système {atome+photons}
atteint donc l’état non couplé à deux photons décrit par l’Eq. (III.2) avant que le couplage faible
avec le niveau d’horloge |Q〉 ne perturbe le système. On assiste ensuite à des oscillations de Rabi
entre l’état non-couplé à deux photons et l’état |Q〉, amorties par un faible couplage avec l’état
couplé (voir Eq. III.3). L’état stationnaire est donc une combinaison non cohérente de probabilité
moitié sur l’état |Q〉 et moitié sur l’état |ψNC〉, qui lui est une combinaison cohérente des états |S〉
et |D〉. Contrairement à la résonance à trois photons, ce cas particulier 2+1 subit l’effet Doppler
de la même façon que la résonance simple à deux photons et les longueurs d’onde des transitions
de l’ion calcium ne permettent pas d’annuler cet effet. C’est la méthode du développement en
série de Floquet, introduite en II.2.2, qui est utilisée ici pour estimer numériquement l’influence
de l’effet Doppler d’un ion sur ces deux types de résonances (trois et 2+1), dans le cas d’un mou-
vement purement oscillant et dans le régime de Lamb-Dicke. Bien que ce domaine de validité
soit restreint, cette méthode permet de rendre compte des particularités de l’effet Doppler dans
le cas des résonances qui nous intéressent ici par une méthode numérique relativement simple à
implémenter dans un programme de résolution des équations de Bloch optiques (EBO). Ceci est
très pertinent si on envisage à partir de ce CPT des méthodes d’intrication entre degrés internes
et externes de liberté.
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Quantum coherence and population trapping in three-photon processes
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The spectroscopic properties of a single tightly trapped atom are studied, when the electronic levels are
coupled by three laser fields in an N-shaped configuration of levels, whereby a !-type level system is weakly
coupled to a metastable state. We show that depending on the laser frequencies the response can be tuned from
coherent population trapping at two-photon resonance to a behavior at three photon resonance, where the
metastable state can get almost unit occupation in a wide range of parameters. For certain parameter regimes
the system switches spontaneously between dissipative and coherent dynamics over long time scales.
DOI: 10.1103/PhysRevA.74.053404 PACS number!s": 32.80.Pj, 42.50.Gy, 42.50.Lc.
I. INTRODUCTION
Atomic coherence has been demonstrated to be an effi-
cient tool for achieving control of the interaction between
electromagnetic fields and an atomic sample. It is at the ba-
sis, for instance, of the realization of quantum nonlinear op-
tical devices #1–3$, quantum phase gates #4–6$, atomic tran-
sistors #7$, and high-precision measurement techniques #8$.
A paradigmatic system exhibiting atomic coherence ef-
fects is the so-called ! configuration of atomic levels, where
two !meta"stable states are coupled by two light fields to the
same excited state. When the coupling happens at two-
photon resonance, the system exhibits coherent population
trapping, by forming an atomic coherence between the two
stable states which decouples from the radiation #9$. More
complex configurations of levels offer richer dynamics,
whose understanding is relevant for applications of coherent
control of complex systems #10–12$. The interpretation of
their dynamics is often nontrivial, yet in some parameter
regimes analogies may be found with simpler level systems
which are better understood. This usually helps developing
tools for controlling and manipulating the quantum dynamics
of the more complex system through external parameters
#10,13,14$.
In this work we study how the dynamics of a ! system is
modified by an additional coupling of one of the stable states
to a fourth, metastable state, as depicted in Fig. 1. Due to its
shape, we denote this configuration as N-level scheme. We
show that even weak coupling to the fourth level gives rise to
strong modification of the dynamics whenever the three-
photon resonance condition between the outer levels is ful-
filled. In particular, in certain parameter regimes the fourth
state exhibits quasi-unit occupation probability; in other situ-
ations the behavior switches from dissipative transient to co-
herent asymptotic dynamics.
Our analysis applies to alkalilike atomic species, as well
as to some alkaline-earth elements. We consider in particular
the case of a single 40Ca+ ion in a radiofrequency trap. For
this system we also study the effect of the oscillatory motion
on the dynamical behavior.
N-level schemes have been extensively studied in Refs.
#15–17$ in the framework of electromagnetically induced ab-
sorption #18$. A peculiar difference of those systems with the
scheme we investigate here is the stability of the fourth level,
which critically affects the response of the system. As a re-
sult, the narrow lines at three-photon resonance, which we
report in this manuscript, cannot be explained in terms of
transfer of coherence #15,16$, but are instead intimately re-
lated to coherent population trapping, as we will argue. Co-
herent population trapping and dark resonances have been
discussed in Refs. #19,20$ for a configuration similar to the
one we discuss here, with the important difference that in
Refs. #19,20$ the unstable state can decay in all three stable
states. In this latter system, Doppler-free-like absorption
resonances #21$ and three-photon electromagnetically in-
duced transparency !EIT" #22$ have been observed. We will
comment on how our model system reproduces and differs
from these studies. Finally, three-photon resonances have
been studied in connection with metrology #23,24$. Indeed,
the type of system we consider is encountered in atomic
clocks, where transition %S&→ %Q& is the clock transition of,
say, a 40Ca+ ion or a 87Sr atom, and the dynamics we predict
may have applications for high-precision optical clocks. In
this context, we also study how the oscillatory motion inside
an ion trap modifies the spectroscopic signals.
This article is organized as follows. In Sec. II the theoret-
ical model is introduced, in Sec. III the theoretical analysis
and predictions are reported, and in Sec. IV we extend it
when the oscillatory motion of a trapped atom is considered.
In Sec. V discussions and conclusions are reported, and in
the appendix the model at the basis of calculations in Sec. IV
is described.*Electronic address: caroline.champenois@up.univ-mrs.fr
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II. THEORETICAL MODEL
The atomic system we consider is composed by four elec-
tronic levels which are coupled by laser fields, according to
the N-shaped scheme depicted in Fig. 1. Here, states !S", !D",
and !Q" are #meta$stable, state !P" is unstable and decays
radiatively into !S" and !D". This configuration of levels is
realized, for instance, in alkaline-earth atoms with hyperfine
structure and in alkalilike ions with a metastable d orbital,
such as Hg+, Ba+, Sr+, or Ca+. In this manuscript we make
reference to the typical parameters of a 40Ca+ ion. In this
case, the relevant levels can be identified with the states
!S"= !S1/2", !P"= !P1/2", !D"= !D3/2", and !Q"= !D5/2". Here, the
transition !S"→ !Q", marked by C in Fig. 1, is an electric
quadrupole transition with a linewidth of the order of 0.1 Hz,
while !S" and !D" couple to the excited state !P" with electric
dipole transitions #marked by B and R, respectively$. We
denote by !ij #i , j=S , P ,D ,Q$ the resonance frequencies of
the transitions. Transitions !S"→ !P" and !D"→ !P" are
coupled by lasers at frequency !B and !R and Rabi frequen-
cies "B and "R, respectively. These three states form a
#-configuration of levels. Transition !S"→ !Q" is driven by a
laser at frequency !C and Rabi frequency "C.
We denote by $ the density matrix for the ion’s internal
degrees of freedom, while we treat the center of mass vari-
ables classically. We denote by x#t$ the time-dependent po-
sition of the atom. The master equation for the density matrix
$ is
!
!t
$ = −
i
%
%H,$& + L$ , #1$
where Hamiltonian H gives the coherent dynamics and is
decomposed into the terms
H = H0 + HI,
where
H0 = − %&B!P"'P! − %&C!Q"'Q! + %#&R − &B$!D"'D! #2$
gives the internal energies in the reference frames of the
lasers, with detunings defined as &B=!B−!PS, &R=!R
−!PD, and &C=!C−!QS, while
HI =
%"B
2
eikBx#t$!P"'S! +
%"R
2
eikRx#t$!P"'D!
+
%"C
2
eikCx#t$!Q"'S! + H.c. #3$
gives the laser coupling, where " j denote the Rabi frequen-
cies and k j the corresponding laser wave vectors #j
=B ,R ,C$. The relaxation operator
L$ = −
1
2
'P#$!P"'P! + !P"'P!$$ + (PS'P!S"'P!$!P"'S!
+ (PD'P!D"'P!$!P"'D! #4$
describes the radiative processes, coupling !P" to states !S"
and !D", with decary rate 'P(20 MHz and branching ratio
(PS /(PD(15 for Ca+ and (PS+(PD=1.
The radiative decay of state !Q", whose lifetime is about
1 s for Ca+, will be neglected in the analytical model we
present below, but it is taken into account in the numerical
calculations. It should also be noted that there is a large
difference, by some orders of magnitude, between the dipole
and the quadrupole couplings. In this manuscript we will
focus on situations in which state !Q" is weakly coupled to
the # scheme, and which are thus experimentally feasible
with standard laser sources. Finally, we will make reference
to the dynamics of a single ion, as it can be realized in
radio-frequency traps, and we will characterize its response
by means of the occupation probabilities of the atomic lev-
els, which can be monitored by resonance fluorescence or
electron shelving techniques %25&. We will also take into ac-
count the ion’s oscillatory motion in the trap.
III. INTERNAL DYNAMICS OF A LOCALIZED PARTICLE
In this section we focus on the solutions of Eq. #1$ when
the motion of the particle can be neglected, i.e., for steep
traps and efficient cooling, such that the amplitude of its
residual oscillations is much smaller than the laser wave-
length. We study the dynamics with simple analytical models
and compare their predictions with the results obtained from
numerically solving the optical Bloch equations, derived
from Eq. #1$. We analyze the steady state and the time evo-
lution under two particular conditions #i$ the three-photon
resonance case
&B − &R − &C = 0 and &C " 0 #5$
in which states !D" and !Q" are resonantly coupled by three-
photon processes and #ii$ the #2+1$-photon resonance case
&R − &B = 0 and &C = 0 #6$
in which states !S" and !D" are coupled resonantly by a two-
photon transition while !S" and !Q" are coupled resonantly by
a one-photon process.
The major difference between the two cases is that when
the #2+1$-photon resonance condition #ii$ is fulfilled, the
steady state response of the #-system alone would be char-
acterized by a dark resonance, or coherent population trap-
ping, resulting from the destructive interference between the
|P
|S
|D
|Q
R
B
C
FIG. 1. N Level scheme. The states !D", !P", !S" form a #
configuration; additionally, state !S" couples weakly to the meta-
stable state !Q". The solid lines and letters R ,B ,C indicate the laser
couplings, the wavy lines the radiative decay channels. Parameters
and possible atomic species are discussed in the text.
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two excitation paths !S"→ !P" and !D"→ !P" #9$. This has
profound consequences also for the four-level dynamics, as
will be shown below.
A. Dressed states analysis
In order to get some insight, we evaluate the dressed
states of the system in the two limiting cases. We first focus
on the three-photon resonance, condition %5&, in the situation
when the coupling between states !Q" and !S" can be treated
perturbatively. We hence assume !C!0 and "C# !!C!. The
coupling between !Q" and !S" is in first order in the pertur-
bation parameter $C="C /2!C, and corrections to the states
!Q" and !S" are at second order in $C, according to
!SQ" =N%!S" + $C!Q"& , %7&
!QS" =N%!Q" − $C!S"& , %8&
where N gives the correct normalization. The eigenfrequen-
cies for these two states are $C"C /2 and −!C−$C"C /2, as
displayed in Fig. 2%a&. Here, !D" and !QS" are resonantly
coupled by an effective two-photon process, and the system
can be pumped into the eigenstate
!%NC" =N!%E!D" + !QS"& %9&
with
E =
"B
"R
$C
and normalization factor N!. This state is stable at second
order in $C, it has the property of a dark state which is
occupied asymptotically, thus signalling coherent population
trapping #9$. According to this description, the corresponding
electronic occupations at steady state P j
%NC&
= !'j !%NC"!2 %j
=Q ,D ,S , P&, are
PQ
%NC&
=
1
1 + $C
2 + E2
+ O%$C
4
,E4& , %10&
PD
%NC&
=
E2
1 + E2
+ O%$C
4
,E4& , %11&
PS
%NC&
=
$C
2
1 + $C
2 + E2
+ O%$C
4
,E4& , %12&
while PP
%NC&
=O%$C
4 &. Hence, the parameter E, or more pre-
cisely the ratio "B /"R compared to 1/$C, determines the
distribution of population between states !Q" and !D". A typi-
cal experimental situation is that "B and "R are similar, such
that we concentrate on the case "B /"R#1/$C, i.e., E#1,
and we see that the atom will occupy !Q" with almost unit
probability. In this regime, the linewidth of state !Q" is due to
higher-order coupling in $C to state !P", and scales with
%$C
2 "B /"R&2.
We now consider the case in which the 2+1-photon reso-
nance condition %6& is fulfilled. We still restrict the discussion
to the regime in which "C is weak compared to all other
coupling terms. In this case it is convenient to consider the
eigenstates of the & system formed by (!S" , !P" , !D"),
!'D" = %"R!S" − "B!D"&/"¯ ,
!'+" = cos (!P" + sin (%"B!S" + "R!D"&/"¯ ,
!'
−
" = − sin (!P" + cos (%"B!S" + "R!D"&/"¯
with "¯ =*"R2 +"B2 and tan (= %!B+*!B2 +"¯ 2& /"¯ with 0)(
*+ /2. The dressed states of the diagonalized & system are
at frequencies
,D = 0
and
0
(a)
0
(b)
FIG. 2. Dressed states picture for %a& the three-photon resonance
case and %b& the %2+1&-photon resonance case. See text for param-
eters and definitions.
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!± = −
1
2
!"B # ""B2 + $¯ 2# .
The level scheme in this basis is sketched in Fig. 2!b#. Here,
$%D% is the dark state of the & system &9'. At !2+1#-photon
resonance, state $Q% is resonantly coupled to the dark state
$%D% at rate $˜ C=$C$R /$¯ , and for sufficiently weak cou-
pling, $C' $!±$, there will be a time scale on which the
dynamics of the system can be reduced to resonant two-level
dynamics between these two states. For longer times, off-
resonant coupling between $Q% and $!±% gives rise to damp-
ing, and the system approaches the steady state at a rate
which scales with the ratio $B
2 /$¯ 2. This damping gives rise
also to the small residual linewidth of the !2+1#-photon
resonance in the spectra shown in the next section.
B. Steady state
In order to illustrate the spectroscopic significance of the
dressed states, we now discuss the steady-state populations
P j of the electronic levels !j=S , P ,D ,Q# as a function of "R,
for the two cases "C!0 and "C=0, see Fig. 3. For highlight-
ing the peculiarities of the four-level dynamics, we compare
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FIG. 3. Steady state popula-
tions P j as a function of the detun-
ing "R /2(. Displayed are PS, PP,
PD, and PQ, from top to bottom.
The parameters are "B=2(
)8 MHz, $C=2()0.05 MHz,
$B=2()10 MHz, and $R=2(
)2.5 MHz. In !a#–!d# "C=2(
)5 MHz, such that the three-
photon resonance is fulfilled at
"R=2()3 MHz; in !e#–!g# "C
=0, such that the !2+1#-photon
resonance is found at "R=2(
)8 MHz. The dashed lines give
the steady state populations for
the same parameters but no cou-
pling to $Q% !$C=0#.
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them to the behavior of the unperturbed ! system !"C=0",
whose stationary level occupations are indicated by the
dashed curves; they exhibit the dark resonance at #R=#B,
corresponding to suppressed population of #P$. The effect of
the weak coupling to state #Q$ is represented by the solid
curves.
Figures 3!a"–3!d" display the case #C!0. One observes
that coupling to #Q$ does not change the behavior around the
dark resonance, but it induces a critical change when #R is at
three-photon resonance: at this value all population is trans-
ferred to state #Q$, Fig. 3!d", while all other states are corre-
spondingly emptied. The width of this resonance is con-
trolled by the ratio "R /"B, as discussed in the previous
section. With the parameters chosen in Fig. 3 !"R /"B
=0.25", the resonance is narrow but it can be made broader
by increasing this ratio. In general, occupation of state #Q$ at
three-photon resonance is controlled by the parameter E, as
has been pointed out in the dressed state picture in Sec. III A.
The important finding in this context is that in the regime
E$1, PQ is very close to unity, independent of the value of
"C. This is only limited for very small values of the coupling
by the decay of level #Q$. In practical terms, this allows for
robust preparation of the atom in #Q$, by tuning the lasers to
the three-photon resonance.
Figures 3!e"–3!h" display the stationary populations as a
function of #R when #C=0. At !2+1"-photon resonance, the
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FIG. 4. Time evolution of the
atomic level populations at three-
!left" and !2+1"-photon resonance
!right", for different initial states.
The lines correspond to the #Q$
state !solid", #D$ state !dashed",
#S$ state !dash-dotted", and #P$
state !dotted". The initial state is
#S$ in !a", !d", #D$ in !b", !e", and
#Q$, in !c", !f". Parameters in !a"–
!c" are the same as in Figs.
3!a"–3!d", and in !d"–!f" the same
as in Figs. 3!e"–3!h". The thinner
curves give the result in absence
of coupling to state #Q$ !"C=0",
plotted on a logarithmic time
scale.
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coupling to !Q" gives rise to a transfer of 50% of the atomic
population from the dark state of the ! system to !Q". In
contrast to the case of "C!0, this is indeed the maximum
occupation that !Q" can achieve for "C=0. This is under-
stood considering the dressed state picture in Sec. III A: for
"C=0 dark state !#D" and !Q" form a resonantly coupled
two-level system, where damping is weak and arises only
from off-resonant coupling. Hence, at steady state the popu-
lations of the two states are the stationary populations of a
saturated dipole.
The two examples reported here show that a weak cou-
pling to a fourth state which is metastable can change dra-
matically the response of a ! system when the detunings
fulfill, or are around, the three-photon resonance condition.
Three-photon processes were previously studied in Refs.
#19,20$ in an atomic model system where decay of state !P"
into !Q" is allowed. This constitutes a major difference to the
dynamics discussed here: in the model of Refs. #19,20$ one
does not observe the narrow three-photon resonance for
weak coupling $C, as population is optically pumped into
!Q" for a wide range of values of "R.
C. Time evolution at three-photon resonance
Let us now consider how the atomic level occupation
evolves as a function of time. Figures 4%a&–4%c& display the
time evolution for different initial conditions when the atom
is driven at three-photon resonance and when !"C!%$C, i.e.,
under conditions for which the atom is found in !Q" at steady
state. The thinner curves are plotted for comparison and in-
dicate the corresponding three-level dynamics, evaluated by
setting $C=0. When the initial state is !S" or !D" #Figs. 4%a&
and 4%b&$, one can identify a clear hierarchy of couplings: on
a short time scale, within about 1 &s for the chosen param-
eters, the system evolves to the steady state of the ! con-
figuration. On a longer time scale %'1 ms&, population is
transferred to state !Q" through its coupling to the ! scheme.
When the system has been prepared in state !Q" #Fig. 4%c&$, it
essentially remains in that state during all time, apart from a
small redistribution of population from !Q" to !D" on the
slow time scale.
Such a dynamical behavior indicates the appearance of
quantum jumps #26–28$, i.e., of randomly alternating phases
of full and no fluorescence: after the emission of a photon,
which projects the atom into either !S" or !D", the atom
quickly assumes a quasisteady state %the steady state of the !
system& which has significant population in !P" and is there-
fore likely to scatter more photons. The average duration of
these bright periods is given by the slow time scale on which
the system evolves into !Q". With the parameters of this ex-
ample, an average of about 3'103 photons are scattered
during a bright period. When the system has made a transi-
tion to !Q", signalled by a dark time much longer than the
typical interval between two scattered photons #29$, then it
will remain there for the average duration of the dark peri-
ods, i.e., the long time scale on which !Q" couples to the
remaining three states #Fig. 4%c&$.
Figures 4%d&–4%f& display the time evolution out of vari-
ous initial states, when the %2+1&-photon resonance is ful-
filled. The dynamics are again well separated into different
time scales: the system accesses very quickly %within
'1 &s& the steady state of the ! system, which in this case is
the dark state of Eq. %13& with no population in !P". On the
very long time scale %(1 ms&, the global steady state includ-
ing !Q" is assumed. The important observation, peculiar for
this %2+1&-photon case, are oscillations on the intermediate
time scale, between the populations of !D", !S", and !Q",
whereby !D" and !S" oscillate in phase with each other, and in
antiphase with !Q". This is consistent with the dressed state
analysis of Sec. III A and corresponds to Rabi oscillations
between the dark state !#D" and the state !Q". Figure 5 high-
lights these oscillations, whose frequency is determined by
the effective Rabi coupling $C$R /$¯ . Hence, the overall dy-
namics of the %2+1&-photon resonance case are characterized
by an initial dissipative behavior which evolves into a period
of coherent dynamics, i.e., Rabi oscillations between !#D"
and !Q"; finally, these Rabi oscillations are also damped out
through off-resonant coupling to states !#±", which decay
incoherently.
We remark that in this situation a single atom would be
observed to switch spontaneously between incoherent and
coherent dynamics: as the damping of the Rabi oscillations
corresponds to the emission of a photon, it will trigger the
dynamics of Fig. 4%d& to start again. This type of quantum-
jump behavior should be revealed in an experiment through
long-time oscillations of the g%2&%)& photon-photon correla-
tion function.
Moreover, the coherent coupling between the dark and the
!Q" state can be brought to an extreme behavior: in the limit
$R*$B the dark state practically coincides with state !D",
and one observes Rabi oscillations between states !D" and
!Q", where population is directly and coherently transferred
between the two states by means of three-photon processes.
IV. EFFECTS OF THE CENTER-OF-MASS MOTION
So far we have neglected the effect of the center-of-mass
motion on the atomic dynamics. The motion may however
0 0.2 0.4 0.6 0.8 1
0
0.2
0.4
0.6
0.8
1
Time  (ms)
FIG. 5. Rabi oscillations between states !#D" %dashed line& and
!Q" %solid line&, corresponding to Fig. 4%d& but plotted on a linear
time scale.
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critically affect the atomic response, and the N-type level
scheme we are considering has been subject of several stud-
ies of how inhomogeneous broadening affects light transmis-
sion in atomic vapors !20–22". Let us start with some general
considerations for our particular system. In the dressed state
picture at three-photon resonance !condition #5$", motion of
the atom at momentum p! gives rise to a Doppler effect which
lifts the degeneracy between states %D& and %Q&. It thus gives
rise to an instability of state %!NC&, Eq. #9$, which now
couples to state %!C&=N!#%D&−E%QS&$ at rate
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FIG. 6. Steady state populations PS, PP, PD, and PQ #from top to bottom$ versus detuning "R /2# for the same parameters as in Fig. 3
and taking into account the oscillation of the Ca+ ion in a trap at frequency $=2#%1 MHz and Lamb-Dicke parameters %&B,R,C%
= #0.1,0.046,0.054$. The dashed line corresponds to the case of copropagating lasers #minimal "k! =k!B%0.003$, the solid line to k!R and k!C
copropagating against k!B #maximal "k! 'k!B%2$. The left column illustrates the three-photon resonance, the right one the #2+1$-photon
resonance.
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R = !!NC"H"!C# $ E
p!
m
· %k!R − k!B + k!C& . %13&
This coupling may sensitively affect the dynamics of the
system, due to the narrow resonance condition. It vanishes,
however, in the geometric Doppler-free three-photon reso-
nance condition %phase-matching condition&
"k! = k!R − k!B + k!C = 0! .
This configuration has been studied in Refs. '20,22(. In ad-
dition, in the same configuration but for "k! !0! , Doppler-
insensitive three-photon resonances have been observed
when "S#→ "Q# is in the radio-frequency regime '22(. In this
special case, the radio-frequency coupling gives rise to side-
bands and thus to a discrete spectrum of excitations on the
transition "S#→ "Q# which couple quasiresonantly to "D# for
different velocity classes '20(.
In our model system, 40Ca+, all transitions are in the op-
tical regime. We account for the oscillatory motion of the ion
inside the trapping potential by a time-dependent position
x!%t& = x!0 cos #t ,
where x!0 is the classical oscillation amplitude and # the fre-
quency of oscillation '30(. In the Hamiltonian %3&, the effect
is a modulation of the radiative coupling. In this manuscript
we will assume the Lamb-Dicke regime, using the Lamb-
Dicke parameters $ j =k! j ·x!0 /2 %j=S , P ,D ,Q& as small pertur-
bative parameters. We then use a Floquet ansatz for studying
the stationary response of the system. The basic equations
are reported in the Appendix.
Figure 6 shows the steady state populations of the four
electronic levels around the three-photon resonance %left col-
umn& and the %2+1&-photon resonance %right column& for dif-
ferent laser beam geometries. The dashed curves correspond
to the case where the lasers are copropagating, which for Ca+
gives rise to a small three-photon Doppler effect: the two
metastable states have very close energy levels, and in this
configuration, the effective wave vector is "k! =k!B%0.003.
We see that, in this case, the effect of the motion does not
change appreciably the steady state occupation.
The solid lines in Fig. 6 correspond to a Doppler sensitive
geometry, where k!B counter-propagates against k!R and k!C.
For this geometry one can observe sidebands in the reso-
nance profile. Moreover, there are major differences between
the three-photon and the %2+1&-photon resonance cases, in
which the sideband signals are significantly narrower and
higher. One also observes that in the three-photon resonance
case the height of the central band of PQ is reduced by the
effect of the motion to a value smaller than unity 'Fig. 6%d&(
while for the %2+1&-photon resonance the central band of PQ
still reaches the maximum value 1/2. Further insight can be
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FIG. 7. Steady state population PQ versus de-
tunings "R /2&, "B /2&, and "C /2& %from top to
bottom&, for the same parameters as in Fig. 6, and
for k!R and k!C copropagating against k!B %"k! )k!B
%2&. The left column illustrates the three-photon
resonance, the right one the %2+1&-photon
resonance.
CHAMPENOIS, MORIGI, AND ESCHNER PHYSICAL REVIEW A 74, 053404 %2006&
053404-8
Chapitre III. Processus cohérents avec des ions piégés : le mouvement en plus 105
gained by comparing the spectra obtained by scanning the
three different lasers, as shown in Fig. 7. One clearly ob-
serves that the sidebands are especially high when they fall
in the dark-resonance region, and that they may be larger
than the central band when the !2+1"-resonance condition is
fulfilled between the dark state and one of the sidebands
#Fig. 7!f"$. In this latter case, they achieve a value larger than
1/2 due to the contribution of three-photon processes which
include one sideband transition.
V. DISCUSSION AND CONCLUSIONS
The weak coupling of a !-shaped three-level system to a
fourth metastable state modifies critically the dynamics at
three-photon resonance. In a wide regime of parameters, the
metastable level is occupied with unit probability at steady
state. The time evolution shows that the dynamics of the
system is characterized by two time scales, a short one cor-
responding to the dynamics of the ! system alone, and a
longer one corresponding to its coupling to the metastable
state: on this time scale population is transferred into it.
When the ! system is driven at two-photon resonance and
the three-photon resonance condition is fulfilled, the system
first accesses the three-level dark state through dissipation
and then switches to coherent dynamics, characterized by
Rabi oscillations between dark and metastable state. By
choosing the coupling properly, these dynamics can reduce
to direct coherent transfer !Rabi oscillations" between the
two extremal states coupled at three-photon resonance.
In general, the center-of-mass motion modifies substan-
tially the response of the system, due to the sensitivity of the
narrow resonances to Doppler shifts. The narrow three-
photon resonance is recovered in configurations of the laser
beams for which the Doppler effect on the three-photon tran-
sition is suppressed. In this manuscript we have considered
the effect of the oscillatory motion of a tightly trapped atom,
and we have observed that the motional sidebands which
appear in the spectra can be significantly enhanced due to
interfering two- and three-photon processes.
In an experimental realization, finite laser bandwidths will
be detrimental for the creation of quantum coherences. The
three-photon resonance can be still observed by broadening
its linewidth, increasing the ratio "B /"R. Numerical calcu-
lations show that more than 97% occupation of state %Q& can
be reached with lasers of bandwidth 10 kHz !HWHM" under
the three-photon resonance condition. For the same param-
eters, the effect of the laser bandwidth at !2+1"-photon reso-
nance leads to a reduction of the population by only 0.2%
with respect to the ideal case.
In conclusion, we have shown that the weak perturbation
of a ! system, achieved by coupling to a metastable state,
gives rise to interesting dynamics. We have provided simple
pictures for understanding them. These can find applications
for high-precision measurement, for instance for metrology
in the spirit of Refs. #8,24$, quantum state preparation and
manipulation as, for instance, in transistors for single atoms
as in Ref. #7$.
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APPENDIX: OSCILLATORY MOTION OF THE
TRAPPED ATOM
In the Lamb-Dicke regime, we decompose
HI!t" = HI
!0" + ei#tHI
+ + e−i#tHI
−
,
with
HI
!0"
=
$"B
2
%P&'S% +
$"R
2
%P&'D% +
$"C
2
%Q&'S% + H.c.,
HI
±
= i%B
$"B
2
%P&'S% + i%R
$"R
2
%P&'D% + i%C
$"C
2
%Q&'S% + H.c.
The solution can be found using a Floquet ansatz for the
density matrix, hence writing
& = (
n=−'
'
&!n"ein#t. !A1"
Substituting into the master equation, we find the coupled
equations
!
!t
&!n" = − in#&!n" −
i
$
#H0 + HI
!0"
,&!n"$ −
i
$
#HI
+
,&!n−1"$
−
i
$
#HI
−
,&!n+1"$ + L&!n" !A2"
which have been obtained by neglecting higher orders in the
Lamb-Dicke expansion.
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J’ai mis en évidence la résonance noire à trois photons présentée ici en cherchant tout autre
chose, comme c’est souvent le cas dans notre métier. J’ai observé la première manifestation
de ce phénomène de façon numérique, en cherchant la combinaison optimale des paramètres
d’excitation laser pour les expériences d’electron shelving présentées en II.2.3. Cette recherche
était stimulée par l’observation expérimentale d’une probabilité de pompage dans l’état "étagère"
D5/2 supérieure à 0.5, lors des expériences d’electron shelving sur un nuage, quand les trois lasers
sont envoyés sur les ions en même temps. Cette probabilité, supérieure à la valeur à saturation
pour un système à deux niveaux, était l’indice d’un effet combiné des trois transitions. C’est par
hasard que je me suis rendue compte que la population atomique pouvait être pompée totalement
dans l’état D5/2 quand la condition de résonance à trois photons était vérifiée. Expérimentale-
ment, des taux de pompage supérieur à 2/3 ont été observés sur des nuages, limités par la gigue
des lasers et l’effet Doppler car la géométrie des faisceaux laser ne conduisait pas à l’élimination
de cet effet.
Au-delà de son implication dans la métrologie des fréquences, le niveau D5/2 de l’ion cal-
cium est aussi le support des qubits optiques utilisés, entre autre, dans le groupe de R. Blatt63,64
à Innsbruck. Le groupe de S. Urabe à Osaka65,66 explore lui la possibilité de faire des opérations
logiques avec les deux niveaux métastables D3/2 et D5/2, proposant ainsi un qubit dans le do-
maine THz. Jusqu’ici, ce groupe a surtout utilisé une excitation Raman stimulée, basée sur deux
transitions dipolaires, pour coupler de façon cohérente ces deux niveaux. Le CPT à trois photons
pourrait offrir une alternative à la manipulation cohérente de l’état interne dans le cadre du traite-
ment quantique de l’information. Il est aisé de rendre cette résonance sensible à l’effet Doppler
si l’état interne et l’état externe doivent être intriqués, comme c’est le cas très souvent dans les
protocoles d’intrication67. Jusqu’ici et à ma connaissance, aucune application n’a été proposée
dans ce sens, certainement par manque de visibilité sur la possibilité d’un transfert cohérent entre
niveaux métastables, par exemple. Toujours en collaboration avec Giovanna Morigi, j’ai essayé
plusieurs protocoles inspirés du STIRAP68, mais je ne suis pas encore parvenu à rendre le taux de
perte de cohérence et de population non négligeable. Ces tentatives faites et à faire sont reprises
dans le chapitre concernant les perspectives de mon travail.

Chapitre IV
VERS L’ÉTUDE DE LA DYNAMIQUE ET
THERMODYNAMIQUE DE GRANDS NUAGES
D’IONS REFROIDIS
Les travaux décrits dans ce chapitre représentent une partie des études préparatoires à la construc-
tion d’une nouvelle expérience développée au sein du groupe qui vise à étudier des phénomènes
collectifs sur de larges échantillons (≤ 107 ions) dans des potentiels de confinement de profil
différent. Pour cela, le piège sera constitué de deux parties, une quadrupolaire et l’autre multipo-
laire, les ions pourront être transférés d’une partie à l’autre tout en restant refroidis par laser.
Alors que la tendance actuelle porte les efforts de nombreux groupes de recherche vers la
miniaturisation des systèmes de confinement d’ions en vue de leur intégration dans une archi-
tecture d’ordinateur quantique69, les phénomènes collectifs observables sur de grands échantil-
lons restent encore peu explorés. Pourtant, le confinement de nuages (typiquement 102 − 104
ions) est un outil quotidien pour une partie de la communauté physico-chimiste qui y étudie
des collisions froides réactives et tente, entre autre, d’y reproduire des conditions pertinentes
pour l’astrochimie70,71,10. Pour ces expériences, l’outil privilégié pour le confinement de grands
échantillons est le multipole linéairea et les ions y sont refroidis par collisions avec un gaz tam-
pon de température pouvant aller de 300 à 4 K. Les densités atteintes dans ces pièges sont telles
que l’interaction coulombienne entre particules piégées est négligeable devant le potentiel de
confinement. Un des intérêts majeurs de ces dispositifs est leur capacité à confiner des molécules
aussi bien que des atomes chargés.
Les multipoles ont aussi démontré leur utilité dans le cadre de la métrologie des fréquences
micro-ondes, pour le confinement des ions mercure, support d’un étalon à 40,5 GHzb qui fonc-
tionne lui aussi sans refroidissement laser mais avec refroidissement par gaz tampon72 (du néon
dans le cas présent). L’excitation optique nécessaire au pompage optique et à la détection de
l’état interne après l’interrogation de la transition d’horloge est réalisée avec une lampe à mer-
cure (isotope 202Hg+). Le facteur limitant la stabilité à long terme de cet étalon est la variation
de l’effet Doppler du second ordre, due aux fluctuations du nombre d’ions piégés (de l’ordre de
107). La contribution du micro-mouvement à l’effet Doppler dépend du nombre d’ions piégés par
l’intermédiaire du champ rf vu par les ions, qui augmente quand on s’éloigne du centre. Pour le
même nombre d’ions piégés, l’amplitude maximale du champ rf peut être réduite par l’utilisation
de multipoles au lieu de quadrupoles. En effet, dans le cas d’un nuage suffisamment dense, on
aOn appelle ici multipole les pièges linéaires qui comportent plus de 4 barreaux, par opposition aux quadrupoles.
bPlus précisément c’est la transition F = 0 → F = 1 du niveau fondamental de l’isotope 199Hg+ qui fournit
cette référence de fréquence.
110 IV.1 Lois d’échelle d’un nuage dense en piège linéaire
peut montrer que l’effet Doppler du second ordre induit par le micro-mouvement s’écrit73
δfD2 = −f0 q
2NL
8πǫ0m(k − 1)c2 , (IV.1)
où 2k est le nombre de barreaux du piège. Ce gain linéaire avec le nombre de barreaux explique
pourquoi aujourd’hui le prototype d’horloge de l’équipe du JPL (J. Prestage et collaborateurs)
possède 16 barreaux74. Il est le successeur des pièges75 à 4 puis 12 barreaux développés au fil
des années au JPL.
Dans ces deux principales applications des multipoles (collisions froides et métrologie
micro-onde), les ions ne sont pas refroidis par laser et les densités atteintes pour le nuage
d’ions sont telles que la prise en compte de l’interaction coulombienne n’est pas primordiale
pour comprendre la dynamique et l’état d’équilibre d’un ensemble d’ions. À l’opposé, dans les
quadrupoles, plusieurs expériences avec des nuages refroidis par laser (≤ 5 104 ions) ont mis en
évidence la transition de phase de gaz à liquide76 et de liquide à cristallisé77,78. Alors que dif-
férents effets étaient observés en quadrupole, tels que des transitions entre différentes structures79
et le refroidissement sympathique par couplage coulombien80,81, une seule expérience a vu le re-
froidissement laser puis la cristallisation d’un nuage d’ions (taille maximale de l’ordre de 104
ions) dans un multipole11,12, un octopole dans ce cas précis. Remarquons que le refroidissement
laser et la cristallisation de grands nuages d’ions (> 105 ions) sont par contre rendus plus faciles
à observer dans des pièges de Penning82,83 grâce à l’absence de chauffage rf.
Ce chapitre commence par une étude en champ moyen du comportement de grands nu-
ages en quadrupoles et multipoles linéaires. Ceci permet de mettre en évidence les paramètres
contrôlant la taille et les énergies potentielles des nuages en vue du choix des dimensions de
l’expérience. La seconde partie présente un cas particulier de structure stable mise en évidence
pour quelques ions en multipole et proposée comme support à un étalon de fréquence. Finale-
ment, la troisième partie s’intéresse au mode de création des ions qu’il est nécessaire d’analyser
pour assurer un flux d’ions suffisant à la création de large nuages.
IV.1 Lois d’échelle d’un nuage dense en piège linéaire
Un des enjeux de cette étude est d’identifier les paramètres de piègeage contrôlant la taille du nu-
age et par conséquent celle du piège. Pour cela, j’ai exploité un modèle développé à l’origine pour
des gros nuages d’ions en pièges de Penning84, le modèle du plasma non neutre ou non-neutral
plasma (NNP). Ce modèle se transpose très bien au piège rf quadrupolaire, dans l’approximation
du pseudopotentiel et a d’ailleurs déjà été utilisé par Cutler et al.85 pour estimer l’effet Doppler
du deuxième ordre sur des ions en piège quadrupolaire. Par contre, l’extension de ce modèle
à des ions en pièges multipolaires n’avait été menée que pour un piège 3D13 et pas encore ex-
ploitée pour estimer des valeurs absolues de dimensions de nuages. Le principe de l’étude basée
sur ce modèle et son exploitation pour le dimensionnement des pièges sont publiés en tant que
tutoriel dans un numéro spécialModern Applications of Trapped Ions de J. Phys. B. L’article est
reproduit dans la paragraphe suivant, aussi nous ne présentons ici que les grandes lignes de ce
modèle pour nous concentrer sur les enjeux précis du projet qui nous concerne.
Le modèle NNP est un modèle de fluide continu chargé, à l’équilibre thermodynamique.
Il ne permet pas de rendre compte de l’éventuelle organisation interne d’un nuage d’ions froids
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en couches structurées mais est tout à fait pertinent pour déterminer le profil de densité du nu-
age et le volume occupé. D’ailleurs cette pertinence est confirmée a posteriori par l’accord
entre les lois d’échelle que l’on peut déduire de ce modèle et celles démontrées par une étude
numérique en piège isotrope 3D, réalisée principalement par mes collaborateurs Florent Calvo et
Ersin Yurtsever86. Techniquement, le couplage entre une équation de type Boltzmann exprimant
l’équilibre thermodynamique et l’équation de Poisson liant la densité de charges au potentiel
qu’elle crée, conduit à une équation différentielle qui contrôle le profil de densité et qui est in-
tégrable à partir d’une subroutine standard dans le cas d’une symétrie sphérique (ce qui était le
cas de Cutler et. al.) ou d’une symétrie cylindrique de longueur infinie (ce qui se rapproche
de notre cas). Nous avons donc fait l’hypothèse d’un nuage suffisamment allongé pour qu’on
puisse l’identifier à une portion de nuage de longueur infinie. Il est important de garder à l’esprit
qu’un modèle de fluide continu n’est pertinent pour traiter un nuage d’ions que si la taille du
nuage est bien plus grande que la longueur caractéristique des effets collectifs, appelée longueur
de Debye. Cette longueur est d’autant plus petite que la température de l’échantillon est faible et
que sa densité est grande. Pour un nuage à 300 K, ce modèle est applicable dès que le nombre
d’ions par unité de longueur est au moins de 105 ions par mm. C’est dans ce cadre de travail que
nous nous plaçons ici. En effet, nous visons un nombre total d’ions de l’ordre de 107 et de façon
générale, on a tout intérêt à former un nuage le plus dense possible, pour réduire l’encombrement
du double piège et pour avoir une meilleure collection optique.
Cette nouvelle expérience fait l’objet d’une collaboration avec le CNESc dans le cadre
d’une étude prospective sur les étalons de fréquence micro-onde à ions mercure ( 199Hg+). Les
étalons développés par le JPL87,74 et mentionnés plus haut affichent déjà des performances de
stabilité long terme proche de 10−16. La phase d’excitation de la transition d’horloge a lieu dans
un 16-pole mais les phases de préparation (pompage optique) et de détection après excitation
ont lieu dans un quadrupole, plus ouvert. Un des défis de cet étalon est le transfert, sans perte
d’ions, du quadrupole au multipole, et retour. Dans le projet qui nous lie au CNES, nous nous
proposons d’étudier plus spécifiquement ce transfert pour des nuages d’ions calcium de taille
pouvant aller jusqu’à 107 ions, taille requise pour les étalons micro-onde. Dans ces étalons, le
refroidissement des ions est réalisé par collisions avec un gaz tampon à 300 K aussi nous envisa-
geons dans la suite les caractéristiques d’un nuage à 300 K et celles d’un nuage refroidi par laser
car nous mènerons ces deux types d’études dans le même dispositif expérimental. Dans le cas
d’un nuage refroidi par laser, des expériences réalisées en quadrupole78 ainsi que les simulations
de dynamique moléculaire (DM)88,89 montrent que les températures à attendre sont de l’ordre de
10 mK.
IV.1.1 Tutoriel : de la dynamique et thermodynamique des ions
piégés
Voici ici résumée la méthode utilisée pour obtenir une équation du profil de densité d’un nuage
en piège linéaire. Comme cette étude porte sur l’équilibre d’un ensemble de charges vu comme
un fluide chargé, elle n’a de sens que si l’approximation du pseudo-potentiel introduite en II.1.1
est vérifiée et que l’effet du micro-mouvement sur les propriétés d’équilibre peut être négligé.
Dans ces conditions et en faisant l’hypothèse ergodique, les travaux de Dubin, Driscoll, O’Neil
cContrat 60180/00 du 9 octobre 2006 et Contrat 81915/00 du 17 octobre 2008
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et Prasad90,91,84 montrent que l’équilibre thermodynamique d’un plasma non-neutre peut être
décrit par une distribution de Gibbs à N particules dès que N ≥ 100 (pour des N plus petits,
les fluctuations sont trop grandes pour pouvoir identifier la moyenne sur la distribution micro-
canonique à celle sur la distribution canonique-ou de Gibbs). Intégrée sur lesN vitesses etN−1
positions, la distribution de Gibbs se résume au profil de densité du plasma n(r):
n(r) = N exp
[
−E(r)
kBT
]
(IV.2)
où N est une constante de normalisation et E(r) est l’énergie d’une particule en r. Cette énergie
contient la contribution du potentiel de confinement, représenté ici par son potentiel effectif
(pseudo-potentiel et potentiel statique) V ∗(r) = qφT (r) et du potentiel répulsif de Coulomb,
représenté par son champ moyen qφq(r) et créé par toutes les charges entourant le point r
(l’effet de la charge image est négligé car les charges sont suffisamment éloignées des surfaces
conductrices92). Le profil de densité de charge et le potentiel créé par ces charges sont aussi liés
par l’équation de Poisson
∆φq(r) = −qn(r)
ǫ0
(IV.3)
et ces deux équations permettent d’obtenir une équation différentielle régissant le profil de den-
sité qui est simplifiée si on s’intéresse plutôt au profil logarithmique de la densité90,91. Le prob-
lème de la normalisation s’élimine en définissant la densité par rapport à la densité au centre
n(0) = n0, on a alors :
n(r) = n0 exp[Ψ(r)] (IV.4)
Ψ(r) = − q
kBT
(φT (r) + φq(r)− φT (0)− φq(0)) . (IV.5)
En combinant les équations (IV.5) et (IV.3), on obtient alors,
∆Ψ(r) =
q2n0
kBTǫ0
[
exp[Ψ(r)]− ǫ0
qn0
∆φT (r)
]
. (IV.6)
Cette équation est l’équation maîtresse du profil de densité d’un fluide chargé dans un pseudo-
potentiel de symétrie quelconque. Avant d’entrer dans l’analyse numérique de la solution de
cette équation, on peut déjà remarquer que la longueur caractéristique de cette équation est
clairement apparente sous la forme (kBTǫ0/(q2n0))1/2 qui est la longueur de Debye du système,
d’où l’utilisation de variables réduites dans la suite. De plus cette équation met en évidence le
statut particulier de quadrupole par rapport à tous les multipoles. En effet, le quadrupole est la
seule géométrie pour laquelle l’intervention du potentiel de confinement dans le profil de den-
sité (dernier terme dans l’équation IV.6) correspond à un terme constant. On peut d’ailleurs
remarquer que seul le pseudo-potentiel associé au potentiel rf joue un rôle dans cette équation, le
potentiel statique nécessaire au confinement le long de l’axe de symétrie obéissant à l’équation
de Laplace ∆φdc = 0.
Une introduction générale aux pièges linéaires d’ordre quelconque est présenté dans l’article
qui suit. Elle permet de mettre en évidence les particularités du quadrupole par rapport aux autres
géométries. L’analyse du profil de densité qui y est présenté ainsi que les lois d’échelle qui ont
été démontrées à cette occasion nous permettent par la suite de déduire les paramètres dimen-
sionnant le piège que nous voulons pour nos expériences.
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Abstract
This paper introduces the dynamics of charged particles in a radiofrequency trap in a very
general manner to point out the differences between the dynamics in a quadrupole and in a
multipole trap. When dense samples are trapped, the dynamics is modified by the Coulomb
repulsion between ions. To take into account this repulsion, we propose to use a method,
originally developed for particles in a Penning trap, that models the ion cloud as a cold fluid.
This method can not reproduce the organization of cold clouds as crystals but it allows one to
scale the size of large samples with the trapping parameters and the number of trapped ions,
for different linear geometries of trap.
1. Introduction
Quadrupole radiofrequency traps appear to be the obvious
choice for most applications where charged particles need to be
trapped, cooled and manipulated by laser interactions. Optical
frequency metrology and quantum information processing
give examples of such a control of the ion motion by atom–laser
interaction as shown in several contributions to this special
issue. Up to now, all the protocols make use of the harmonic
nature of the potential induced by the radiofrequency field
and were demonstrated with one or few ions. On the other
hand, higher order radiofrequency traps are efficiently used
with large samples where buffer gas cooling is preferred to
laser cooling. This is the case, for example, for microwave
frequency standards working with large samples of Hg+ ions
[1, 2] or with experiments studying cold reactions with
molecules [3, 4]. In the prospect of new experiments where
one could think of applying quantum information processing
methods to a larger sample (of atomic or molecular ions), it
may be useful to consider using higher order radiofrequency
traps than the usual quadrupole trap. The first purpose of
this paper is to give a general background about the dynamics
of ions in radiofrequency traps to point out the differences
between the dynamics inside a quadrupole and a multipole
trap (here we call a multipole trap a linear radiofrequency trap
with a higher symmetry order than a quadrupole). The second
objective of this paper is to present a mean-field approach
already used for particles in Penning traps and called the
nonneutral plasma. Using this method, it is possible to
scale the size of a trapped sample with the relevant physical
parameters of the problem. This general approach is useful to
understand what is so special about the quadrupolar geometry
even when large samples are trapped. This paper is organized
in two parts, the first one describes the dynamics of single
charged particle in a radiofrequency field of very general
geometry. The second part introduces the mean-field approach
that allows one to take into account the Coulomb repulsion in
large samples. This model is used in the linear geometry to
establish relations between the trapping parameters and the
characteristics of the trapped sample.
2. General description of radiofrequency trapping
2.1. The most general case
Let us try to get some insights into the dynamics of trapped ions
(mass m and charge q) starting with a non-specific geometry.
The development presented here is greatly inspired from a
broad review written by Gerlich about multipoles and their use
to study ion–molecule reaction dynamics [5]. Let us assume
0953-4075/09/154002+09$30.00 1 © 2009 IOP Publishing Ltd Printed in the UK
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that the potential between a set of electrodes can be written
as the sum of a static voltage !s(r) and a radiofrequency
voltage !rf (r, t) oscillating at frequency " and responsible
for the effective trapping of the charged particle. The
motion of a single ion is then governed by the local electric
field
E(r, t) = ∇!s(r) + ∇!rf (r, t) = Es(r) + E0(r) cos("t).
(1)
To compute the trajectory of this ion, the difficulty lies in
the integration of the equations of motion in a time varying
electric field. So we first assume that there is no static electric
field (Es(r) = 0). If the electric field were homogeneous, the
motion would revert to the rf-driven oscillation
r(t) = −
qE0
m"2
cos("t) = −a cos("t), (2)
where a is the amplitude of this oscillation. As E0(r) is non-
homogeneous, this amplitude varies in space and the motion
can be split into two contributions: the motion driven by the
rf field R1(t) = −a(t) cos("t) and a slower motion R0(t)
induced by the variation of the amplitude of the radiofrequency
field. The local electric field can then be expanded as
E0(r(t)) = E0(R0)− (a(t).∇)E0(R0) cos("t) + · · · . (3)
The resolution proposed here for the dynamical equations
relies on two approximations:
(i) the first order expansion of E0 around R0 in equation (3)
and
(ii) the adiabatic approximation which assumes that the
typical evolution time scale of a and ˙R0 is far longer
than the rf period.
In this frame of approximations, the slow dynamics is
determined by
m ¨R0 = −
q2
4m"2
grad
(
E20
) (4)
and, as far as R0(t) is concerned, it is as if the particle is
trapped in a static potential well, called the pseudo potential:
V ∗(r) =
q2E20(r)
4m"2
. (5)
Building a pseudopotential well implies grad
(
E20(r)
)
> 0 in
the three directions. In practice, the fulfilment of this condition
is not sufficient to assure the stability of the ion’s trajectory. A
conservative stability criterion is given by a local adiabaticity
criterion, introduced by Teloy and Gerlich [3, 5], and defined
by the relative variation of E0 seen over the amplitude of the
driven motion oscillation:
ηad =
|2(a ·∇)E0|
|E0|
=
2q|∇E0|
m"2
. (6)
This adiabaticity parameter depends on the location in the
trap except for the particular case of quadratic radiofrequency
voltage for which ∇E0 is homogeneous. In the multipole
case, numerical simulations and experimental observations
mentioned by Gerlich [5] show that the empirical limit
ηad < 0.3 guarantees adiabaticity in most cases. A more
recent experimental study of the loss mechanism in a 22-pole
trap [6] complementary to a more general model of effective
trapping volume for multipole [7] has demonstrated stability
up to ηad < 0.36 ± 0.02. A safe criterion for stability could
then be ηad(Rmax) < 0.34.
If the static electric field is switched on again, according
to the superposition theorem, the motion is governed by the
effective static potential
V ∗(r) =
q2E20(r)
4m"2
+ q!s(r). (7)
The rf-driven motion (also called micromotion) R1(t) is
deduced from the motion in the pseudopotential (called
macromotion):
R1(t) = −
qE0(R0)
m"2
cos("t), (8)
and its amplitude is proportional to the local rf-electric
field. As this electric field must increase with R0 for
effective trapping, the micromotion amplitude increases with
the distance from the trap centre. As this driven motion cannot
be cooled, the only way to reduce this amplitude is to keep the
ion at the node of the electric field.
2.2. Focus on the linear trap
In most experiments requiring a precise control of the
dynamics and kinetic energy of the ions, micromotion is
a side effect that can bring a large contribution to the
Doppler effect and reduces the precision reached on the
kinetic energy of the ions. In a linear geometry where a
radiofrequency voltage is applied only in the transverse plane
with a translation symmetry along the remaining axis, the
node of the radiofrequency electric field is the symmetry axis.
When large samples are trapped, it gives rise to a reduced
micromotion compared to spherical traps, as the ions are closer
to the node of the electric field. In this section, we assume
such a linear geometry where the trap consists of 2k equally
spaced rods as electrodes for transverse trapping and where
the confinement along the axis of symmetry is reached by a
static potential (the geometry of the electrodes used for the
axial confinement is not very relevant in this paper).
As a first step, we ignore this static potential and assume
that voltages +V (t)/2 = Us/2 − V0/2 cos("t) and −V (t)/2
are applied on alternate electrodes (so the voltage difference
between neighbouring electrodes isV (t), note that in Gerlich’s
paper this voltage is chosen to be 2V (t)). The 2k electrodes
are rods located at the same distance r0 from the trap axis
and solutions of the Laplace equation $! = 0 are linear
combinations of
!k(r, t) = !0(t)(r/r0)
k cos(kθ), (9)
where (r, θ) are the polar coordinates in the (x, y) plane. The
contribution of each order k is fixed by the boundary conditions
defined by the shape and position of the electrodes. Figure 1
shows the equipotential lines in the transverse plane of an ideal
multipole where only one contribution of defined symmetry
order defines the potential. This potential distribution can
be realized ideally if the electrode surfaces exactly match the
equipotential surfaces. Deriving the radiofrequency electric
2
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Figure 1. Equipotential curves in the plane of a 2k-pole with a spatial dependence of the rf potential defined by (r/r0)k cos(kθ). From left
to right, 2k = 4, 8, 12.
field generated by such a potential, the equations governing
the motion in the plane of a 2k-pole are
x¨/r0 − Fk(t)(r/r0)k−1 cos(k − 1)θ = 0
y¨/r0 + Fk(t)(r/r0)
k−1 sin(k − 1)θ = 0 (10)
with Fk(t) = kqUs
/(
2mr20
)− kqV0
/(
2mr20
)
cos("t). As an
example, let us have a look at the equations of motion of an
ion in an octupole (2k = 8):
x¨ + F4(t)(x
3 − 3y2x)/r20 = 0
y¨ − F4(t)(y3 − 3x2y)
/
r20 = 0.
(11)
These equations are nonlinear and coupled. The nonlinearity
makes the stability of individual trajectories sensitive to their
initial conditions. As a consequence, it is not possible to
define absolute stability conditions based only on the working
parameters of the trap. An estimation of the local stability
is provided by the adiabaticity criterion (equation (6)). For
a 2k-pole, it increases like rk−2 and is uniform only in the
quadrupolar case (2k = 4):
ηad = k(k − 1)
qV0r
k−2
m"2rk0
. (12)
In a quadrupole, and only in a quadrupole, the equations
of motion take the simple forms
x¨ − F2(t)x = 0 y¨ + F2(t)y = 0, (13)
which are linear and uncoupled for x and y. The introduction
of the reduced time scale ξ = "t/2 leads to the well-known
Mathieu equation
d2u
dξ 2
+ (au − 2qu cos("t))u(ξ) = 0 (14)
(u = x, y), which belongs to the family of differential
equations with periodic coefficients. Solutions of this equation
can be found in many textbooks [8, 9]. The solutions have the
form
u(t) = A eiωut
∑
n
C2n e
in"t + B e−iωut
∑
n
C2n e
−in"t (15)
with ωu = βu"/2, βu depending only on the Mathieu
parameters au and qu through continuous fractions. au and
qu depend on the trapping parameters by
qx =
2qV0
m"2r20
; qy = −
2qV0
m"2r20
(16)
ax = −
4qUs
m"2r20
; ay =
4qUs
m"2r20
. (17)
These solutions are stable if 0 ! βu ! 1. This condition
defines areas in the plane defined by (au, qu): the stability
regions. In practice and because of technical limitations,
radiofrequency traps are operated in the lowest stability region
(the one including (0, 0)).
The solutions of the Mathieu equation can be expanded in
the lowest order approximation which requires
(|au|, q2u
) " 1
and implies that βu " 1. In this limit βu =
√
au + q
2
u
/
2 and
u(t) = U cos(ωut)
(
1 +
qu
2
cos"t
)
. (18)
This is exactly what we would obtain using the pseudopotential
well resulting from the adiabatic approximation. It says that
the main motion (or macromotion) is a harmonic oscillation of
frequency ωx , perturbed by the driven radiofrequency motion
(or micromotion). The amplitude of this micromotion is
proportional to the harmonic oscillation amplitude and to the
Mathieu equation parameter qu.
The Mathieu equations, or more generally the equations
of motion given by equation (10), are strictly true for a single
ion in an ideal trap and do not include the Coulomb repulsion
between ions. When several ions are trapped, the correlations
between ions (often called space charge effect in its mean-
field approach) can be ignored for warm enough or very
dilute samples where the averaged Coulomb repulsion is low
compared to the kinetic energy. The coupling parameter ' =
q2/(4pi)0akBT ), the ratio of the average nearest-neighbour
Coulomb repulsion energy and the thermal energy, quantifies
this competition between correlation and thermal motion (the
usual definition sets a as the Wigner–Seitz radius and is related
to the density by 4pina3/3 = 1). For low ' (' " 1), the
Coulomb repulsion can be ignored and it is relevant to use the
single ion equations of motion to learn about the ion dynamics.
3
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With laser cooling techniques, ! as high as a few hundred
can be reached. As soon as ! ! 1, correlations cannot be
ignored to calculate dynamics or equilibrium properties of
the trapped ions. This problem is widely addressed by two
methods. The first one is based on computer simulations
of the experiment by calculating the position and velocity
of each ion by a Monte Carlo method [10], when only the
statistical equilibrium is studied, or by molecular-dynamics
simulations [11–13] when information about the dynamics is
also required. These computer simulations are an efficient
tool to calculate the crystal structure appearing in trapped ions
as soon as ! ! 100, depending on the trapping parameter,
the number of ions and the temperature [12, 14–16]. It is
even possible to include buffer gas or laser Doppler cooling
in the model, by an effective damping force [13, 17] or by
a stochastic force induced by the momentum kicks in each
collision or absorption/emission process [18]. In this paper I
wish to present another method which has been developed for
electrons or ions in Penning traps but which is very relevant
for ions in radiofrequency traps, using a model for the atomic
sample called the non-neutral plasma. This model uses a
mean-field approach where the ion–ion Coulomb repulsion
is taken into account by the total field created by the charge
distribution. One can show [19] that the equilibrium state
of such a system in a harmonic pseudopotential is equivalent
to that of a one component plasma (OCP), a model system
where the charged particles are embedded in a neutralizing
background charge. It allows one to calculate the density and
size of trapped charged samples in the dense and cold limit,
a requirement which fits very well with laser-cooled atoms.
Contrary to the molecular dynamics or Monte Carlo methods,
it cannot reproduce the internal Coulomb crystal structure
observed in experiments but it is of great help to scale the
size of a linear trap with the desired number of ions. This is
the question that I try to answer in the following section. Most
of the concepts introduced here can be found in the review
by Dubin and O’Neil [19] concerning the thermal equilibrium
states of trapped non-neutral plasmas.
3. The mean-field approach
When a large sample is trapped, a mean-field approach can
be used to study the global behaviour of the sample. This
treatment has been mostly used in the context of Penning traps,
for electrons or ions [20, 21] but also in 3D radiofrequency
quadrupole traps (or Paul traps) [22]. In this model, a thermal
equilibrium state is assumed and the sample is treated like a
cold fluid. This approximation holds if the plasma size is large
compared to the Debye length λD . This length characterizes
the scale over which a mean-field approach is relevant to
treat the Coulomb repulsion. It depends on the density n
and temperature T of the plasma as λD =
√
kBT #0/q2n
and decreases for cold and dense plasmas. The cold fluid
model allows one also to calculate the aspect ratio (radius over
length) of a cloud trapped in a harmonic potential [23]. These
predictions have been confirmed experimentally with laser-
cooled ions in a Penning trap [24] and in a linear rf quadrupole
in the isotropic [25] and anisotropic [26] cases.
In the context of radiofrequency trap, the equilibrium state
concept requires us to use the pseudopotential approach to
represent the trapping potential. Like in the previous section,
we assume a linear geometry but the same points developed
here could be applied to a 3D multipole trap. To find an
experimental characterization of the thermal equilibrium of an
atomic cloud trapped in a 3D octopole trap, the reader should
refer to [27] where the density profile is studied by means
of laser-induced fluorescence resolved in space. In the linear
geometry, the pseudopotential in the transverse plane of an
ideal multipole is defined by (see equation (7))
V ∗(r) =
q2V 20
32Ek
(
r
r0
)2k−2
+
qUs
2
(
r
r0
)k
cos kθ. (19)
where Ek = m%2r20
/
(2k2) is a characteristic energy. In
the following, we consider that there is no static voltage Us
applied to the rods but we take into account the static potential
required for axial confinement and its effect on the transverse
pseudopotential. The total effective potential becomes
V ∗(r) =
q2V 20
32Ek
(
r
r0
)2k−2
+
qκVend
2z20
(2z2 − r2), (20)
where κ is a loss factor depending on the geometry of the end
electrodes relative to the rods. It includes all screening effects
that can explain the reduction between the potential applied
on the end electrodes Vend and that effectively seen by the
ions. For 2k = 4, the shape of the transverse pseudopotential
remains quadratic and no major impact is expected from the
transverse deconfining effect of the axial confinement. On the
contrary, for 2k = 8, 12, . . ., the shape of the pseudopotential
is modified. The axis of the trap becomes an unstable position
and the potential minimum is shifted to r = rmin defined by
r2k−4min =
r2k−20
z20
16EkκVend
(k − 1)qV 20
. (21)
We see later that this shift of the potential minimum from
the centre of the trap has no effect on the density distribution
calculated in the mean-field model.
According to the work of Dubin, Driscoll, O’Neil and
Prasad [19, 28, 29] and assuming the ergodic hypothesis,
the thermal equilibrium state of a non-neutral plasma with
non-negligible correlations can be described by the N-particle
Gibbs distribution for plasmas as small as N ! 100 (for
smaller N, fluctuations are too big to identify the average
over the microcanonical and the canonical—or Gibbs—
distribution). Integrated over the N velocities and N − 1
positions, the Gibbs distribution gives access to the plasma
density distribution n(r):
n(r) = N exp
[
−
E(r)
kBT
]
, (22)
where N is a normalization constant and E(r) is the energy
of a particle at position r. It results from the contribution of
the confining potential V ∗(r) = qφT (r) and the mean-field
Coulomb repulsion potential qφq(r) created by all the charges
surrounding point r (the image charge effect is neglected as we
assume the charges are far enough from any conducting surface
[30]). The normalization issue can be solved by defining the
4
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density with respect to the density in the centre of the trap
n(0) = n0:
n(r) = n0 exp[!(r)] (23)
!(r) = −
q
kBT
(φT (r) + φq(r)− φT (0)− φq(0)). (24)
The density distribution and the potential created by the
charges are related by the Poisson equation
#φq(r) = −
qn(r)
$0
. (25)
This system of equations is then self-consistent but one
can get rid of some normalization difficulties by studying
only the logarithmic density profile !(r) [28, 29] and using
equations (24) and (25), one can show that
#!(r) =
q2n0
kBT $0
[
exp[!(r)]− $0
qn0
#φT
]
. (26)
It is obvious from equation (26) that the Debye length
relative to the central density λD =
√
kBT $0/(q2n0) will
be the relevant length scale for the density profile. This
equation also shows that the static contribution to the effective
potential V ∗ has no impact on the density profile as this
contribution obeys the Laplace equation #φ = 0 and that
only the pseudopotential associated with the radiofrequency
field controls this profile. Equation (26) also points out the
difference between quadrupoles and multipoles, regarding the
density profile of a non-neutral plasma. Indeed, in the cold
fluid limit (T → 0), to prevent divergence of the density,
exp[!(r)] − $0
qn0
#φT must also tend to 0 which means that
n(r) → $0#φT /q. This equation can also be deduced from
the condition for mechanical equilibrium of a shell of ions
for which the trapping field balances the field created by
the charges inside the shell. In our radiofrequency multipole
context, this becomes
lim
T→0
n(r) =
$0(k − 1)2V 20
8Ekr20
(
r
r0
)2k−4
(27)
which is uniform only for the quadrupolar geometry. For
higher order geometry, the density is expected to increase
with the distance from the centre of the trap, leading to an
empty centre and a geometry like a tube. This is confirmed by
molecular dynamics simulations presented in [31] for calcium
ions in an octopole.
We now want to use the differential equation (26) to scale
a cloud size. It appears that the situation is very different for a
quadrupole from other multipole geometries. So we first deal
with quadrupole geometry, which is very close to the Penning
trap configuration, and then expand our method to higher order
geometry.
3.1. In a linear quadrupole
In the particular case of a linear quadrupole, the
pseudopotential can be written as
φT (r, z) =
m
2q
ω2r r
2 +
m
2q
ω2zz
2 (28)
with ω2r = ω2x −ω2z
/
2, ωx being defined by the solution of the
Mathieu equation [8]. As mentioned above, the contribution
determining the density profile is
#φT (r, z) = 2
m
q
ω2x (29)
and does not depend on the static end voltage. The second
term in the differential equation (26) is then a constant
2m$0ω2x
/
(q2n0) that can be understood as the ratio of the
uniform limit density nc = 2m$0ω2x
/
q2 that is reached for
low temperature, divided by the realized central density n0.
This ratio is bigger than 1 as the limit density nc is the
highest reachable density for a given harmonic potential.
In the following, this ratio nc/n0 is expressed as γ + 1, γ
measuring how far the system is from the uniform limit density
(γ > 0). Finally, the differential equation determining the
density distribution is
#!(r, z) =
1
λ2D
[exp[!(r, z)]− γ − 1]. (30)
To simplify the integration, we introduce the reduced
coordinates (ρ, ξ) = (r/λD, z/λD) and solve
#!(ρ, ξ) = exp[!(ρ, ξ)]− γ − 1. (31)
Case of a prolate cloud L$ R. In the following, we assume
that the cloud is prolate and the dependence of the density
with z is negligible compared to its dependence with r. This
simplifies the problem to the integration of a one-dimensional
differential equation
1
ρ
∂!
∂ρ
+
∂2!
∂ρ2
= exp[!(ρ)]− γ − 1. (32)
To have an insight into the role of γ in this equation, it is
useful to look for an approximate solution, valid close to the
trap centre. For !(ρ) % 1, exp[!(ρ)] − 1 & !(ρ). In this
approximation, the solution of the differential equation (32) is
γ (1 − I0(ρ)) where I0(ρ) is the modified Bessel function of
order 0. Using the lowest order expansion of I0(ρ), one can
deduce that for ρ2 % 4/γ , n(ρ) & n0(1 − γρ2/4). So the
smaller the γ , the larger (in the reduced parameter) the range
where the density profile is nearly flat.
Integration of equation (32) (with the limit conditions
!(0) = 0 and ! ′(0) = 0) results in the profile !(ρ) and its
exponential n(ρ)/n0 which implicitly depends on γ . To get
real values for the number of trapped ions, the absolute density
profile n(r) and the size of the sample, one has to find other
relations between the relevant functions and parameters.
• First, in the frame of our approximation, the total number
of ions is
N =
∫ ∫
n(r)2pir dr dz = 2L
∫
n(r)2pir dr (33)
if L is the half length of the cloud. By using the reduced
parameter ρ and the definition of λD , one can show that
N
2L
=
kBT $0
q2
∫
exp[!(ρ)]2piρ dρ . (34)
This number of ions depends implicitly on the central
densityn0 through the parameter γ = nc/n0−1. Here, the
5
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Figure 2. Density profiles versus the reduced radius ρ (a, c, e) or
the radius r(b,d, f) for a prolate cloud with 105 ions per mm, at
different temperatures (a, b: T = 10 000 K, γ = 5, c, d : T =
300 K, γ = 0.04, e, f : T = 5 K, γ = 10−15). The scaling factor λD
between ρ and r is calculated for Ca+ ions in a trap with ωx/2pi =
1 MHz. Note that the x-axis of figure b has a different scale from d
and f, and that the x-axis of figure e has a different scale from a
and c.
number of ions per unit length N/2L, the temperature T
and the central density n0 are the three relevant parameters
for the density profile problem and only two of them are
free as they are related by equation (34).
• Second, to relate the two physical free parameters N/2L
and T to the real size of the cloud, it is useful to note that,
even if λD does not appear explicitly in the differential
equation, it is not a free parameter since
λ2D
γ + 1
= kBT
2mω2x
. (35)
As an experimentalist, one may want to know what the
size of an ion cloud will be. The solution is there: for a given
temperature T and a given number of ions per unit length
(N/2L), γ has to be found to fulfil the condition fixed by
equation (34). Then λD is deduced from equation (35) and the
radial size of the cloud is given by R = λDρmax. The strength
of the harmonic pseudopotential
√
mωx plays a role only in
this scaling. It becomes necessary to know its value only when
the size of the cloud is required. Examples of integrated radial
profiles in the reduced and full scale coordinate are shown in
figure 2 for the same number of ions per unit length and the
same potential well mω2x but for different temperatures. This
figure illustrates the differences between a warm and dilute
cloud where ρmax # 1 (T = 10 000 K, cases a and b) and a
colder and denser cloud where ρmax $ 1 (T = 5 K, cases e
and f), where the cold fluid model is relevant.
As mentioned above, theoretically, it is not appropriate
to model warm and dilute samples by the cold fluid model,
nevertheless, we can use the radial size calculated in this
condition as an indication and compare it to the radius of
the same sample cooled down. This is very important for
experimental issues, as the actual number of laser-cooled
trapped ions can be limited by the size it takes just after or
during the ionization process. Indeed, when ions are created
by electron bombardment, their initial temperature can reach
an order of magnitude of 10 000 K and comparison of plots (b,
d, f) of figure 2 shows that the radial size of the same sample at
10 000 K is nearly 4 times the size at 300 K and 6 times the one
at 5 K. This illustrates one of the advantages of photoionization
over electron bombardment to ionize a neutral beam. During
the photoionization [32], the ions can be continuously loaded
and laser cooled and the sample never reaches as high a
temperature as by electron bombardment. Then the cloud
remains smaller and more ions should be loaded in a trap, with
less radiofrequency heating [33, 34].
For a laser-cooled non-neutral plasma (N/2L !
103 mm−1, T " 1 K), or for a room temperature dense
sample (N/2L ! 105 mm−1, T = 300 K), γ is negligible in
equation (35) which can be simplified to
λ2D =
kBT
2mω2x
. (36)
This shows that in the cold fluid limit, for a given set
(T ,N/2L), the size of a cylindrical cloud scales as
(
mω2x
)−1/2
.
For temperatures close to the Doppler limit, the density
profile of large enough sample (!103 ions mm−1) is flat and
expands to values of ρ $ 1. We can then approximate
the density profile by exp[&(ρ)] = 1 for ρ " ρmax and
exp[&(ρ)] = 0 for ρ > ρmax. The relation between the
number of ions and the temperature is then simplified to
N
2L
= kBT '0
q2
piρ2max. (37)
As a consequence, the radial size R of the cloud is given by
R =
√
N
2L
1√
mωx
√
q2
2pi'0
, (38)
which is independent of the temperature and can be considered
as the minimum limit radius Rm for a sample. This limit for
the size of a prolate cold cloud is equivalent to a maximum
limit for the density
N
piR22L
→ 2mω
2
x'0
q2
, (39)
which is of course the limit density nc we introduced at the
beginning of the text.
To have an idea of this size, for a laser-cooled non-neutral
plasma of Ca+ in a linear quadrupole trap, the limit radius is
given by the following relation where ωx/2pi is in MHz:
R =
√
N
2L
1
ωx/2pi
× 1.31× 10−8. (40)
Another issue concerns the phase transition to crystals. In
finite size samples like that we deal with here, the transition
from the liquid to the crystal state is not abrupt. Molecular
dynamics simulations [12] and experiments [33] have shown
that it takes place for values of the coupling parameter (
between 150 and 200. As the ions arrange themselves
into concentric spheroidal shells, the diffusion inside a shell
persists even for ( as big as 300 [12]. To study experimentally
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such phase transitions in a finite system, it is then important
to make sure that ! as high as a few hundred can be reached.
For a laser-cooled dense sample, ! reaches a maximum limit
!c depending on the limit density nc ( a→ (4/3pinc)1/3) and
the temperature reached by the cooling:
!c =
(
q2
4pi#0
)2/3 (2mω2x)1/3
kBT
. (41)
This relation shows that the maximum ! that can be reached
in an experiment depends on the temperature of the sample,
and the harmonic pseudopotential mω2x . As an example, for
calcium ions and for ωx/2pi in MHz,
!c = 4.8
(ωx/2pi)2/3
T
. (42)
Several experiments [35, 36] with laser-cooled ions in linear
radiofrequency traps have shown that because of heating
processes such as radiofrequency heating, the Doppler limit
is not reached with large samples and that an optimistic
estimation for the limit temperature is 10 mK. In this condition,
one has to make sure to produce a high enough ωx to be able
to explore a wide range of !.
All the behaviour we have just described for a quadrupole
linear trap cannot be extrapolated to multipole traps because
the cold fluid limit does not result in a uniform density but
rather in a profile density increasing with the radius (see
equation (27)). Nevertheless, we can reasonably assume a
thermal equilibrium and a Gibbs distribution for multipole
also. Indeed, the experimental results of the evaporation of
ions from a linear 22-pole [7] are consistent with Boltzmann
statistics to characterize the velocity distribution.
3.2. In a linear multipole
In this section, we use the method developed for the quadrupole
linear trap in the more general case of a multipole linear trap.
The differential equation governing the logarithmic density can
also be written for a multipole potential, the major difference
is that now the Laplacian of the pseudopotential depends on r:
φtrap(r, z) =
qV 20
32Ek
(
r
r0
)2k−2
−
m
4q
ω2zr
2 +
m
2q
ω2zz
2. (43)
With the reduced parameters (ρ, ξ) as defined above, the
general differential equation (26) for a multipole is
()(ρ, ξ) = exp[)(ρ, ξ)]− #0
n0
V 20 (2k − 2)2λ
2k−4
D
32Ekr2k−20
ρ2k−4
(44)
= exp[)(ρ, ξ)]− αρ2k−4. (45)
In practice, the numerical integration depends only on α =(
#0V
2
0 (2k−2)2λ
2k−4
D
)/(
n032Ekr2k−20
)
. The use of the reduced
parameter must not hide the limit of this method which refers
the density profile to the central density n0. This is certainly a
limitation here as, from molecular dynamics simulations [31],
an empty core is expected in the cold limit. We see further in
the text how to interpret results obtained from this model. As
the integration of ) does not give access directly to the central
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Figure 3. Density profiles versus the reduced radius ρ (a, c, e) or
the radius r(b,d, f) for a prolate cloud with 1.6× 104 ions per mm,
at different temperatures (a, b : T = 10 000 K, α = 19 000, c,
d : T = 300 K, α = 1.8, e, f : T = 5 K, α = 0.13). The scaling
factor λD between ρ and r is calculated for Ca+ ions in an octopole
with r0 = 1 cm, V0 = 800 V and ,/2pi = 10 MHz. Note that the
x-axis of figure f has a different scale from b and d.
density n0, to scale the size of the sample one has to use the
same trick as in section 3.1, which is to find a combination of
α and λD independent of n0. From the definition of λD , it is
easy to see that α scales like n1−k0 , so the good combination is
λ2D
α1/(k−1)
=
(
32kBT Ekr2k−20
(2k − 2)2q2V 20
)1/(k−1)
. (46)
The idea of the numerical integration is the same as in
section 3.1. First we assume a translation symmetry along
Oz and do the integration along ρ only. Second, as the
total number of ions per unit length is always defined by
equation (34), the three coupled parameters are now T ,α and
N/2L. The smaller the α , the higher the number of ions for a
given temperature. Then, the real size of the cloud is defined
by λDρmax. Figure 3 shows the density profile of the same
cloud in the same octupole trap but for a different temperature.
For a matter of numerical integration, only profiles for clouds
as big as 1.6 × 104 ions mm−1 at 5 K could be calculated.
For a denser or colder sample, the profile is so steep that
the adaptative step procedure I use for integration reached
the lowest step allowed by the subroutine1. This limitation
explains why high reduced parameter ρ cannot be reached by
the simulation, contrary to the quadrupole case. The main
difference from the quadrupole geometry is visible for the
case of lower temperature (e, f) where the density reaches a
maximum more than 20 times higher than the central density.
This illustrates also the limitation we mentioned above for
the cold fluid model, in comparison with molecular dynamics
1 For the figures of this paper, I used matlab and the PDE routine allowing
the steepest profile was ode15s.
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Figure 4. Density profile of a calcium cloud of 1.6× 104 ions mm−1
at 5 K in two traps of different order but with the same parameters as
for figure 3: r0 = 1 cm, V0 = 800 V and !/2pi = 10 MHz. Dashed
line: k = 4, α = 0.13, λD = 0.86 mm, n0 = 3.2× 1010 m−3. Solid
line: k = 6, α = 0.0056, λD = 1.4 mm, n0 = 1.2× 1010 m−3.
simulations [31]. Choosing the density in the centre of the
trap n0 as a reference for the density profile prevents one
from finding an empty core but the high ratio between the
maximum density and n0 can be interpreted as a demonstration
of this phenomenon. This effect increases with the order of the
multipole as can be seen in figure 4 which shows a comparison
between the density profile in a 8-pole and a 12-pole, for
the same number of ions per length and the same trapping
parameters. In the higher order geometry, the radial size of
the cloud is 20% bigger than in the lower order geometry and
the ratio of the maximum density over the central density is
two times bigger. For the validity of our cold fluid model, it
is worth noting that, by analogy with the quadrupole case, we
defined the Debye length λD relatively to the central density,
which results in high values for λD , compared to the radial
size of the cloud (see figure 3 for values). Nevertheless, the
relevance of our model depends on the local Debye length
λD(ρ) compared to the size of the sample. We can see in
figure 4 that, close to the edge of the cloud, this length λD(ρ)
is a lot smaller than λD , as the local density is far higher than
n0. Consequently, using the cold fluid model to scale such a
cloud seems valid in the cold and dense limit.
As for a quadrupole, the cold fluid limit allows one to
estimate the minimum size of a cloud by assuming the T → 0
limit. To prevent divergence of the density at this limit,
exp[&(ρ)] − αρ2k−4 → 0, with our previous notation. The
maximum reduced radius visited by the ions is then determined
by the linear density N/2L:
N
2L
= kBT '0
q2
αpi
k − 1ρ
2k−2
max . (47)
The dependence of the cold fluid limit radius Rm on the
trapping parameters can then be expressed as
Rm = r0
(
N
2L
8Ek
pi'0(k − 1)V 20
)1/2(k−1)
. (48)
To put values into this equation, let us choose the case of
calcium ions in an octopole (k = 4) and express !/2pi in
MHz, then
Rm =
(
N
2L
)1/6 (
(!/2pi)r40
V0
)1/3
× 0.45. (49)
As an example, for V0 = 400 V, !/2pi = 1 MHz and r0 =
1 cm, the radial size of a cylindrical sample of N/2L =
4.2× 104 ions mm−1 is Rm = 2.4 mm in the cold fluid limit.
As a comparison, at 300 K, the numerical integration gives
R = 3.8 mm.
Also like in quadrupole traps, the set of trapping
parameters is constrained by stability criterion for the
trajectories of the ions. But contrary to quadrupole traps, there
is no absolute criterion but one can use the local adiabaticity
criterion of Teloy and Gerlich introduced in section 2.1. For a
perfect multipole like that we assume here,
ηad =
(k − 1)qV0
2kEk
(
r
r0
)k−2
. (50)
To be sure to remain in the adiabatic regime, we want to keep
ηad ! ηlim and then the radial size R ! radmax with
radmax = r0
(
ηlim
2kEk
(k − 1)qV0
)1/(k−2)
. (51)
To have an idea of how this criterion is respected, it can be
useful to compare, for a given set of trapping parameters, the
smallest achievable radial size Rm and the highest allowed
radius for adiabatic trajectories radmax:
Rm
radmax
=
(
N
Lpi'0
)1/2(k−1) (
q
kηlim
)1/(k−2)
×
(
k − 1
εk
)k/2(k−1)(k−2) (
V0
2
)1/(k−1)(k−2)
. (52)
For calcium ions in an octopole, this becomes
Rm
radmax
=
(
N
2L
V0
η3limr
4
0 !
4
)1/6
× 12.9. (53)
As an example, for the same parameters as above (V0 =
400 V, !/2pi = 1 MHz, r0 = 1 cm) and for the same
number of ions per unit length N/2L = 4.2×104 ions mm−1,
Rm
/
radmax = 0.75 and the adiabaticity criterion is obeyed over
all the cold sample (we used ηlim = 0.3 here).
By looking at equations (46), (48) and (52), one can note
that if the ratio !/V0 is conserved, the absolute radial size
is also conserved but not the ratio Rm
/
radmax. In practice, by
substituting !/V0 by 2!/2V0, Rm
/
radmax is reduced by a factor√
2. One can use this difference in behaviour to scale ones trap
and make sure that the desired sample fits inside the adiabatic
volume.
4. Conclusion
In this paper, we have described the dynamics of charged
particles in a radiofrequency trap in a very general manner to
point out the differences between the dynamics in a quadrupole
and in a multipole trap. When dense samples are trapped, the
dynamics is modified by the Coulomb repulsion between ions.
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To take into account this repulsion in the equilibrium state of
the cloud, we use a method that models the ion cloud as a
cold fluid. In the case of prolate clouds, it allows one to scale
the size of the samples with the trapping parameters and the
number of trapped ions, for different linear geometries of trap.
We think this can be useful to build an experiment where a
large number of ions needs to be trapped.
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122 IV.1 Lois d’échelle d’un nuage dense en piège linéaire
IV.1.2 Conception d’une expérience : choix des paramètres dimen-
sionnants
L’enjeu ici est de définir les paramètres pertinents définissant le piège double envisagé pour
l’expérience en construction, à partir des lois d’échelle démontrées dans l’article qui précède. Le
piège contient une partie quadrupolaire où, à priori, les ions seront créés, et dans le prolongement
de l’axe de symétrie, une partie octopolaire (voir l’allure d’un tel piège sur la figure IV.1). Le
Figure IV.1 : Vue en perspective du piège double en construction dans l’équipe. Au premier
plan, un octupole linéaire, au deuxième plan un quadrupole linéaire de même diamètre intérieur.
Les deux parties sont faites de barreaux cylindriques, de tailles différentes. Les barreaux sont
connectés alternativement à +V0/2 cos(Ωt) et −V0/2 cos(Ωt) mais la fréquence et l’amplitude
du potentiel rf sont différents pour les deux parties (dessin de Jofre Pedregosa).
refroidissement laser pourra être réalisé dans les deux parties et les ions pourront être transférés
d’une partie à l’autre par application de tensions statiques variables le long de l’axe Oz. Nous
avons l’ambition de confiner et transférer jusqu’à 107 ions car c’est à partir de ce nombre d’ions
qu’une horloge micro-onde atteint des performances compétitives. Une autre facette du travail
expérimental qui sera mené dans cette nouvelle expérience concerne les transitions de phase
(gaz/liquide et liquide/cristal) en quadrupole et multipole. Ces études n’ont pas besoin d’un tel
nombre d’ions pour être intéressantes mais le piège est dimensionné pour pouvoir accueillir 107
ions à 300 K comme à 10 mK. Un de nos objectifs dans l’étude de ces transitions de phase dans
un quadrupole est de caractériser expérimentalement le changement de phase cristalline quand
les effets de taille finie deviennent négligeables. Pour un petit nombre d’ions (≤ 104), des ions
froids dans un potentiel harmonique s’organisent en couches concentriques (pelures d’oignon),
le rapport de forme de ces couches étant définies par la forme du potentiel en 3D93–95. Quand le
nombre d’ions augmente, les effets de taille finie sont atténués au centre du cristal et des études
numériques de dynamique moléculaire (DM) en quadrupole isotrope (3D) ont montré96,97 qu’à
partir de 2.104 ions, une structure qui possède un cœur de symétrie cubique centrée (cc, bcc en
anglais), enrobé de quelques couches concentriques devient plus stable qu’un ensemble complet
de couches concentriques. Néanmoins, M. Drewsen et ses collaborateurs98 ont observé dans leur
quadrupole linéaire une structure présentant la phase cc au centre avec seulement un nombre
d’ions de l’ordre de 103. Des simulations de DM du mouvement des ions dans le piège de cette
expérience ont montré que cette structure est métastable et ne correspond pas au minimum absolu
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d’énergie. Il reste donc encore beaucoup à explorer dans ce domaine particulier des transitions
de phase en piège quadrupolaire.
Par ailleurs, les transitions de phase en multipoles ont jusqu’ici été peu étudiées car les
températures et densités atteintes par le refroidissement par collisions avec un gaz tampon ne
permettent d’atteindre la phase cristalline. Les seuls travaux expérimentaux concernant des ions
refroidis par laser en multipole ont été réalisés par Okada et ses collègues11,12 et concernent des
échantillons encore petits (N ≤ 104) d’ions calcium. La nature des cristaux observés laissent
penser que malgré la nature octopolaire du piège, le potentiel confinant n’a pas le profil attendu et
la comparaison entre calculs de DM et observations expérimentales doit être poursuivie. Le profil
du potentiel de confinement a une grande influence sur la structure des cristaux car, comme il est
décrit dans l’article précédent (en IV.1.1), la densité des échantillons froids reflète le laplacien
du pseudo-potentiel (n(r) ∝ ∆V ∗(r)). Dans un multipole, la structure attendue est donc une
structure creuse au centre, dont la densité augmente avec la distance au centre. Ces structures en
tubes bouchés ou cigares creux ont été démontrées par des calculs de DM en piège linéaire11 et
des calculs de type Monte-Carlo en piège isotrope86.
1.2.1 Définition du piège quadrupolaire
Un des objectifs dans la conception du piège est d’y limiter le chauffage radiofréquence qui
s’oppose au refroidissement laser et qui peut aller jusqu’à induire une perte d’ions quand le gain
en énergie cinétique ne peut être compensé. On appelle chauffage rf l’augmentation d’énergie
cinétique du macro-mouvement par transfert d’énergie depuis la source rf. Les causes du chauffage
rf sont beaucoup mieux identifiées dans un quadrupole que dans un multipole et sont asso-
ciées aux collisions entre les ions eux mêmes et avec les atomes du gaz résiduel et aux dé-
fauts du piège qui induisent des termes anharmoniques dans l’équation du potentiel. Dans un
quadrupole, la première étape pour limiter ce chauffage est de réduire au mieux les anharmonic-
ités du piège99,22,20,100. En effet, les termes anharmoniques dans l’équation du potentiel rf in-
duisent des résonances non linéaires entre les différentes fréquences propres du mouvement et
la radio-fréquence. Nous avons traité cette problématique lors de la conception du quadrupole
pour réduire les contributions anharmoniques dans le plan raidal aussi bien que le long de l’axe
de symétrie, sur des distances utiles atteignant la moitié des dimensions du piège, les résultats
que nous avons obtenus sont exposés dans une publication101.
Pour limiter l’influence des termes anharmoniques néanmoins présents, il faut confiner les
ions au plus proche de l’axe du piège pour éviter qu’ils visitent les zones où les anharmonicités
sont les plus importantes, c’est-à-dire limiter R/r0 (R est le rayon du nuage et r0 le rayon in-
térieur du piège). Il faut également limiter le chauffage rf intrinsèque, qui existe même quand
le piège est idéal, et qui est dû aux déformations du potentiel effectif vu par un ion induites par
la répulsion coulombienne entre ions102,103,89. Ceci est assuré par le choix d’un fonctionnement
du quadrupôle caractérisé par un paramètre de Mathieu qx petit (qx ≤ 0.3). Le choix de ce
paramètre de fonctionnement permet d’assurer un régime adiabatique aux trajectoires des ions.
Le paramètre de Mathieu qx, ne dépend que des paramètres du piège et du rapport q/m de l’ion :
qx =
2qV0
mΩ2r20
. (IV.7)
Dans la pratique, il faut maintenir qx ≥ 0.1 pour s’assurer des trajectoires stables même avec un
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piège non idéal. Plus qx est faible, plus le chauffage rf est faible aussi.
Finalement, les deux contraintes sur la partie quadrupolaire ne sont pas indépendantes
puisque l’équation qui caractérise la taille d’un nuage long, à la limite des basses températuresd
peut être réécrite comme
R
r0
∝
√
N
2L
1√
qxV0
. (IV.8)
Cette équation, qui ne dépend pas explicitement de la masse des ions, résume la stratégie qui
doit guider le choix des paramètres pertinents. Le compromis qxV0 est fixé par le nombre d’ions
par unité de longueur visé pour le nuage ainsi que par sa taille relative, qx seul étant contraint
par les arguments d’adiabaticité présentés plus haut. La masse de l’ion piégé intervient ensuite
explicitement lors du choix des deux autres paramètres définissant le piège, Ω et r0, par
Ωr0 =
√
2q
m
√
V0
qx
. (IV.9)
On voit que pour un nombre d’ions et une taille relative équivalentes, le produit Ωr0 est d’autant
plus petit, et donc techniquement plus accessible, quand la masse de l’ion piégé est élevée.
Le modèle de fluide continu utilisé pour cette étude permet d’obtenir une expression analy-
tique pour le rayon extérieur du nuage seulement à la limite des basses températures (en dessous
de quelques K). La comparaison de ces valeurs avec les résultats de l’intégration numérique du
profil de densité, pour un nuage à 300K, montre que le rayon extérieur est alors majoré d’un
facteur d’environ 20 %. Dans la suite, ce coefficient de majoration est noté α, et la taille relative
du nuage à 300 K s’écrit alors
R
r0
= (1 + α)
√
N
2L
√
2q
πǫ0
1√
V0qx
= (1 + α)
√
N
2L
1√
V0qx
× 1, 1 · 10−4. (IV.10)
Pour maximiser le taux de collection des photons émis par les ions et limiter l’effet des imperfec-
tions du piège, le choix a été fait de maintenir R/r0 ≤ 0.25 et de pouvoir atteindre une densité
linéiqueN/2L supérieure à 106 ions/mm pour limiter la longueur du nuage à 1 cm, tout ceci dans
un régime adiabatique. Ceci se traduit par
qxV0 ≥ 279 et 0.1 < qx < 0.3. (IV.11)
Les deux autres paramètres sont alors contraints par la relation
Ω(MHz)× r0(mm) = 2, 2
√
V0
qxm
, (IV.12)
Exploiter le refroidissement laser et étudier les transitions de phase vers des cristaux coulom-
biens imposent des contraintes plus exigeantes que celles régissant les études prélimiaires à la
réalisation d’une horloge micro-onde. Ces contraintes concernent la raideur du pseudo-potentiel
dans le piège, qui doit être suffisamment élevée pour assurer des densités d’ions à basse tem-
pérature permettant d’atteindre la transition de phase vers une phase organisée. Le paramètre
déquation (38) de l’article précédent
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pertinent qui contrôle cette transition est le paramètre de couplage Γp des plasmas. Il est défini
comme le rapport entre l’énergie coulombienne entre plus proches voisins et l’énergie d’agitation
thermique:
Γp =
q2
4πǫ0aWSkBT
(IV.13)
où aWS est la distance entre plus proche voisin et pour un système isotrope et homogène est
la distance de Wigner-Seitz (4πn/3)−1/3. Il a été démontré théoriquement104 qu’un système
coulombien infini subit une transition de phase liquide/cristal à Γp ∼ 173. Mais pour un système
fini, le Γp de la transition augmente quand la taille diminue97, et les expériences ont montré une
phase organisée (mais avec de la diffusion dans la structure) pour des Γp estimés entre 150 et
200. Pour étudier ces transitions de phase et les caractéristiques des structures formées, il est
donc nécessaire d’atteindre des Γp suffisants. Dans un pseudo-potentiel harmonique que l’on
peut décrire comme
V ∗ =
1
2
m(ω2x − ω2z/2)x2 +
1
2
m(ω2x − ω2z/2)y2 +
1
2
mω2zz
2 (IV.14)
où ωx est la fréquence séculaire déduite des équations de Mathieu, la densité à température
nulle est simplemente nc = 2mǫ0ω2x/q
2. Le paramètre de couplage à la limite froide peut alors
s’exprimer en fonction de la raideur du pseudo-potentiel et de la température comme
Γp =
(
q2
4πǫ0
)2/3
(2mω2x/3)
1/3
kBT
. (IV.15)
Les simulations numériques89f ainsi que les expériences montrent que la température la plus
basse accessible par refroidissement Doppler est de l’ordre de 10 mK, à cause des sources de
chauffage, principalement le chauffage radio-fréquence. Pour atteindre un paramètre Γp de 200
pour un nuage d’ions calcium à 10 mK, il faut une raideur de piège supérieure à 2π × 470 kHz.
Pour des raisons techniques, nous sommes limités en fréquence car il est très difficile de
réaliser des tensions de grandes amplitudes à grandes fréquences (la tension nécessaire croissant
comme le carré de la fréquence) sur des charges capacitives telles que des pièges linéairesg. Nous
avons donc choisi qx = 0.3 et Ω/2π = 5.5MHz pour un rayon interne du piège quadrupolaire de
r0 = 4 mm. Il faut alors fournir une différence de potentiel rf entre électrodes voisines de 1250 V
pour obtenir les conditions décrites plus haut pour un nombre d’ions par unité de longueur de
106 ions/mm. Toutes ces contraintes sont résumées sur les abaques de la figure IV.2 qui montre
que pour ce choix, le rayon attendu pour un nuage froid de 106 ions/mm est inférieur à 15%
du rayon du piège et que la fréquence séculaire des ions calcium y sera de 550 kHz pour un
paramètre de couplage supérieur à 200 à 10 mK.
La raideur du piège selon Oz nécessaire au confinement de 107 ions peut être déduite du
modèle de goutte chargée93 qui lie le rapport d’aspect ρ = R/L d’un plasma froid au rapport
d’aspect ω2z/ω
2
r du potentiel harmonique de confinement. Pour un nuage allongé (R ≪ L),
evoir l’article précédent pour la démonstration ou écrire l’équilibre mécanique d’une coquille du nuage
f et aussi celles de DM réalisées par M. Marciante, doctorant
gLa capacité équivalente à un piège linéaire, quadrupole ou multipole varie de 20 à 40 pF pour les dimensions
qui nous concernent
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Figure IV.2 : Valeurs des paramètres contraignants pour un nuage de 106 ions/mm de calcium
piégé dans un quadrupole linéaire de rayon intérieur r0 = 4 mm, en fonction de la fréquence
Ω/2π et de l’amplitude rf V0. En haut, lignes iso-qx (en rouge) et iso-R/r0 (en dégradé bleu)
dans la limite d’un nuage dense et froid. En bas, lignes iso-Γc (en bleu–) et lignes iso-ωx (MHz)
en vert. Le rond noir indique le point de fonctionnement choisi pour l’expérience.
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hypothèse dans laquelle nous nous plaçons dans tout ce chapitre, ce rapport d’aspect trouve une
forme simplifiée en
ω2z
ω2r
≃ 2ρ2 (ln 2− ln ρ− 1) . (IV.16)
Avec un nuage de 106 ions/mm, on peut estimer à 10 mm la longueur du nuage, soit un rapport
d’aspect ρ de l’ordre de 1/10. Un tel rapport d’aspect nécessite un confinement axial ωz = 0.2ωr
soit 2π × 120 kHz avec les paramètres choisis.
1.2.2 Définition du piège octopolaire
L’analyse de la partie multipolaire du piège se présente de façon un peu différente car on ne
peut pas définir un paramètre contrôlant la stabilité des trajectoires, tel que le coefficient qx
en quadrupôle. En effet, dans les géométries d’ordre supérieur au quadrupôle, la stabilité des
trajectoires dépend de leurs conditions initiales et il n’est possible de définir qu’un paramètre
d’adiabaticité ηad, qui est de plus un paramètre local :
ηad(r) =
k(k − 1)qV0
mΩ2r20
(
r
r0
)k−2
(IV.17)
où 2k est le nombre de pôles du piège. Si on appelle radmax le rayon limite pour lequel ηad atteint
la valeur limite ηlim que l’on s’autorise, les deux critères de dimensionnement que nous avons
exposés dans la partie précédente concernant la taille relative et l’adiabaticité des trajectoires se
traduisent maintenant par
R
r0
= (1 + α)
(
N
2L
4mΩ2r20
πǫ0k2(k − 1)V 20
)1/2(k−1)
< 0.25 (IV.18)
et
radmax = r0
(
ηlim
mΩ2r20
k(k − 1)qV0
)1/(k−2)
≥ R (IV.19)
où α est toujours la majoration de la taille radiale du nuage entre un calcul à 300 K et la limite
basse température. Dans un multipôle, ce facteur atteint 50 % pour des nuages peu denses (de
l’ordre de 104 ions par mm) et il est de l’ordre de 20 % pour des densités de l’ordre de 105 ions par
mm. Des études numériques et expérimentales ont montré que ηlim = 0.3 assurait l’adiabaticité
des trajectoires des ions70.
Avec des amplitudes rf de l’ordre de 1500 V, les nombres d’ions par unité de longueur
N/2L accessibles en multipôle sont plus faibles que ceux accessibles en quadrupôle, typique-
ment d’un facteur 4 ou 5. Avec un nombre de pôles augmentant, les densités accessibles et
l’ouverture optique du piège sont de plus en plus faibles et nous avons fait le choix d’un multi-
pole d’ordre le plus faible (2k = 8) et la densité maximale visée est 4 fois plus faible que celle
visée dans le quadrupole (2.5× 105 ions/mm). Dans la pratique, pour des ions de calcium et un
piège linéaire octopolaire, la taille radiale du nuage est
R = r0(1 + α)
(
N
2L
)1/6 ((Ω/2π)r0
V0
)1/3
× 0, 45 (IV.20)
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et le rapport entre cette taille et le rayon maximal où le critère d’adiabaticité est observé est
R
radmax
= (1 + α)
(
N
2L
V0
η3limr
4
0Ω
4
)1/6
× 12.9 . (IV.21)
Le comportement différent de ces deux rapports avec les paramètres de piégeage permet de trou-
ver une zone de fonctionnement qui obéit à toutes les contraintes fixées. En ce qui concerne les
transitions de phase, il y a peu d’études analytiques sur ce sujet, la densité n’étant pas uniforme
à basse température. Les études numériques en octopole isotrope86 montrent que les nombres
d’ions pertinents pour l’étude de ces effets se situent entre 103 et 105, un plus grand nombre
d’ions entraînant la fusion du système par l’intérieur. Comme le piège est dimensionné pour
accueillir 107 ions à 300 K, l’étude des transitions de phase n’impose à priori, pas de contraintes
supplémentaires. Pour des questions de passage de faisceaux laser et de transfert d’ions, nous
gardons le même rayon interne de 4 mm pour la deuxième partie du piège. La figure IV.3 permet
d’appréhender la stratégie de compromis à suivre, car elle rassemble sur un même abaque les
deux contraintes énoncées plus haut. La zone de choix possible est beaucoup plus restreinte que
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Figure IV.3 : Valeurs des paramètres contraignants pour un nuage de 2.5× 105 ions/mm de cal-
cium piégé dans un octopole linéaire de rayon intérieur r0 = 4 mm, en fonction de la fréquence
Ω/2π et de l’amplitude rf V0. Lignes iso-R/r0 (en pointillé bleu) et lignes iso-R/radmax (en rouge)
dans la limite d’un nuage dense et froid. Le rond noir indique le point de fonctionnement choisi
pour l’expérience.
pour un quadrupole et a le mauvais goût de s’étendre vers les grandes différences de potentiel rf.
Nous avons choisi pour l’expérience la solution requérant le plus faible tension rf : sa fréquence
est de Ω/2π = 3.5 MHz et son amplitude entre électrodes voisines doit atteindre 1400 V pour
satisfaire à nos contraintes, avec un nombre d’ions par unité de longueur de 2.5× 105 ions/mm.
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IV.1.3 Théorème du Viriel et répartition des énergies potentielles
Nous nous intéressons ici à la répartition de l’énergie totale du système {ions piégés} entre
l’énergie cinétique EC , l’énergie potentielle d’interaction coulombienne ECoulP et l’énergie po-
tentielle associée au potentiel de confinement. Pour cette étude qui suppose un équilibre thermo-
dynamique et des moyennes temporelles, il est pertinent de prendre en compte le confinement rf
par l’intermédiaire de son pseudo-potentiel. Nous supposons donc ici que l’approximation adia-
batique est vérifiée et nous décomposons l’énergie potentielle associée au confinement en énergie
potentielle associée au potentiel continu EPdc et au pseudo-potentiel rf E
∗
Prf
. Le développement
suivant est valide pour un quadrupole aussi bien que pour un multipole. Le théorème du Viriel,
qui suppose un système à l’état stationnaire dont le barycentre est immobile, permet de relier les
moyennes dans le temps (représentées par une barre) de l’énergie cinétique du système à celle de
son Viriel V par
EC = −1
2
V (IV.22)
où le Viriel est la somme sur les particules i du produit scalaire fi.ri de la force qui s’exerce sur
cette particule et de sa position par rapport à un référentiel fixe. Le Viriel a deux contributions,
celle des forces de répulsion coulombienne :
VCoul = ECoulP (IV.23)
et celle associée au potentiel de confinement. Pour un pseudo-potentiel correspondant à un piège
linéaire d’ordre 2k et de forme générale en αr2k−2 associé à un potentiel statique β(z2 − r2/2)
(r2 = x2 + y2), le Viriel s’écrit
Vpp = −(2k − 2)E∗Prf − 2EPdc (IV.24)
et le théorème du Viriel implique alors que
EC = −1
2
ECoulP + (k − 1)E∗Prf + EPdc . (IV.25)
Pour les températures accessibles par refroidissement laser Doppler de larges échantillons (typ-
iquement quelques dizaines de mK), l’énergie cinétique EC est négligeable devant l’énergie
coulombienne ( paramètre plasma Γ ≥ 100) et l’énergie de confinement. Le théorème du Viriel
résulte en l’égalité suivante :
ECoulP = (2k − 2)E∗Prf + 2EPdc . (IV.26)
Par ailleurs, on montre dans l’article reproduit en IV.1.1, par des considérations thermody-
namiques, que dans la limite de température nulle, le profil de densité d’un nuage piégé doit
exactement épouser la distribution de charges qui produirait le pseudo-potentiel :
lim
T→0
n(r) =
ǫ0
q2
∆V ∗(r) =
ǫ0
q2
α(2k − 2)2r2k−4. (IV.27)
Cette équation peut aussi être obtenue en supposant l’équilibre mécanique de chaque section du
nuage et en écrivant l’équilibre des forces sur une tranche le long de l’axeOz et sur un anneau de
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rayon fixé. Les énergies potentielles impliquées dans le théorème du Viriel dépendent du profil
de densité par
E∗Prf =
∫ ∫ ∫
drn(r)V ∗(r),
EPdc =
∫ ∫ ∫
drn(r)Vdc(r). (IV.28)
En incluant le profil de densité en multipole, donné par l’équation (IV.27), on trouve
E∗Prf = 2L
2πǫ0
q2
α2(k − 1)R4k−4 = N
2
2L
q2
4πǫ0
1
2(k − 1) . (IV.29)
où N est toujours le nombre d’ions et 2L la longueur du nuage le long de l’axe Oz. Il faut ici
remarquer que l’énergie potentielle de confinement dans le pseudo-potentiel ne dépend pas ex-
plicitement des caractéristiques de ce potentiel mais seulement du nombre d’ions confinés et de
la longueur de l’échantillon. Ce résultat est à rapprocher du résultat de J. Prestage et al.74 concer-
nant l’effet Doppler du deuxième ordre induit par le micro-mouvement δfD2 = −f0 〈vµ2〉/(2c2),
dans un nuage d’ions en piège linéaire d’ordre 2k :
δfD2 = −f0 N
2L
q2
4πǫ0
1
2m(k − 1)c2 . (IV.30)
En fait, les équations (IV.29 et IV.30) disent la même chose si on se souvient que, dans l’approximation
du pseudo-potentiel70, l’énergie cinétique moyenne du micro-mouvement d’une particulemv2µ/2
est égale au pseudo-potentiel moyen de cette même particule, qui dans l’approximation ergodique
est E∗Prf/N .
L’énergie potentielle associée au confinement par des tensions continues ne présente pas
la même loi de comportement en fonction du nombre d’ions et affiche une dépendance explicite
avec la raideur du potentiel :
EPdc = 2L
4πǫ0
q2
αβ(k − 1)
(
L2R2k−2
3
− (k − 1)R
2k
k
)
= Nβ
L2
3
−Nβ (k − 1)R
2
k
(IV.31)
le dernier terme dépendant du nombre d’ions par Nk/(k−1). À température "nulle", l’énergie du
système est E = (2k − 1)E∗Prf + 3EPdc (voir Eq. (IV.26)). Pour les grands nombres d’ions, elle
se comporte comme N2 et tend vers (2k − 1)E∗Prf . Ces lois d’échelle n’ont pas encore pu être
vérifiées ni expérimentalement ni numériquement. Mais on peut aussi déduire une loi d’échelle
pour l’énergie à température nulle dans le cas d’un multipole isotrope (en 3D). La même méthode
(Viriel + modèle du fluide chargé froid) appliquée à un système d’ions piégés en octopole 3D
(k = 4) conduit à une loi d’échelle pour l’énergie en N13/7 et pour le rayon du nuage froid
en N1/7. Ces prédictions ont été vérifiées numériquement par F. Calvo et E. Yurtsever86 par le
calcul des structures d’énergie minimales. Les calculs numériques montrent que les lois d’échelle
déduites du modèle continu de fluide chargé froid sont vérifiées pour des ensembles aussi petits
que N = 100, ce qui est déjà mentionné par Dubin et O’Neil à propos des ions en piège de
Penning105.
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Pour 106 ions/mm dans le quadrupole, l’énergie potentielle moyenne de confinement rf
est de 0.72 eV par ion alors qu’elle vaut 0.06 eV pour 2.5 × 105 ions/mm dans un octopole.
Le confinement axial induit une énergie potentielle plus élevée, de 4 eV par ion dans la partie
quadrupolaire pour un nuage de 10 mm piégé par ωz/2π = 120 kHz, valeur déduite en IV.1.3 par
le rapport d’aspect attendu dans le quadrupole. On voit donc que malgré un nombre d’ions piégés
par unité de longueur élevé, l’énergie potentielle de confinement statique est prépondérante de-
vant celle du confinement rf.
IV.1.4 Étude des lois d’échelle en masse
L’analyse présentée en IV.1.2 couplée à l’étude de la dépendance du micromouvement avec les
paramètres du piège permet de mettre en évidence les conditions de comparaison de deux sys-
tèmes travaillant avec des masses différentes. De façon générale, les critères physiques contrôlant
les paramètres d’un piège sont la taille relative du nuage par rapport au rayon interne du piège et
le paramètre d’adiabaticité (qui se réduit au paramètre qx pour un quadrupole). Dans l’objectif
d’une horloge micro-onde, il faut aussi prendre en compte la vitesse quadratique moyenne du
micromouvement, dont la fluctuation est responsable de l’instabilité principale de ces horloges,
à travers l’effet Doppler du 2ème ordre.
En utilisant le modèle de fluide chargé froid pour calculer la profil de densité du nuage,
et le théorème du Viriel, on a estimé cette vitesse et l’effet Doppler associé (Eq. IV.30). Le
résultat surprenant de cette étude, et qui a déjà été exploité par l’équipe du JPL74, est que cette
vitesse quadratique moyenne de micro-mouvement ne dépend pas explicitement des paramètres
physiques du piège (V0, Ω, r0) mais seulement de son ordre de symétrie, donné par k, de la masse
de l’ion et du nombre d’ions par unité de longueur présents dans le piège :
v2µ ∝
N
2L
1
m(k − 1) . (IV.32)
Cette expression met en évidence l’intérêt d’augmenter l’ordre des multipôles pour réduire l’effet
Doppler du 2ème ordre. Elle montre aussi que pour réduire cet effet, on a tout intérêt à utiliser
des pièges longs mais d’autres effets physiques et des problèmes d’encombrement limitent la
longueur envisageable pour ces pièges. L’équation montre également que pour le même nombre
d’ions par unité de longueur, l’effet Doppler diminue avec la masse de l’ion.
Pour obtenir une dynamique des ions comparable entre deux masses d’ions différentesm1
et m2 avec un nombre d’ions par unité de longueur identique, il faut accorder les paramètres de
piège pour obtenir la même taille relative R/r0 et la même adiabaticité en R, ceci implique
(√
mΩr0
)
1
=
(√
mΩr0
)
2
(IV.33)
(V0)1 = (V0)2 (IV.34)
Dans l’hypothèse de pièges de dimensions identiques, il faut donc modifier la fréquence rf dans
le rapport inverse des racines carrées des masses pour retrouver la même dynamique.
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IV.2 Structures d’équilibre d’un petit nombre d’ions re-
froidis
Pour les petits nombres d’ions (typiquement inférieurs à quelques centaines), le modèle de fluide
froid n’est plus pertinent et les calculs de dynamique moléculaire (DM) sont un outils précieux
pour prévoir le comportement d’un ensemble d’ions froids en multipole. Si les paramètres de
piégeage sont bien choisis (voir l’article en IV.2.2), on peut faire en sorte que la structure stable
formée par les ions froids soit un anneau autour de l’axe Oz. Cette structure offre de nombreux
intérêts car elle permet l’excitation laser simultanée de quelques dizaines d’ions dans des condi-
tions identiques. La mise à profit d’un tel système pour la métrologie des fréquences optiques est
justifiée dans l’article publié106 reproduit en IV.2.2. Les effets systématiques induit par le champ
rf et la géométrie particulière du système y sont estimés. La faisabilité de cette proposition est
démontrée grâce aux simulations de DM réalisées par Mathieu Marciante dans sa thèse. Ces
simulations permettent de démontrer la forme de la structure stable et d’estimer la température
atteinte par refroidissement laser Doppler. Avant de présenter cet article, abordons la méthode
utilisée pour simuler numériquement le refroidissement laser et les diagnostics proposés pour la
valider.
IV.2.1 Le refroidissement laser Doppler dans les simulations de dy-
namique moléculaire
Dans ses travaux de thèse, Mathieu Marciante s’intéresse à la dynamique d’ions piégés, refroidis
par laser. Une des motivations de ces études est de mettre en évidence le rôle de la répartition
spatiale des ions sur la thermalisation des degrés de liberté. Ce problème se pose quand une
seule espèce est piégée et que le refroidissement n’est pas isotrope (un seul faisceau laser, par
exemple) et/ou quand deux espèces sont confinées et qu’une seule est refroidie par laser. Le
couplage coulombien est alors couramment invoqué pour justifier que tous les degrés de liberté
se thermalisent ("refroidissement sympathique") mais en fait, l’efficacite de ce couplage dépend
beaucoup de la configuration spatiale du nuage.
Plusieurs méthodes s’offraient à nous pour la prise en compte de l’effet mécanique de
l’interaction atome-laser et modéliser le refroidissement laser de l’échantillon. Le processus mi-
croscopique à l’origine du refroidissement laser Doppler est la pression de radiation exercée sur
un atome quand il absorbe des photons. Le recul transféré h¯kL lors de l’absorption conduit à un
freinage si on s’arrange pour privilégier l’absorption d’un photon quand il est contra-propageant
avec l’atome. Pour cela il suffit de choisir un désaccord négatif pour le laser (ωL < ω0), pour
qu’un effet Doppler positif (−kL.v) ramène le laser en résonance. L’émission spontanée étant
isotrope, elle ne contribue pas au bilan de quantité de mouvement transférée mais induit une
marche aléatoire dans l’espace des phases qui limite la température accessible par un tel mode
de refroidissement107,49. On peut montrer pour des atomes libres qu’une configuration de deux
faisceaux laser identiques contra-propageants (dite mélasse optique) a un effet mécanique équiv-
alent à une force de friction108,49 −ξv quand le désaccord des lasers est négatif. Dans le cas d’un
régime linéaire d’excitation, le coefficient de friction ξ peut être exprimé pour les faibles vitesses
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v ≪ |∆|/kL,Γ/kL comme49
ξ = −4h¯k2L
I
I0
2∆/Γ
(1 + (2∆/Γ)2)1/2
, (IV.35)
où I est l’intensité laser et I0 l’intensité de saturation de la transition atomique, kL le vecteur
d’onde du laser,∆ le désaccord de la fréquence du laser avec la transition et Γ la largeur naturelle
de la transition.
Plusieurs simulations numériques de dynamique d’ions piégés109,89 prennent en compte le
refroidissement laser par cette force de friction, en y ajoutant des collisions ad-hoc pour simuler
la diffusion dans l’espace des phases induite par l’émission spontanée. Le taux de collision est
alors réglé pour que la température atteinte s’approche d’une température mesurée. Comme une
de nos motivations est de prendre en compte la géométrie du système et ses symétries, dans
le pseudo-potentiel aussi bien que dans le vrai champ rf, il nous a semblé très vite pertinent
de choisir une méthode qui conserve la sensibilité à la vitesse instantanée des ions, qui inclue
le macro et le micro-mouvement, et aussi qui reflète au mieux le phénomène microscopique
sans moyenne temporelle car le temps caractéristique du mouvement forcé par la rf (le micro-
mouvement) est du même ordre de grandeur que le temps moyen qui sépare deux absorptions
(durée de vie de l’état excité 7 ns et les calculs sont menés pour une période rf de 100 ns). À ma
connaissance, jusqu’ici, deux seules simulations d’ions piégés ont introduit cet effet mécanique
par une méthode que je qualifierais de corpusculaire. Elles étaient menées d’abord dans le groupe
d’H. Walther et aujourd’hui par H. Schuessler et collaborateurs pour étudier numériquement les
conditions de transition de phase vers un cristal coulombien77,110,11. La méthode mise au point
par M. Marciante ressemble sur beaucoup de points à celles-ci et j’en détaille les grandes lignes
ici :
• lors de l’absorption, la quantité de mouvement transféré à l’atome est h¯kL.
• le recul associé à l’émission d’un photon est uniformément distribué sur une sphère de
même rayon, sa direction étant définie par deux angles tirés au hasard.
• le système atomique est considéré à deux niveaux et la transition utilisée pour le re-
froidissement laser est bien plus large (largeur naturelle Γ) que l’énergie de recul h¯k2L/2m,
ce qui permet d’utilise un modèlede raie large pour la prise en compte du mouvement dans
l’excitation laser. Du plus, on néglige l’effet de modulation de phase induit par le mou-
vement sur le couplage atome-laser et on suppose qu’a chaque pas d’intégration tk, l’état
interne à atteint l’état stationnaire dépendant de la vitesse instantanée v(tk) (voir II.3.1).
• le profil d’intensité du laser est supposé uniforme sur l’échantillon.
• dans ces conditions, un atome de vitesse v(tk), dans l’état fondamental au temps tk, ab-
sorbe un photon pendant δt = tk+1 − tk avec la probabilité
Pabs =
Γδt
2
Ω2L/2
(∆− kL.v)2 + (Γ/2)2 + Ω2L/2
. (IV.36)
où ΩL est la fréquence de Rabi du couplage dipolaire.
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• la probabilité pour un ion excité d’émettre spontanément un photon pendant δt suit la loi
de décroissance (1− exp(−Γδt)).
• L’état interne de chaque ion est suivi parallèlement à son état externe et les processus
d’absorption/émission sont contrôlés individuellement par comparaison d’un nombre aléa-
toire avec la probabilité concernée.
L’intégration des équations du mouvement sous l’effet des forces de confinement et de la
répulsion coulombienne est un problème de dynamique "classique" et est traitée de façon stan-
dard. La convergence de l’algorithme peut y être contrôlée par la conservation de l’énergie.
L’introduction du refroidissement laser Doppler et de la dissipation d’énergie qui lui est associée
ne permet plus cette vérification. Aussi, pour valider les simulations, nous avons choisi de com-
parer les résultats numériques à un cas connu pour lequel une expression analytique est valide.
M. Marciante a donc adapté son algorithme pour simuler le mouvement d’atomes libres, en rem-
plaçant le puits de potentiel par des conditions aux bords périodiques. Il a aussi introduit non pas
un mais deux faisceaux laser, dans une configuration de mélasse et dans le régime linéaire pour
lequel l’approximation par une friction décrite par l’Eq. (IV.35) est valide. Dans ces conditions,
on sait49 que la température du système décroît de façon exponentielle avec un temps caractéris-
tique de m/(2ξ), où m est la masse de l’atome. L’adéquation à mieux que le 1/100 entre ce
temps estimé à partir des simulations numériques et sa valeur attendue ainsi qu’entre le tempéra-
ture limite atteinte et la limite Doppler attendue dans ce régime d’excitation h¯Γ/(2kB) valide
notre modèle numérique de prise en compte de l’effet mécanique de l’interaction atome-laser.
Les simulations de dynamique moléculaire que M. Marciante présentera dans son mémoire
de thèse concernent des ions en quadrupole et en octupole. Une des études que nous avons
menées ensemble et en collaboration avec M. Kajita concerne la structuration d’un petit nombre
d’ions (quelques dizaines) dans un octupole linéaire. Elle est présentée dans ce qui suit.
IV.2.2 Métrologie des fréquences optiques en multipole : un an-
neau pour les gouverner tous
La structure d’équilibre de quelques dizaines d’ions en multipole linéaire peut être décrite par un
tube dont l’axe de symétrie est l’axe de rotation du piège. Tous les ions sont à la même distance
de l’axe, modulo l’amplitude d’agitation thermique. Cette agitation thermique correspond aux
températures typiques observées dans des nuages en quadrupole linéaire, c’est-à-dire de 10 à
30 mK, en fonction des paramètres de confinement. On attribue au chauffage rf le fait que la
limite Doppler ne puisse être atteinte par des échantillons qui s’étendent sur les trois directions.
Il faut rappeler ici que seul le mouvement dans le plan radial contient le mouvement forcé par
la rf, le confinement le long de l’axe de symétrie se faisant par un potentiel statique. Pour une
gamme de rayons de tube adapté au nombre d’ions piégés (voir l’article suivant), ce tube se réduit
à un anneau où les ions sont tous dans le même plan. Le maintient de cette structure dans un
seul plan permet de découpler le mouvement dans le plan radial du mouvement le long de l’axe
du piège. Les simulations de DM montrent qu’il est alors tout à fait possible d’atteindre la limite
Doppler pour le mouvement le long de l’axe, même si la température d’agitation thermique dans
le plan radial reste de l’ordre de 10 mK. De plus, pour un choix judicieux de ce rayon d’équilibre,
contrôlé par les paramètres de piégeage, la température du mouvement axial reste proche de
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la limite Doppler quelques millisecondes après l’extinction du laser de refroidissement. Ces
propriétés permettent d’envisager cet anneau d’une à quelques dizaines d’ions comme support
d’une horloge optique dans lequel tous les ions seraient interrogés en même temps. Par rapport à
un dispositif à ion unique, on perd un peu en précision à cause des effets induits par le champ rf
et l’extension spatiale de l’anneau mais on peut gagner en stabilité si l’augmentation du nombre
d’ions ne se traduit pas par un élargissement de la raie.
L’étude de la stabilité de la structure annulaire et de son refroidissement est présentée dans
l’article suivant, ainsi que l’évaluation des performances que l’on peut attendre pour une telle
horloge.
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A ring crystal of ions trapped in a linear multipole trap is studied as the basis for an optical frequency standard.
The equilibrium conditions and cooling possibilities are discussed through an analytical model and molecular
dynamics simulations. A configuration is proposed that reduces the frequency sensitivity to the fluctuations of the
number of trapped ions. The systematic shifts for the electric quadrupole transition of calcium ions are evaluated
for this ring configuration. This study shows that a ring of 10 or 20 ions allows a better short-term stability to be
reached than for a single ion without introducing limiting long-term fluctuations.
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I. INTRODUCTION
Progress in atom and ion cooling and trapping, laser
stabilization, and high-resolution spectroscopy makes narrow
optical transitions the best candidates for frequency standards.
Three experimental systems take the optical clocks to their
highest performances: a laser-cooled neutral atom cloud in a
magneto-optical trap (MOT) [1,2], an ensemble of laser-cooled
neutral atoms in an optical lattice [3–5], and single trapped
laser-cooled ions [6–9]. All systems have advantages and
drawbacks. The main advantage of single-ion experiments is
the quasiperfect control of the internal and external degrees
of freedom, permitted by the trapping in radiofrequency (rf)
electric fields in the quadrupole configuration. This ultimate
control, possible only with a single particle, is paid for by
a low signal-to-noise ratio which requires a long integration
time, resulting in a small short-term stability when compared
to neutral atom optical clocks where 106–108 atoms are
interrogated at the same time.
At the same time, microwave frequency standards with
large clouds of trapped ions (>106 ions) [10,11] have been
developed to ensure a good short-term stability [characterized
by an Allan deviation σy(τ ) < 10−13/
√
τ ] and an excellent
long-term stability [σy(τ ) < 10−16 per day]. In the context
of deep-space navigation [12], precision is not a major issue
and a fractional frequency uncertainty of 10−11 is admitted
to be sufficient. The main systematic effect which limits
the long-term stability is the second-order Doppler effect
induced by the rf-driven motion (called micromotion). This
effect depends on the size of the cloud through the maximum
amplitude of the electric field seen by the ions and requires a
high stability of the ion number over a long time scale. For an
equal number of trapped ions, this shift is reduced by using
linear multipole traps where the electric field amplitude is
almost null in the center part of the trap [13]. Large ion samples
can thus be trapped with reduced micromotion, compared to
the quadrupole geometry. For a dense enough ion cloud, one
can show [12] that the maximum second-order Doppler shift
*caroline.champenois@univ-provence.fr
δfD2 = −f0 〈v2〉/(2c2) is simply written as
δfD2 = −f0
q2NL
8pi%0m(k − 1)c2
, (1)
where f0 is the frequency of the atomic clock transition,
NL is the number of ions per unit length, m is the mass of
the ions, q their charge, 2k is the number of electrodes in
the multipole trap, and c the speed of light. The (k − 1)−1
scaling justifies the choice of a higher-order multipole [14]
for challenging clock applications. Indeed, in [12] a 16-pole
trap is used to trap ions during the interrogation of their
clock transition. Multipole rf traps are also widely used to
study cold reactive collisions [15], and cooling with a buffer
gas from 300 K to 4 K [16] allows one to control the
kinetic energy of the collisions and to reproduce astrophysical
conditions.
Laser cooling and crystal structures of cold ions in multi-
pole traps are far less studied than in quadrupole traps. Laser
cooling and observation of ion crystals in a linear octupole
trap have been reported in [17,18]. A semianalytical and
numerical study of the structure, scaling laws, and phase
transitions of cold ions in an isotropic three-dimensional
octupole can be found in [19]. These two studies show that
a cold ion cloud can be described as a hollow core system,
resulting from the balance between the Coulomb repulsion
and a trapping potential nearly flat in the center and very
steep at the border. Such a geometry can be also deduced
by a cold fluid model [20]. When the number of trapped
ions is reduced to the order of 100 or less, simulations show
that for certain trapping parameters, the tube formed by the
ions reduces to a ring crystal centered on the symmetry
axis.
In this article, we propose to use laser-cooled ions trapped
in a linear multipole rf trap and organized in a ring structure
as a basis for an optical clock. The aim is not to compete
with the highest precision a single-ion optical clock can offer,
but to propose a tradeoff where a somewhat lower precision
is compensated for by a gain in short-term stability offered
by the interrogation of several ions at the same time. The
main technological challenge in the realization of a single-ion
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frequency standard is the clock laser which has to reach
frequency stabilities of the order of 1 Hz/s. The present
proposal allows total clock performances to be reached that
are comparable to a single-ion experiment by relaxing the
constraints on the laser performance by at least one order of
magnitude. The improvement can be illustrated by the Allan
variance which is used to quantify the stability:
σy(τ ) = 1
piQRS/N
√
Tc
τ
, (2)
with Q the quality factor of the measured transition, RS/N
the signal-to-noise ratio of the excitation probability measure-
ment, and Tc the cycle time required to build an atomic signal
to counteract on the laser frequency. The RS/N is limited by
the quantum projection noise [21] to √N, and using N = 10
or 20 ions allows the same stability value to be reached 10 or
20 times faster than with a single-ion clock, if the line is not
broadened.
Compared to a chain of ions in a linear quadrupole
trap, this ring configuration has the advantage of having
the same symmetry as a transverse laser beam intensity
profile, ensuring that every ion sees the same laser intensity.
The second advantage of this symmetry is that the motion
along the trap axis is characterized by a single oscillation
frequency. Furthermore, the trapping parameters can be chosen
to constrain the radial size of the ring, independent of the
number of trapped ions, to first order (if this number obeys
some stability conditions). As a consequence, the possible
loss of one ion during a long time operation induces only a
second-order perturbation on the ring equilibrium radius and
causes very small frequency fluctuations. The compactness
and symmetry of a ring compared to a chain made of the same
number of ions is another advantage regarding the dispersion
of the systematic shifts induced by local electric or magnetic
fields.
The planar crystal structure of the present study could
also be of use for quantum-computation experiments. Planar
crystals in a quadrupole trap are proposed in [22] as an
appropriate system for large-scale quantum computation, and
their structure is studied in [23] by molecular dynamics
simulations. The ring configuration we propose here for
trapped ions could also be used for quantum simulations, as
demonstrated in [24] with several Rydberg atoms at each site,
to investigate many-body quantum states.
In the following section, we start by describing the features
concerning the trapping and cooling of the sample, relevant
for an optical clock of this kind. We then identify two
configurations that obey the clock operation conditions: a
ring of 10 ions and one of 20 ions. In Sec. III, the scaling
laws and numerical values of the systematic shifts due to the
ring configuration are given. In a second step (Sec. IV), the
systematic shifts usually encountered by a single-ion clock
are estimated for this ring configuration. In the last part, all
contributions are summarized to propose an uncertainty budget
for the 10- and 20-ion ring clock. The numerical calculations
quantifying all the effects use the optical quadrupole transition
of 40Ca+ as the clock transition [25,26] and are carried out for a
linear octupole trap (2k = 8). However, most of the equations
can be transposed to other species and to higher-order traps.
II. SELF-ORGANIZATION OF IONS IN A RING
In the adiabatic approximation, the static pseudopotential
associated with the rf electric field allows us to explain
the dynamics and equilibrium positions of the ions in the
transverse plane of the trap. For a perfect linear multipole
trap of order 2k, it is defined as [15]
V ∗(r) = k
2q2V 20
16m$2r20
(
r
r0
)2k−2
, (3)
where r is the ion distance to the trap axis, V0 is the amplitude
of the rf potential difference between two neighboring elec-
trodes, $/2pi the frequency of this applied voltage, and r0 the
inner radius of the trap. To effectively trap the ions, a static
potential has to be applied on electrodes placed on both ends
of the linear trap. This geometry creates a potential well along
the axis of symmetry Oz which we can consider as harmonic
in the center of the trap. The full contribution of this static
potential can be written as
Vstat =
1
2
mω2z
(
z2 − r
2
2
)
, (4)
where the harmonic well is characterized by the oscillation
frequency ωz. When the multipole is not a quadrupole (2k $=
4), the two contributions V ∗(r) and Vstat for the trapping
potential result in a potential shape (solid line in Fig. 1), where
the minimum is shifted from r = 0 to r = rmin defined by
r2k−4min =
1
k − 1
(
2m$ωzrk0
kqV0
)2
. (5)
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FIG. 1. Solid line: effective static potential (in eV) in the radial
plane of an octupole trap (2k = 8), resulting from the contributions of
V ∗(r), Vstat. Dashed line: the harmonic approximation of the potential
well defined by rmin [Eq. (5)] and ωeff [Eq. (8)]. The potentials are
defined by ωz/2pi = 1 MHz, $z/2pi = 20 MHz, V0 = 394.4 V, and
r0 = 200 µm, for calcium ions (m = 40 amu).
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A. Equilibrium
The equilibrium position of a set of ions results from
the balance between the Coulomb repulsion and the trapping
potential. An analysis of the forces along the radial direction
shows that two regimes of organization can be defined, based
on the strength of the deconfinement contribution −mω2zr2/4
compared to the Coulomb repulsion induced on an ion at radial
distance R by all the other ions. In the assumption of a ring of
radius R in a single plane, the Coulomb potential energy for a
set of N ions ECp (N ) is
ECp (N ) =
q2
4pi#0
N
2
S1(N )
2R
, (6)
with S1(N ) =
∑N−1
n=1 1/ sin(pin/N). If this contribution is
negligible compared to the deconfinement, the radius of
equilibrium R does not depend on the number of ions N . In the
prospect of a clock where the major systematic shifts depend
on the equilibrium position R through the local rf electric field,
this condition has to be fulfilled to allow the ion number to
not be strictly reproduced from day to day. In the following,
we consider that the configuration is such that, at first order
of approximation, the equilibrium position R is given by the
minimum potential rmin defined by Eq. (5) and does not depend
on the number of ions in the ring. The Coulomb repulsion can
be treated as a perturbation, and the radial position shift # that
it induces depends on various trap parameters such as
# =
q2
4pi#0
S1(N)
4(k − 2)r2minmω2z
. (7)
With the ion number N and ring radius considered in the
following, the relative Coulomb shift #/rmin is smaller than
0.02, justifying the assumption that R " rmin to deduce the
scaling laws for the systematic shifts.
With the typical trapping parameters used through this
article, local potential depths equivalent to 10 K can be made,
while temperatures as low as 10 mK can be reached in the
radial direction by Doppler laser cooling. Laser-cooled ions
will settle in the bottom of this well, and at this level, the
radial pseudopotential can be approximated by a harmonic
potential centered on rmin (see Fig. 1). An analytical analysis
shows that the second-order expansion of the radial poten-
tial around rmin, V ∗(r) + Vstat(r) " V ∗(rmin) + Vstat(rmin) +
mω2eff(r − rmin)2/2, is characterized by an effective oscillation
frequency ωeff which depends only on the axial frequency and
the order of the multipole by
ωeff =
√
k − 2 ωz. (8)
This shows that the strength of the axial trapping ωz also de-
fines the strength of the radial trapping around the equilibrium
position R.
To make relevant predictions based on the pseudopotential
[Eq. (3)], the adiabatic approximation at position rmin has
to be satisfied. Contrary to quadrupole traps, there is no
absolute criterion for adiabatic operation of the multipole trap.
However, the Mathieu parameter qx used in quadrupole traps
to characterize the trajectories of ions can be generalized to
multipole with the main difference that this new parameter η
depends on the ion’s location in the trap [15,27]. For a perfect
multipole, this parameter is defined as
η(r) = k(k − 1) qV0
m%2r20
(
r
r0
)k−2
(9)
and has been empirically limited to 0.3 to guarantee stability
of the trajectories [15]. A more recent experimental study of
the loss mechanism in a 22-pole trap [28] complementary to
a model of effective trapping volume [29] has demonstrated
stability up to η(r) < 0.36 ± 0.02. Moreover, clock operation
requires also a small micromotion amplitude to limit all the
systematic effects induced by this motion and to minimize
the rf heating that may occur, as in quadrupole traps. For this
reason, and by analogy with linear quadrupole traps, we limit
the set of trapping parameters to keep η < 0.2. For a ring
of ions at a distance R = rmin from the center and including
Eq. (5) into Eq. (9), the adiabatic parameter takes the simple
form
η(R) = 2√k − 1ωz
%
, (10)
which does not explicitly depend on the equilibrium position or
on the number of ions, and immediately fixes the range of the
trapping frequency %/2pi once the axial oscillation frequency
is chosen. Indeed, in an octupole trap with ωz/2pi = 1 MHz,
it takes %/2pi > 17 MHz to ensure η < 0.2. Furthermore, the
amplitude of the micromotion δRµ also scales as η(R) but
increases with the distance to the center as
δRµ = Rη(R) 12(k − 1) . (11)
Therefore, a radial equilibrium position as small as possible
is chosen, to reduce the rf-induced heating as well as the rf-
induced systematic shifts, which depend on the local rf electric
field and scale as Rk−1. The lower limit of this radius is set
by the ion-ion distance. For a distance too small, the one-ring
configuration is not stable, and the system relaxes to a double
ring where the sum of the Coulomb and trapping potential
energies is lower. Simple energy minimization, confirmed by
molecular dynamics (MD) simulations, shows that in a double
ring of an even number of ions, the ions alternate from one
ring to the other in a configuration analogous to the zig-zag
chain already observed in a quadrupole linear trap [30] (see
Fig. 2). Writing the equilibrium condition along Oz for a
double ring of N ions requires that R should be smaller than
a limit Rl , which sets the lower stability limit for a one-ring
configuration. This limit size depends only on the strength of
the axial potential and the number of ions as
Rl =
(
q2/4pi#0
4mω2z
)1/3 (N/2∑
n=1
1
sin3 (2n−1)pi
N
)1/3
"
(
q2/4pi#0
2mω2z
)1/3
N
pi
(12)
and therefore scales as N .
B. Doppler cooling
So far, we have been concerned by the static properties
of the ring configuration. In this second section, we focus on
the thermodynamic issues related to ion temperature required
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FIG. 2. (Color online) Equilibrium position of 20 calcium ions
around the trap symmetry axis, calculated by MD simulations in the
pseudopotential of a linear octupole trap. The potential is defined by
ωz/2pi = 1 MHz and #z/2pi = 20 MHz and for 20 ions, the stability
limit is Rl = 23 µm. Left: V0 = 3142 V and r0 = 400 µm, resulting
in rmin > Rl , the one-ring configuration is stable (R = 28 µm). Right:
V0 = 5771 V and r0 = 400 µm, resulting in rmin < Rl , the stable
configuration is a double ring analogous to a closed zig-zag chain.
Here the separation between the two planes is of the order of 3 µm
and their radius is 21 µm.
for clock operation. We first introduce these requirements and
their consequences for the geometry of the setup and then
propose two configurations that fulfill these requirements.
When the trapping parameters are adjusted to obtain a single
ring of ions lying in the z = 0 plane, it seems mandatory to
propagate the clock laser along the Oz direction, such that no
line broadening is introduced by dispersion of the excitation
strength on the clock transition from one ion to another. In
this configuration, there is no micromotion along the laser
axis, and the first-order Doppler effect is sensitive only to the
thermal motion along the axial direction (called macromotion).
To compete with the existing clocks, this effect has to be
canceled. The method used for trapped ion frequency standards
is to set the ion motion in the Lamb-Dicke regime, where the
phase modulation induced by the ion motion inside the clock
laser wave is small compared to 2pi . For optical transitions, the
wavelength is so small that laser cooling is required to reach
that stage. One of the major issues of the laser-cooled ion
trap design is to make sure that the Lamb-Dicke regime can be
reached by Doppler laser cooling so that no other laser-cooling
process is required for clock operation [31].
When the ion motion can be described by a harmonic
oscillation Z cos ωzt , a classical expansion of the laser-atom
interaction [32] shows that the Doppler spectrum can be
understood like the superposition of sidebands at frequency
f0 ± nωz/2pi with amplitude proportional to |J 2n (kLZ)|, if the
transitions are not saturated. Jn is the Bessel function of order
n and the modulation index kLZ depends on the clock laser
wave vector kL and the amplitude of oscillation Z = VZ/ωz.
The velocity amplitude of the oscillation VZ depends on the
temperature reached by the cooling Tz. When the Doppler
laser-cooling limit is reached, VZ =
√
h¯γ /m where γ is the
spontaneous decay rate on the cooling transition (at 397 nm for
the calcium ion). For the Ca+ clock transition at 729 nm with
ions at the Doppler limit TD(TD = 0.54 mK, with 1/γ = 7 ×
10−9 s), the modulation index is 2pi × 6.3 × 105/ωz. Choosing
ωz/2pi = 1 MHz is sufficient to ensure a modulation index
smaller than unity, which sets the motion in the Lamb-Dicke
regime and leads to a central band nearly 10 times stronger
than the first oscillation sidebands, which is a good enough
operation condition for an optical clock [25]. We will see
later in the text that a further increase of the axial oscillation
frequency is detrimental to the performances of the clock, and
the chosen value appears to be a good compromise between a
small oscillation amplitude and small systematic shifts.
All the considerations introduced in the previous part about
the equilibrium position of the ions inside the pseudopotential
are not sufficient to control the dynamics of the set of ions. To
get more insight into the system, molecular dynamics (MD) is
used to simulate the ion motion under Coulomb repulsion and
laser cooling, in the full rf potential, i.e.,
%k(r, t) = V0/2 cos(#t)(r/r0)k cos(kα), (13)
where (r,α) are the polar coordinates in the (x, y) plane.
Details of these simulations will be published elsewhere [33].
These simulations show that in the single-ring configuration,
the axial and radial degrees of freedom are very weakly
coupled, and the thermal equilibrium of each degree is char-
acterized by very different temperatures. With laser cooling
on the three directions of space, the simulations show that for
a decoupled system, the Doppler limit temperature is reached
in the axial direction, and the temperatures in the radial plane
(Tr , Tα) reach 10 mK in the best configuration (laser detuning
set at −γ /2 and coupling strength defined by a Rabi frequency
equal to γ /2). The MD simulations show that if the trapping
parameters result in a radius of the ring too close to the stability
limit Rl , the axial and radial degrees of freedom are coupled,
and the temperature for the axial motion does not reach the
Doppler limit. Reaching the Doppler limit in the axial direction
is mandatory for the Lamb-Dicke regime, and we can design
potentials able to trap a ring made of 10–100 ions in a single
plane, fulfilling this condition.
For clock operation, additional conditions have to be
fulfilled. Indeed, to prevent light-shift on the clock transition,
the cooling lasers must not be applied onto the ions during the
clock transition excitation [25]. During this excitation, which
needs to last at least several milliseconds, the system must
remain at the same temperature. With simulations, we have
found trapping and cooling conditions compatible with these
requirements only for rings smaller than 20 ions. The 100-ion
ring heats up very fast; and, in the best configuration, the axial
temperature increases from 0.54 mK (the Doppler limit) to
2 mK in 1 ms. This rapid increase is due to rf heating as the
micromotion amplitude increases with R [see Eq. (11)] which
increases with N . On the contrary, for 10 ions set in a ring
of radius 20 µm or for 20 ions set in a ring of radius 40 µm,
the cooling laser can be switched off for several ms with very
little heating. To reach good statistics, we build a sequence of
2 ms of dark time (the clock interrogation) followed by 2 ms
of laser cooling, and measure the temperature throughout the
dark times. For the 10-ion ring, after 120 periods of cooling and
noncooling time, the average axial temperature is 0.47 mK and
the full width at half maximum (FWHM) of the distribution
is 0.32 mK. Clock operation conditions for a 10-ion ring can
thus be fulfilled (similar results can be obtained for the 20 ion
ring). For comparison, all the configurations have the same
axial and rf frequency ωz/2pi = 1 MHz and #/2pi = 20 MHz,
and therefore the same adiabatic coefficient at the position of
140 IV.2 Structures d’équilibre d’un petit nombre d’ions refroidis
ION RING IN A LINEAR MULTIPOLE TRAP FOR . . . PHYSICAL REVIEW A 81, 043410 (2010)
the ions η(R) = 0.17. The ring radius was controlled by the
amplitude of the rf electric field.
The constraints on the trapping parameters and their relation
can be summarized as follows: the minimum value of ωz is
fixed by the Lamb-Dicke regime. Once ωz is chosen, the value
of # is fixed by the adiabaticity criteria [Eq. (10)]. Then,
for a given number of trapped ions N , the ratio V0/r40 is
chosen to match rmin with the smallest R that allows the ions
to be kept in a single ring (R > Rl), which does not heat
up when the cooling lasers are off. The MD analysis shows
that it is possible to form a stable ring of 10–20 ions, with a
temperature close to the Doppler limit in the axial direction
and of the order of 10 mK in the radial direction. In the second
part of this paper, we evaluate frequency shifts on the clock
transition for two configurations tested by MD simulations: a
10-ion ring of radius 20 µm and a 20-ion ring of radius 40 µm.
With the chosen trapping frequencies, it takes V0 = 394 V
for r0 = 200 µm to reach R = 20 µm and V0 = 1578 V for
r0 = 400 µm to reach R = 40 µm. Furthermore, we assume
an axial temperature of 0.54 mK (the Doppler limit TD for
calcium ion) and a radial temperature Tr of 10 mK. This
temperature controls the thermal motion amplitude along the
radial direction δR through
δR =
√
2kBTr
m(k − 2)ω2z
, (14)
and is responsible for line broadening through every systematic
shift depending on the radial position R. To give an order of
magnitude of this effect, for calcium ions in a linear octupole
trap with ωz/2pi = 1 MHz, the thermal motion amplitude
in the radial direction δR is 0.23 µm, to be compared with
the amplitude of the micromotion δRµ which is 0.56 µm
for a 20 µm radius (and 1.1 µm for a 40 µm radius). These
equilibrium and dynamic properties control several systematic
shifts which are discussed in the following section.
III. SYSTEMATIC SHIFTS INDUCED BY
THE RF ELECTRIC FIELD
Compared to a single-ion experiment, additional systematic
shifts are introduced by the fact that the rf electric field is not
null at the ion’s equilibrium position. In this section, we focus
on these extra effects and highlight their scaling law to point out
the best compromise for a clock operation. The performances
of a clock are evaluated by its accuracy and stability, and
the laws scaling their dependance with the number of ions are
different. For every shift depending on the equilibrium position
R (which scales with N to obey the equilibrium condition
R > Rl), there is a line broadening induced by the thermal
oscillation amplitude δR (which does not depend on N) and
a long-term fluctuation induced by the possible loss of one
ion. This last effect depends on &' = '(N ) − '(N − 1) which
scales with 1/N2. All shifts are evaluated for the quadrupole
transition at 729 nm (S1/2,MJ → D5/2,M ′J ) of a 40Ca+ ion
which has no hyperfine structure. The trapping frequency is
chosen to be #/2pi = 20 MHz, with an axial confinement of
ωz/2pi = 1 MHz.
A. Micromotion-induced second-order Doppler effect
The second-order Doppler shift induced by the micromo-
tion is known to be the limiting factor for microwave ion clocks
in multipole traps. The velocity amplitude of the micromotion
Vµ is equal to #δRµ and the shift induced on the clock
transition frequency f0 can be expressed as
δfD2 = −f0
ω2zR
2
4(k − 1)c2 . (15)
In analogy to large clouds in a multipole trap (Eq. (1)), this
shift scales with 1/(k − 1), pleading for higher-order multipole
traps. But contrary to large clouds, the shift does not depend
explicitly on the number of trapped ions but only on the
trapping parameters, which can be very well controlled. The
compromise to make for a clock operation is clearly visible
from Eq. (15): the reduction of the second-order Doppler shift
asks for ωz and R values as small as possible, whereas the
ion ring stability and cooling set a lower limit to these two
parameters.
For a ring of radius 20 µm (respectively 40 µm) in an
octupole trap (k = 4), the shift is 1.46 × 10−14 × f0 = 6.0 Hz
(respectively, 5.85 × 10−14 × f0 = 24.1 Hz) on the 729 nm
optical clock transition of Ca+. The shift itself does not reduce
the precision and stability of the clock, but its uncertainty and
fluctuations can.
The slow (on the rf time scale) thermal oscillation of
the ions in the radial plane is responsible for a dispersion
in the radial position ±δR and implies a broadening of
the second-order Doppler shift &δfD2 = ±δfD22δR/R (full
width), which scales as ωzR, which itself is proportional to N
and is lower than 1 Hz with the typical parameters we have
chosen (&δfD2 = ±3.4 × 10−16 × f0 = ±0.14 Hz for R =
20 µm, and ±6.7 × 10−16 × f0 = ±0.28 Hz for R = 40 µm).
In long-term operation, an ion can be lost, and the shift in
the radial equilibrium position &' induces a modification of
the frequency shift equal to δfD22&'/R, which scales as 1/N .
For the 10-ion ring of radius 20 µm, the fractional fluctuation
is 8.5 × 10−17 × f0 = 0.03 Hz, and it is 5.1 × 10−17 × f0 for
a 20-ion ring of radius 40 µm. One can see that the 10−16
threshold we aim at for the long-term stability can already be
reached with a ring configuration of 10 ions. Increasing the
number of ions decreases the long-term fluctuations.
B. Stark effect induced by the electric trapping fields
The Stark effect results from the contribution from a scalar
shift, which is proportional to the square amplitude of the
electric field E2rf/2 + E2dc (the 1/2 being due to the time
averaging of the rf component) and a contribution from a
tensorial part, which is sensitive to the angle between the
magnetic field and the electric field at the position of the
ion [34]. The scalar and tensorial shifts are proportional to
the differential polarizability between the upper and lower
states of the clock transition and the scalar contribution
&α0 = −1.1 × 10−6 Hz/(V/m)2 [35] is independent of their
Zeeman sublevels. For calcium ions, the tensorial contribution
is of the same order of magnitude as the scalar one [25,26,35]
and depends on the Zeeman sublevels MJ chosen for the
D5/2 state (the S1/2 state has no contribution to the ten-
sorial shift): &α2 = −6.1 × 10−7 × f (MJ ) Hz/(V/m)2 [35]
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with f (MJ = ±1/2) = −4/5, f (MJ = ±3/2) = −1/5, and
f (MJ = ±5/2) = 1.
The amplitude of the rf electric field is deduced from
Eq. (13) and for ions at distance R from the center, matching
the potential minimum rmin, its contribution to the scalar Stark
shift can be written as
δf 0S (rf) = −
1
2
"α0
m2
2(k − 1)q2 ω
2
z%
2R2. (16)
The scalar Stark shift induced by the dc electric field can be
expressed with respect to the rf contribution:
δf 0S (dc) = δf 0S (rf)
(k − 1)ω2z
2%2
= δf 0S (rf)
η2(R)
8
. (17)
This relation clearly shows that for η(R) ! 0.2, the contribu-
tion from the dc field is negligible compared to the rf field
contribution. As the Coulomb repulsion is small compared
to the dc radial electric field, the Stark effect induced by
the Coulomb interaction is negligible compared to the dc
contribution, which is itself negligible compared to the rf
contribution. Therefore, only the rf contribution is taken into
consideration in the uncertainty budget.
Like the second-order Doppler shift [Eq. (15)], the Stark
effect scales with 1/(k − 1) and is proportional to ω2zR2. The
new parameters that are introduced in the shift dependence
are the mass of the ion and the trapping frequency. With
the same parameters as mentioned before, δf 0S (rf) = 1.0 ×
10−14 × f0 = 4.1 Hz, and the line broadening induced is
±2.3 × 10−16 × f0 = ±0.09 Hz for the ring radius of 20 µm.
For the ring radius of 40 µm, the shift δf 0S (rf) is 4.0 × 10−14 ×
f0 = 16.5 Hz, and the induced broadening is ±4.6 × 10−16 ×
f0 = ±0.19 Hz. The fractional long-term instability induced
by "N = −1 is 5.8 × 10−17 for the 10-ion ring of radius
20 µm (and 3.5 × 10−17 for the 20-ion ring of radius 40 µm).
The tensorial Stark shift induced by the rf electric field
depends on the angle θ between the local electric field and the
magnetic field as [34]
δf 2S (rf) = −
1
2
"α2f (MJ )3 cos
2 θ − 1
2
E2rf
2
. (18)
In an rf trap, the amplitude of the rf electric field is constant
over a ring, but its direction rotates in the radial plane.
The projection of this electric field on a static frame is
defined by (cos(k − 1)α, sin(k − 1)α) if α is the angle between
the ion radial direction and a reference axis chosen in the
radial plane. If the geometric configuration is such that θ
varies from one ion to the other, the dispersion of the Stark
shift induces a line broadening of the order of 1 Hz for
the 20-µm radius ring and of 4 Hz for the 40-µm radius
ring. Such a broadening, which is bigger than any other
broadening calculated so far, can be avoided by choosing
a magnetic field oriented along the trap axis (θ = pi/2), to
ensure the same Stark shift for all the ions of the ring. In
this configuration and with the same trapping parameters,
the tensorial Stark effect is δf 2S (rf)/f (MJ ) = −0.3 × 10−14 ×
f0 = −1.1 Hz, with a line broadening ±0.6 × 10−16 × f0 =
±0.02 Hz for the ring radius of 20 µm [δf 2S (rf)/f (MJ ) =
−1.1 × 10−14 × f0 = −4.6 Hz with a broadening of ±1.3 ×
10−16 × f0 = ±0.05 Hz for the ring radius of 40 µm]. For
the first case, the fractional long-term frequency fluctuation
induced by the loss of one ion is 1.4 × 10−17 × f (MJ ) and
is in the 10−18 range for the larger ring. The choice of the
Zeeman sublevel used for the clock operation results from
a compromise between several shifts, including the Zeeman
shift itself. In the next section, we present these effects that are
not directly related to the trapping electric field.
IV. OTHER SYSTEMATIC SHIFTS AND THEIR
DISPERSION
A. Zeeman effect
The selection rules for a quadrupole transition forbid
"MJ = 0 transition when the magnetic field lies along the
direction of propagation of the clock laser. As the magnetic
field is chosen along the trap symmetry axis to prevent the
dispersion of the tensorial Stark shift, the use of "MJ = 0
transitions would require an angle between the trap axis and
the direction of propagation of the laser. This option has to
be rejected because of the large Doppler effect induced by
the rf-driven motion. As a second choice, the "MJ = ±1
transitions are allowed when the laser propagates along the
magnetic field direction. Indeed, the (S1/2,MJ = ±1/2 →
D5/2,MJ = ∓1/2) transitions are only four times more
sensitive to magnetic field fluctuations than their (S1/2,MJ =
±1/2 → D5/2,MJ = ±1/2) counterparts. The summation of
the frequency of the two transitions (S1/2,MJ = ±1/2 →
D5/2,MJ = ∓1/2) should cancel the first-order Zeeman shift
if the magnetic field is constant in time at every point of
the ring. A field fluctuation δB induces an uncertainty and
a line broadening on this transition of 2.2 MHz/G. From the
frequency fluctuations evaluated in [36] for the Jet Propulsion
Laboratory (JPL) Hg+ microwave clock, and reached by a
three-layer magnetic shielding, one can infer magnetic field
fluctuations of the order of 6 × 10−7 G, for a magnetic field of
0.05 G.
The magnetic field has to be large enough to resolve
the transitions between various Zeeman sublevels. In a Ca+
experiment, having a 1-kHz separation between neighboring
transitions requires a magnetic field of 6 × 10−4 G. If
one assumes the relative stability demonstrated in the JPL
microwave clock, the Zeeman shift fluctuations are of the
order of 0.013 Hz, which result in a fractional uncertainty of
3 × 10−17. If the same absolute stability can be reproduced,
the Zeeman shift fluctuations reach 1.0 Hz, which is equivalent
to a fractional uncertainty of 2.5 × 10−15. The same degree
of frequency stability can be reached with less stringent
conditions on the magnetic field stability using the hyperfine
transition MF = 0 → M
′
F = 0 of the odd isotope 43Ca+
[25,26]. Nevertheless, cooling and state detection with an odd
isotope require more laser sources than with an even isotope,
and this complexity may not be acceptable.
The Zeeman effect also reduces the stability of a single-ion
cloud. The main difference here is that the magnetic field has to
be kept constant and homogeneous over the 40 µm (or 80 µm)
of the ring diameter, compared to the 1 µm scale associated
with a single ion. This is still a favorable condition compared
to the several centimeters long cloud used at JPL.
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B. Blackbody radiation shift
The blackbody radiation shift (BBR shift) is the Stark effect
induced by the thermal electric field radiated by the vacuum
vessel and every part inside it. For calcium ions, very precise
theoretical calculations [35] for the polarizabilities implied in
the BBR shift allow us to know the shift to better than 3%:
δfBBR = 0.38(1) Hz. This result assumes that the radiated field
is isotropic and that the temperature of the emitting surface is
300 K. As the BBR shift scales with T 4, thermal fluctuations
can be detrimental to high-precision clocks. A 10 K uncertainty
keeps the frequency uncertainty and eventual broadening (less
probable as the time scales involved are very long) at the 0.05-
Hz level, which is negligible in the context of our clock project.
In conclusion, for temperature fluctuations smaller than 10 K,
a long-term instability lower than 10−16 can be reached.
C. Quadrupole shift
Another effect well known in single-ion optical clocks is the
quadrupole shift induced by the gradient of the local electric
field coupled to the electric quadrupole of the D5/2 state (a
S1/2 state has none). Thanks to a recent experiment [37],
in agreement with precise theoretical calculations [38], the
quadrupole of the Ca+ D5/2 state is known to better than 1%:
θ (D5/2)=1.83(1) ea20 (a.u.). The coupling with the rf electric
field gradient gives rise to sidebands in the clock transition
spectra that are well separated from the central band f0, so that
the dc electric field gradient is the only relevant contribution
for this shift. The dc trapping field has a quadrupole profile, and
using the notation of [34], its gradient is 2A = −mω2z/(2q).
For a magnetic field parallel to the trap symmetry axis and for
ωz/2pi = 1 MHz, the quadrupole shift is
δfQ = 1.0 ×
(
3M2J − 35/4
)
Hz. (19)
For the Zeeman sublevels MJ = ±1/2, the quadrupole shift
induced by this dc trapping field is 8.0 Hz and does not depend
on the position of the ions. If the axial trapping voltage is well
controlled, this shift should not reduce the performance of the
clock. It is not the case for the shift induced by extra dc fields
which can build up in the trap, for example, by neutral atom
deposition. These fields can easily induce shifts of the order
of 1 Hz from day-to-day operation and are well known from
single-ion clock operation. Two methods are used to reduce
their day-to-day fluctuations: ionizing the neutral beam far
from the clock operation area before shuttling them and/or
using photoionization [39,40] which requires a far smaller
flux of neutrals than the traditional electron bombardment
method. If required, the shift itself can be compensated by
the combination of three measurements on different Zeeman
sublevels [41]. The method based on frequency measurements
with three orthogonal directions of the magnetic field, used for
single-ion standard [6,34], cannot be applied here because of
the tensorial Stark shift dispersion (see Sec. III B). Altogether,
the uncertainty and fluctuations induced by this quadrupole
shift must be made smaller than 0.04 Hz to keep the long-term
fractional frequency fluctuations smaller than 10−16.
D. Misalignment
If the propagation axis of the clock laser does not match
the symmetry axis of the ring, the ions do not see the
same laser power. The induced variations in the excitation
probability contribute to the noise of the excitation detection
and reduce the short-term stability of the clock. Assuming
a single Rabi pulse to interrogate the clock transition and
a maximum excitation probability on resonance (%LT = pi,
with %L the Rabi frequency of the atom-laser coupling and T
the pulse duration), the variation in the excitation probability
for a detuning giving the maximum sensitivity is δPe(T ) =
0.72δ%L/%L. If one considers a Gaussian laser beam of waist
wL and intensity profile IL(r) = I0 exp(−2r2/w2L), one can
connect the variation δ%L to a misalignment δr . The dispersion
in the probability of excitation is then
δPe(T ) = 0.364rδr
w2L
. (20)
The quantum projection noise 1/2√N [21] is a fundamental
limit which can only be beaten by entanglement and squeezing
methods [42]. Making δPe(T ) small compared to this noise is
sufficient to make misalignment effects negligible. An easy
solution is to make the laser waist a lot larger than the ring
radius R. Already with wL = 2R, a geometrical precision of
δr < 0.27R is enough to keep δPe(T ) < 0.1 and makes the
contribution to the noise negligible.
TABLE I. Uncertainty budget for the frequency transition of |S1/2, MJ = ±1/2〉 → |D5/2, MJ = ∓1/2〉 in 40Ca+,
based on a ring in an octupole linear trap with ωz/2pi = 1 MHz, %/2pi = 20 MHz, and a rf electric field such that
R = 20 µm (10 ions) or 40 µm (20 ions), as given in the table.
Effect Conditions Shift (Hz) Broadening Long-term instability
Doppler (2e) R = 20 µm +6.0 ±0.14 8 × 10−17
R = 40 µm +24.1 ±0.28 5 × 10−17
Stark R = 20 µm +4.1 ±0.09 6 × 10−17
R = 40 µm +16.5 ±0.19 3 × 10−17
Zeeman δB ! 6 × 10−7 G <1 2.5 × 10−15
BBR T = 300 ± 10 K +0.38(1) ± 0.05 <10−16
Quadrupole Trapping field +8.0 <0.1 !10−17
Quadrupole Extra dc '0.04 !10−16
Total R = 20 µm +18.5 ±0.2 2.5 × 10−15
Total R = 40 µm +49.0 ±0.4 2.5 × 10−15
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V. CONCLUSION
The shift and uncertainty budget presented in Table I shows
that the rf electric field is responsible for the major shifts
and broadenings. The total broadening of the transition is
smaller than 1 Hz, which is smaller than or comparable to the
spectral broadening induced by the finite time excitation on the
clock transition, depending on the Rabi pulse duration [25].
Therefore, the broadening due to the rf-induced shifts does not
alter the short-term stability, and having 10 or 20 ions instead
of one effectively results in a gain in stability by
√
N .
Furthermore, the fluctuations of the rf-induced effects
over long time scales are not the limiting factors for the
long-term stability of the clock. Indeed, a single-ion standard
encounters the same limitations concerning uncertainty and
long-term stability, due to coupling to the local electric and
magnetic fields. The challenge for a ring is to keep the stability
constraints over larger spatial scales than for a single ion.
As we have seen earlier, increasing the number of trapped
ions allows one to further reduce the long-term fluctuations
induced by ion loss, which scale with δN/N3 and to lower the
short-term instability by increasing the signal-to-noise ratio. In
this article, we limited our study to 10- and 20-ion rings to keep
the temperature compatible with clock operation conditions
while the cooling lasers are off. An alternative to a sequential
operation that could allow us to work with larger rings is to
sympathetically cool the calcium ions by ions with a different
mass (LC ions). Our MD simulations on 10 calcium ions show
that conditions for axial and radial decoupling can be found,
allowing the LC ions to reach their Doppler limit on the axial
motion while calcium axial temperature fluctuates between 1
and 3 mK. These studies have to be extended [33] to larger
samples to demonstrate a gain compared to the simple one-
species ring we have considered in this article. Such large
cold rings could find an interest in metrology and/or quantum
information or simulation. With today’s state of the art in
magnetic field stabilization, the ion loss is not the limiting
effect for the frequency stability of a clock based on a ring of
ions, and this configuration can offer the possibility of testing
a many-particle system for metrology.
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La structure en anneau qui est étudiée dans l’article précédent pourrait aussi être mise à
profit pour des simulations quantiques. En effet, un système en anneau est aussi proposé par
Olmos et al.111,112 pour y mettre en évidence des états quantiques à plusieurs particules. La dif-
férence principale avec notre anneau d’ions est que chaque site occupé par un ion y est occupé par
plus d’un atome de Rydberg, leur confinement étant assuré par un réseau optique. Néanmoins,
la présence de plusieurs atomes par site ne semble pas nécessaire car le blocage de Rydberg em-
pêche l’excitation simultanée de plus de un atome par site. Une autre différence réside dans les
températures atteintes par les deux systèmes, des atomes neutres en réseau optique atteignant des
températures bien plus faibles que des ions en multipoles. En effet, les auteurs supposent dans
leur étude que les atomes (des bosons, dans ce cas) occupent le niveau fondamental de leur puits
de potentiel. Il serait intéressant d’étudier dans quelle mesure cette contrainte peut être relachée
pour pouvoir appliquer leurs idées à un système d’ions en anneau.
IV.3 Un outil indispensable à la réalisation de larges
échantillons : la photonionisation
La création des ions à l’intérieur d’un piège rf repose sur l’ionisation d’un jet ou d’une vapeur
de neutre, selon la pression de vapeur saturante de l’espèce choisie. Dans le cas du calcium qui
est un métal qui se sublime (passage direct entre la phase solide et vapeur), c’est un jet atomique
qui s’impose, les atomes de calcium s’adsorbant sur les parois de l’enceinte au premier choc sur
celle-ci. Le processus d’ionisation largement utilisé jusqu’ici est le bombardement électronique,
les électrons étant guidés et accélérés à quelques eV vers la zone de collision. C’est une méthode
robuste et bien maitrisée qui permet de mettre en évidence rapidement les paramètres de confine-
ment optimum et de créer des nuages de taille moyenne pour faire par exemple les premiers tests
de transfert. Néanmoins, ce processus est de plus en plus supplanté par la photo-ionisation où
l’énergie nécessaire à la ionisation est fournie par l’absorption d’un ou plusieurs photons113–115.
Les expériences récentes ont montré que ce processus est beaucoup plus efficace que les colli-
sions avec des électrons et nécessite donc un moindre flux de neutre pour le même taux d’ions
créés. De plus, les ions créés ont une énergie cinétique moindre et ne sont pas perturbés par
le(s) faisceau(x) laser d’ionisation. Il est donc possible d’accumuler des ions dans un piège en
faisant durer l’exposition du jet de neutre avec les lasers d’ionisation. La voie la plus promet-
teuse pour la création de gros nuages d’ions calcium est de procéder au refroidissement laser
des ions créés, simultanément à la photo-ionisation du calcium neutre. Ceci permet de réduire
l’énergie cinétique de collision neutre-ion qui pourrait mener à l’éjection des ions du piège et de
réduire aussi l’extension spatiale du nuage dans sa phase de création. Des expériences réalisées
sur des ions calcium en quadrupole ont démontré76 une augmentation de taille d’au moins un
ordre de grandeur entre un nuage créé par bombardement électronique et par photo-ionisation,
dans le même piège. Même si un canon à électrons sera installé dans l’expérience pour disposer
d’un processus d’ionisation robuste, nous pensons que c’est la photo-ionisation (PI) qui permet-
tra de créer de gros nuages aussi c’est sur ce processus que se portent les contraintes de taux de
création. Le taux d’ions créés est alors proportionnel à la probabilité d’ionisation et au flux de
neutres disponibles. Nous traitons ces deux facteurs limitant dans les deux paragraphes suivants,
en introduisant les contraintes induites par la géométrie de l’expérience, sachant que les ions
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doivent obligatoirement être créés à l’intérieur du puits de potentiel pour y rester confinés.
IV.3.1 Taux de photo-ionisation à deux photons
L’énergie nécessaire à la PI du calcium correspond à un photon de 203 nm. Les sources laser à
cette longueur sont rares et très couteuses aussi l’alternative utilisée est la PI à deux photons113–116.
Plusieurs combinaisons de longueur d’onde permettent d’atteindre le seuil d’ionisation, la combi-
naison qui a priori donne le taux d’ionisation le plus élevé114,115 est celle qui exploite la transition
résonante du calcium 4s2 → 4s4p à λ1 = 423 nm, couplée à la transition vers le continuum 4s4p
→ 4s+ǫ (λ2 < 389 nm). La première transition étant résonante, un taux maximal de PI est assuré
par une source laser de largeur spectrale inférieure à la largeur naturelle de la raie (ici 35 MHz)
et accordable en longueur d’onde. Une telle source à 423 nm n’est plus disponible sur le marché
aussi elle doit être réalisée par doublage de fréquence d’une source laser à 846 nm (une diode
laser en cavité étendue). Pour la transition vers le continuum, il n’y a pas de condition de réso-
nance mais de seuil et plusieurs groupes ont réussi à photo-ioniser le calcium avec une simple
LED (diode électro-luminescente)115,116, solution que nous utiliserons et garderons si le taux de
création est suffisant pour nos besoins.
La source à 423 nm est maintenant disponible dans le groupe et a été mise en place par
plusieurs stagiaires en master et licence dont Diego Guénot qui a pu observer la fluorescence d’un
jet de calcium neutre excité par cette source. Le rayonnement à 423 nm est produit par doublage
de fréquence en simple passage dans un cristal non-linéaire à quasi-accord de phase, du ppKTP
(pp pour "periodically poled"). Ces cristaux à quasi-accord de phase sont faciles d’utilisation
et les contraintes géométriques à respecter pour un doublage efficace sont l’alignement de la
polarisation du fondamental sur un des axes propres du cristal, indiqué par le constructeur, et
l’adaptation de la taille du faisceau dans le cristal. La taille optimale de faisceau fondamental
résulte du compromis entre deux exigences contradictoires : focaliser au maximum le faisceau
pour favoriser le rendement du processus non-linéaire et exploiter la plus grande partie possible
de cristal en donnant au faisceau une longueur de Rayleigh du même ordre que la longueur du
cristal (le notre fait 2 cm de long). L’autre contrainte concerne la température du cristal qui doit
être asservie pour avoir un rendement de doublage maximal à la longueur d’onde souhaitée. La
courbe de gain ayant une largeur de l’ordre du degré, cet asservissement est tout à fait réalis-
able avec des techniques usuelles au laboratoire, à partir d’éléments Peltier, par exemple. Les
détails sur le façonnage du faisceau, l’étude du rendement du doublage de fréquence et enfin
l’observation de la fluorescence du calcium neutre sont présentés dans les rapports de stage de D.
Boland, B. Mangote et D. Guénot. Le rendement de doublage, mesuré pour la longueur d’onde
de transition du calcium est estimé à 2%/W en simple passage ce qui nous assure, avec une
source à 846 nm de 130 mW monomode, une production de 200 µW à la longueur d’onde qui
nous intéresse. Ce rendement est à comparer aux 2.3%/W publiés117,118 pour des cristaux de
même longueur à des longueurs d’onde très proches.
Pour estimer la puissance nécessaire à la PI du calcium, on peut calculer la section efficace
ou le taux d’ionisation à deux photons, dans l’hypothèse d’une LED de longueur d’onde proche
du seuil d’ionisation et d’un régime perturbatif d’excitation laser où la transition résonante n’est
pas saturée. Ce calcul a été réalisé par M. Marciante lors de son stage de M1. La partie délicate
du calcul est celle de l’estimation des dipôles de transition entre l’état excité 4s4p et les états
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du continuum. Pour celah, nous nous sommes inspirés des calculs de Bethe et Salpeter pour
l’hydrogène119 et avons déterminé, à partir du défaut quantique, à quel état de l’hydrogène cor-
respond le 4s4p du calcium. Grâce à une pirouette120 qui permet de sommer sur les états d’un
continuum, on peut estimer le taux de PI à
ΓPI =
1, 7.10−11
w4r
s−1mW−2 (IV.37)
qui correspond à la probabilité qu’a un atome neutre présent dans les deux ondes lasers (que nous
supposons superposées) d’être ionisé, pendant une seconde, pour des puissances laser exprimées
en mW, wr étant le rayon waist commun aux deux lasers (ici exprimé en m).
Le taux d’ions calcium créés par seconde N˙+ s’écrit alors
N˙+ = ΓPI × F u × τi × PL1 × PL2 (IV.38)
où PL1 et PL2 sont les puissances des deux lasers (en mW), F u est le flux d’atomes neutres utiles
et où le temps d’interaction τi correspond ici au temps de traversée de l’onde laser 2wr/va dans
l’hypothèse où la vitesse des atomes va est transverse à l’onde laser (on prend pour va la vitesse
moyenne du jet).
Nous avons aussi envisagé de réaliser la PI du calcium à deux photons de même couleur,
pour mettre à profit la proximité du double de la longueur d’onde de la transition d’ionisation
avec la longueur d’onde choisie comme standard du Blue Ray pour les lecteurs DVD "bleus",
405 nm. En effet, des sources lasers très bon marché sont disponibles à cette longueur d’onde,
mais elles ne sont pas encore assez puissantes. J’ai calculé le taux de PI pour ce processus par
une méthode proche de celle utilisée pour le calcul précédent. L’écart à résonance avec le niveau
relais le plus proche est tel que le résultat donne un taux 1014 fois plus faible qu’en excitant la
transition de résonance. Même avec des sources puissantes, un taux aussi faible ne permet pas
d’envisager un processus à deux photons-une couleur pour la création de gros nuages mais peut
devenir un jour réaliste pour la production d’ions uniques ou de quelques ions.
IV.3.2 Réalisation d’un jet atomique adapté au piège
Dans ce paragraphe, nous avançons les arguments qui ont décidé des caractéristiques très im-
portantes du dispositif expérimental en construction et qui concernent la production d’un jet de
calcium neutre par un four. L’équation (IV.38) montre que les caractéristiques du jet influencent
le taux d’ions créés par le flux utile et la durée d’interaction. Le flux utile F u dépend du proces-
sus d’ionisation à travers sa géométrie. Dans le cas de la photo-ionisation (PI), seuls les atomes
croisant les deux faisceaux lasers (que l’on suppose ici superposés) sont utiles pour l’expérience.
Il est donc important d’optimiser le flux de neutre à travers la surface utile et ce sont les carac-
téristiques du four (géométrie et température) ainsi que d’éventuelles fentes de collimation qui
contrôlent ce flux .
La version simple du jet effusif est un simple trou dans une enceinte thermostatée. Les
jets ainsi produits sont très divergents et arrosent quasiment les 180◦ en sortie, ce qui est dom-
mageable pour la stabilité des potentiels électrostatiques autour du piège. Une façon simple de
hguidés par F. Biraben et conseillés par D. Delande
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collimater le jet est de donner au trou de sortie un profil de tube121, de rayon rs plus petit que
sa longueur ls. Le demi-angle de sortie du fouri est alors limité par θs tel que sin θs = rs/ls.
La collimation a aussi pour effet de réduire le nombre d’atomes sortant du four. Le coefficient
géométrique 1/κ = 8rs/(3ls), démontré dans le cas où ls ≫ rs pondère ainsi le nombre d’atomes
Q sortant du four par seconde,
Q =
1
4
(1/κ)n va As (IV.39)
As étant la surface émettrice πr2s et n la densité dans le four, calculée plus loin.
Le flux utile est celui qui traverse la surface définie par l’intersection du jet et de l’onde
laser. Dans le cas où les lasers se propagent perpendiculairement à l’axe du piège, c’est la
distance entre les barreaux qui définit la surface utile du jet, ce qui conduit à une baisse certaine
du taux d’ions créés si la collimation du jet ne correspond pas exactement à l’écartement des
barreaux. De plus, l’efficacité de confinement n’étant pas garantie dans le voisinage des barreaux,
la surface utile effective n’est en fait que la moitié de l’intersection jet-lasers. À l’inverse, la
géométrie colinéaire (lasers alignés sur l’axe du piège) permet de s’affranchir de la distance
entre les barreaux j et d’exploiter toute la zone de piégeage effectif lors de la phase de création.
Dans la suite, nous ne considérons que cette configuration colinéaire. La surface utile est
la superposition d’une bande sur un cercle, de surface 2wr × 2Rj avec Rj = dsL sin(θs) le rayon
du jet à l’endroit où il croise le laser, dsL est la distance source-Lasers. Le taux d’ions créés
est maximal si la surface utile est à l’intérieur du volume de piégeage effectif et la configuration
idéale est celle qui adapte la taille de la surface utile à cette zone. Alors le flux utile est
F u = (1/κ)n va r
2
s
wr
dsL sin(θs)
. (IV.40)
Le taux d’ions créés peut alors s’écrire comme
N˙+ = 9, 1.10−11 n
r2s
w2r dsL
× PL1 × PL2. (IV.41)
Cette expression ne dépend plus explicitement de la longueur de la source mais il faut garder à
l’esprit que ce résultat n’est pertinent que pour un ouverture longue (ls ≫ rs).
Pour quantifier ce taux, il est nécessaire d’avoir une idée de la densité de calcium dans le
four. Cette densité se déduit de la pression de vapeur saturante du calcium. Deux publications
assez anciennes122,123 donnent cette pression pour des températures entre 500 et 625 ◦C. Il y a un
facteur 6 à 8 entre les pressions annoncées dans ces deux publications, pour les températures qui
nous intéressent et nous utilisons les plus pessimistes des deux pour estimer le taux d’ions :
logP (mmHg) = 8.15− 9670
T
(IV.42)
soit pour la densité n de calcium neutre dans le four les valeurs suivantes :
iles angles sont donnés par rapport à la normale à la surface de sortie
jet si effectivement le jet est plus large que la distance inter-barreaux, on peut rajouter une fente en amont pour
éviter le dépôt de calcium sur les barreaux
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température densité
300 ◦C 3.2× 1013 at/m3
400 ◦C 8.6× 1015 at/m3
500 ◦C 5.4× 1017 at/m3
Avec des valeurs réalistes telles que PL1 = PL2 = 100 µW, wr = 250 µm et une tempéra-
ture de four de 400◦C, on peut attendre un taux d’ions
N˙+ = 1, 2.108
r2s(mm)
dsL(mm)
s−1. (IV.43)
L’ouverture entre les barreaux est de 3 mm alors que la distance entre le centre du piège et
l’endroit où les barreaux sont les plus proches est de 6 mm. Le rayon du jet lorsqu’il traverse
les barreaux est dsbrs/ls et doit être inférieur à 1,5 mm si on veut adapter la divergence du jet
pour qu’il passe à travers les barreaux de quadrupole, (dsb est la distance source-barreaux et
dsL = dsb+6mm). Dans l’hypothèse d’un four de rayon 1 mm et de longueur 20 mm, il faut que
la distance source-barreaux soit inférieure à 30 mm et alors le taux d’ions est N˙+ = 3.3×106 s−1.
L’ordre de grandeur de ce taux de création rend tout à fait réalisable la création d’un nuage
d’ions de 107 ions. Par contre, l’estimation précédente montre qu’il est crucial d’atteindre une
température proche de 400◦C dans le four, la densité et donc le taux de création chutant d’un
facteur 270 si la température du four n’est que de 300◦C.
Dans tout ce chapitre, nous avons présenté des évaluations aussi précises que possible con-
cernant d’une part la dimension des nuages pour une température et un nombre d’ions donnés
et d’autre part le taux d’ions créés dans l’expérience. Finalement, la taille des nuages que nous
réussirons effectivement à piéger dépend de ces deux caractéristiques, mais aussi du proces-
sus d’ionisation lui-même, par sa durée, par exemple, et de l’efficacité du refroidissement laser
pendant la création des ions. La conjonction de tous ses facteurs au sein d’un nouveau piège
comporte beaucoup d’éléments imprévisibles que seule l’expérience pourra lever. Par rapport
aux dispositifs à une seule zone de piégeage, nous avons l’avantage de pouvoir accumuler des
ions en stockant un nuage dans une des extrémités du piège pendant qu’un nouveau lot d’ions est
créé dans la partie dévolue à l’ionisation. Cette alternative est certainement un atout majeur pour
réaliser des gros nuages et contourner les facteurs limitant la taille des nuages d’ions lors de la
création.
Chapitre V
CONCLUSIONS ET PERSPECTIVES
Les travaux présentés dans ce mémoire donnent un aperçu de la richesse des phénomènes accessi-
bles à l’étude grâce à cet outil de choix qu’est un système d’ions piégés en interaction avec un ou
plusieurs lasers. Ces phénomènes diffèrent selon que l’on piège un, quelques ou beaucoup d’ions.
Selon les cas on peut exploiter le contrôle ultime qu’on possède sur le système {ion(s)+laser(s)},
comme dans les trois exemples d’application à la métrologie des fréquences, ou on peut utiliser
les ions piégés comme système modèle, par exemple pour l’étude des phénomènes collectifs sous
l’effet des interactions à longue portée, et c’est l’objectif de l’expérience en construction.
Grâce à Jofre Pedregosa, la conception de cette expérience est maintenant terminée et nous
en préparons l’implémentation. L’achat d’un laser puissant à 397 nm, nécessaire au refroidisse-
ment des ions s’étendant sur une section de 1 mm de diamètre, a pu être financé grâce au soutien
de l’ANR. Le plan de travail pour cette expérience est envisagé comme suit : la mise au point de
la création des ions, par bombardement électronique et par photo-ionisation, sera réalisée dans
une portion de la partie quadrupolaire du piège, réservée à cet usage, et séparée du reste du
piège par un potentiel statique. L’efficacité du refroidissement laser et les températures limites
atteintes seront étudiées tout d’abord dans la partie quadrupolaire, en fonction des paramètres
de confinement. Un des objectifs de l’étude de la cristallisation en quadrupole est d’atteindre la
taille critique pour laquelle on observe une structure cristalline indépendante des conditions aux
limites et qui ne reflète plus la morphologie du potentiel de confinement.
Ensuite, nous passerons au transfert d’un nuage, de plus en plus gros, de la partie quadrupo-
laire à la partie multipolaire. La mise au point d’un protocole de transport optimal qui permet-
trait de transférer sans perdre ni chauffer les ions est un des enjeux de ce projet. Des protocoles
de transport124 (optimaux ou non) ont déjà été mis au point pour des atomes neutres en piège
dipolaire125,126 et des ions en micro-piège127. Ici, la mise en pratique est compliquée par le fait
que nous ne pouvons jouer que sur trois tensions statiques pour générer le profil de confinement
souhaité et le déplacer à la vitesse voulue.
Le chargement du multipole à partir du quadrupole, où les ions peuvent être refroidis,
permet de contrôler les conditions initiales dans cette partie du piège et ainsi d’assurer plus
facilement la stabilité des trajectoires et la reproductibilité des expériences. On pourra alors
aborder la phase d’étude des transitions de phase en octupole. Outre la vérification expérimentale
des lois d’échelle attendues, nous espérons observer la coexistence d’une phase fluide, au centre,
et d’une phase organisée, à l’extérieur du nuage. Ce type de comportement est prévu86 à 0 K en
octopole 3D pour un nombre d’ions dépassant 105 ions. Atteindre les températures nécessaires
à l’observation de phénomènes intéressants avec un nombre d’ions élevé est un défi que nous
espérons relever.
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Sur le plus long terme, nous aimerions changer de dispositif expérimental pour pouvoir
nous affranchir du transport des ions et modifier le profil du potentiel de confinement in situ,
pour y étudier la réorganisation des structures stables. Pour cela, il faut transformer la configu-
ration électrique d’un piège du mode quadrupolaire au mode multipolaire et vice-versa. Pour
des raisons de symétrie, il semble beaucoup plus réaliste d’utiliser un piège à 12 pôles qu’à 8.
Comme l’ouverture optique et l’efficacité de confinement chute avec le nombre de barreaux,
nous démarrerons cette expérience dans un deuxième temps, quand les problèmes de collection
de photons et de confinement en multipole auront été résolus dans un piège à 8 pôles. Je suis
convaincue que l’alliance du confinement multipolaire "ajustable" et des techniques déjà bien
maîtrisées de contrôle des ions par interaction avec des lasers ouvrira la porte à l’observation de
nombreux effets que nous n’avons pas encore anticipés.
La structure en anneau dont nous avons démontré théoriquement l’existence en multipole
linéaire ne pourra pas être observée dans le piège en construction, car les champs électriques
nécessaires ne sont pas réalisables dans un piège de si grande taille. Néanmoins, on peut envi-
sager dans le futur de développer un mini-piège octupolaire capable de maintenir une telle struc-
ture stable sous refroidissement laser. Outre l’intérêt métrologique étudié dans l’article publié,
cette structure peut servir de système modèle pour les états et les excitations à plusieurs parti-
cules, comme démontré théoriquement pour des atomes neutres de Rydberg piégés dans une
structure stable111,112. La possibilité d’exploiter le couplage dipole-dipole entre ions excités dans
des états de Rydberg a par ailleurs été étudiée128 pour une chaîne d’ions, en vue de proposer des
portes logiques rapides. Instaurer ce fort couplage dipole-dipole entre ions constituant un an-
neau permettrait de réaliser les expériences proposées tout d’abord pour un gaz neutre en réseau
optique111,112. La quantification des limitations introduites par la température finie atteinte par le
micro-mouvement des ions se fera certainement en collaboration avec les auteurs de ces travaux.
Dans l’objectif de prévoir la dynamique et l’auto-organisation des ions piégés, les simu-
lations numériques par dynamique moléculaire offrent un outil efficace qui permet de prendre
en compte différentes formes de potentiel ainsi que le refroidissement laser. Les travaux que
M. Marciante mène pendant sa thèsea ont une portée beaucoup plus vaste que la démonstration
de la stabilité de la structure en anneau mentionnée plus haut. Ensemble, nous nous sommes
intéressés au rôle du couplage coulombien dans la thermalisation des degrés de liberté d’un nu-
age en piège quadrupolaire linéaire. Ces travaux, soumis pour publication129, ont confirmé une
grande corrélation entre la morphologie des nuages froids et l’efficacité du couplage coulombien.
Par ailleurs, les simulations ont permis de comparer les résultats obtenus dans l’approximation du
pseudo-potentiel à ceux obtenus avec un champ électrique rf. Ces comparaisons montrent que,
même si les températures limites atteintes sont différentes dans les deux cas, à cause du chauffage
rf, la thermalisation des degrés de liberté se comporte elle de la même façon en fonction du rap-
port d’aspect du nuage. Nous voulons étendre notre étude aux ions en piège octupolaire linéaire
en nous focalisant d’abord sur les structures à petits nombres d’ions (quelques dizaines), pour
y quantifier l’efficacité du refroidissement sympathique d’une espèce non refroidie par laser par
thermalisation avec une autre espèce, refroidie par laser. Si les ions ont des masses différentes,
à basse température, ils s’organisent en anneaux ou tubes concentriques. On s’attend à ce que
la distance entre les ions et la morphologie de la structure d’équilibre jouent un rôle majeur
dans ce refroidissement. La mise en évidence de systèmes refroidis sympathiquement et at-
aen co-tutelle avec A. Calisti, spécialiste de dynamique moléculaire dans les plasmas
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teignant la limite Doppler, au moins selon l’axe de symétrie, permettrait de relâcher la contrainte
d’un refroidissement séquentiel pour le protocole d’horloge optique proposé en IV.2.2 et donc
d’augmenter le nombre d’ions utilisés comme référence.
Parallèlement à ces études expérimentales, j’aimerais mener plus loin les travaux rela-
tifs aux phénomènes de piégeage cohérent de population à trois photons, introduit en III.2.2.
Jusqu’ici, seules les propriétés stationnaires de ce phénomène ont été étudiées, en particulier pour
la métrologie. Pourtant, à deux photons, le piégeage cohérent est aussi exploité dans un contexte
dynamique pour le transfert stimulé de population d’un état stable ou métastable à un autre, sans
peuplement de l’état excité et donc sans émission spontanée qui détruit la cohérence de l’état
atomique. Les méthodes actuellement utilisées sont inspirées du STIRAP (STImulated Raman
Adiabatic Passage), mis au point par K. Bergmann et ses collaborateurs68. L’extrapolation du
STIRAP de deux à trois photons n’est pas évidente et mes tentativesb de simulations numériques
de transfert cohérent de population ont toutes montré, pour l’instant, un taux de perte de co-
hérence substantiel. Une analyse plus poussée des conditions d’adiabaticité dans le cas de la
résonance à trois photons est nécessaire pour identifier si les conditions de passage adiabatique
sont compatibles avec le système lui-même.Dans le cas de l’ion calcium, ceci permettrait par
exemple, le stockage d’information dans les sous-niveaux métastables qui servent de base aux
qu-bitc optiques. Comme on peut affranchir la résonance à trois photons de l’effet Doppler du
premier ordre, il serait alors envisageable de manipuler l’état interne d’un échantillon d’ions si-
multanément alors que jusqu’ici, la plupart des protocoles d’intrication repose sur l’adressage
individuel des ions.
ben collaboration avec G. Morigi
cpour quantum-bit, la brique élémentaire du calcul quantique
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